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Abstract : This paper is devoted to study the null controllability properties of a nonlinear age and

two-sex population dynamics structured model without spatial structure. Here, the nonlinearity
and the couplage are at birth level. In this work we consider two cases of null controllability
problem: The first problem is related to the extinction of male and female subpopulation density.
The second case concerns the null controllability of male or female subpopulation individuals. In
both cases, if A is the maximal age, a time interval of duration A after the extinction of males or
females, one must get the total extinction of the population. Our method uses first an observability
inequality related to the adjoint of an auxiliary system, a null controllability of the linear auxiliary
system and after the Kakutani’s fixed point theorem.
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1 Introduction

In this article we will study the null controllability of a nonlinear age structured model for a
two - sex population. This system models for example the dynamic of population of mosquitoes.

! corresponding author
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Consequently, this study can be used to control the size of male and female mosquitoes in a given
area and therefore contribute to the fight against the spread of malaria.

In the theoretical framework, very few authors have studied control problems of two-sex struc-
tured population dynamics model.

The control problems of coupled systems of population dynamics models take an intense interest
and are widely investigated in many papers. Among them, we can cite [I], [9], [16],[I4], [II] and
the references therein. In fact, in [I] the authors studied a coupled reaction-diffusion equations
describing interaction between a prey population and a predator one. The goal of the above work
is to look for a suitable control supported on a small spatial subdomain which guarantees the
stabilization of the predator population to zero. In [16], the objective was different. More precisely,
the authors consider an age-dependent prey predator system and they prove the existence and
uniqueness of an optimal control (called also "optimal effort") which gives the maximal harvest
via the study of the optimal harvesting problem associated to their coupled model. In [8] He and
Ainseba study the null controllability of a butterfly population by acting on eggs, larvas and female
moths in a small age interval.

In [9], the authors analyze the growth of a two-sex population with a fixed age-specific sex ratio
without diffusion. The model is intended to give an insight into the dynamics of a population where
the mating process takes place at random choice and the proportion between females and males is
not influenced by environmental or social factors, but only depends on a differential mortality or
on a possible transition from one sex to the other (e.g. in sequential hermaphrodite species).

Simporé and Traoré study in [II] the null controllability of a nonlinear age, space and two-sex
structured population dynamics model. They first study an approximate null controllability result
for an auxiliary cascade system and prove the null controllability of the nonlinear system by means
of Schauder’s fixed point theorem.

In [I4], A. Traoré, O. S. Sougué, Y. Simporé and O. Traoré study the null controllability of
the model presented in [II] without space. They first establish an observability inequality of the
adjoint system which serves to show the approximate controllability; then the null controlability
using Kakutani’s fixed point theorem.

In [I4], the control of males and females act respectively on ©1 = (a1,az2) x (0,7) and O5 =
(b1,b2) x (0,T) and with the condition (a1, as) C (b1, b2).

Our aim in this article is to study the null controllability of the model presented in [I4] with
the more general condition (ay, a2) N (b1, b2) # 0. Thus we improve the results presented in [14]and
[L1].
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2 Model and main results

In this paper, we study the null controllability of a nonlinear coupled system describing the dynamics
of two-sex structured population. Let (m, f) be the solution of the following system :

Orm + Oam ~+ ™M = X©,Um in Q,
atf + aaf + /J'ff = XOe,Uf in Qv
m(a> O) = mO(a) fgaa 0) = fO(a) in QAa

07 - 1 - 7M ) d i 9
00 = (1= | saansania nas o)
£0.0)=7 [ Ba. 1) f(a.t)de in Qr,

A
M= / Ma)ym(a, t)da in Qr,
0

where T is a positive number, Q = (0,4) x (0,7), © = (0,a2) x (0,7), ©1 = (a1,a2) x (0,T)
and Oy = (bl,bg) X (O,T) Here 0 < a1 < ag < A, 0<b <b < A, QA = (O,A) X {O} and
Qr ={0} x (0,T).

We denote the density of males and females of age a at time ¢ respectively by m(a,t) and f(a,t).
Moreover, ji,, and jiy denote respectively the natural mortality rate of males and females. The con-
trol functions are v, and vy and depend on a and t. In addition xe, and xe, are the characteristic
functions of the support of the control v,, and vy respectively.

We have denoted by 3 the positive function describing the fertility rate that depends on a and also
on

M= /0 " Naymia. )da,

where A is the fertility function of the male individuals. Thus the densities of newborn male and
female individuals at time ¢ are given respectively by m(0,t) = (1 — v)N(t) and f(0,t) = vN(t)
where

A
N(t):/o B(a, M) f(a,t)da.

We assume that the fertility rate 5, A and the mortality rate py, un, satisfy the demographic
properties :

pm(a) >0, psla) >0aeac (0,A)
pm € Li, (0, A), s € L} .(0,4)
A

loc loc

. /0 tm(a)da = 400, /OA pyr(a)da = +o0

Bla,p) € C([0, A] x R)
(H) { ﬂ(a,g) > 0 for every (a,p) € [0, 4] x R.

We further assume that the birth function S and the fertility function A verify the following hy-
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potheses:

there exists b € (0, A) such that 8(a,p) =0, V(a,p) € (0,b) x R,
(H3) { there exists a constant a > 0 such that 0 < 3 < a4, VY(a,p) € (0, 4) x R,
8(a,0) =0, Va € (0, A).

(i) A e (o, A])
(Hy)q (@) X(a) > 0 for every a € [0, Al
(ii)  Aim € L'(0, A).

To illustrate the hypothesis (Hy), consider the following classic examples of demographic functions:

B exp{—%_a} if ae€[0;A] 1
Aa) = 0 if a=A4A and 'um(a)_Afa'

It is clear taht A satisfies (Hs) — (7) — (i¢) and ., satisfies (H;). And we have
}=0

1 exp{— 1
A—a " PVA g
Then Apy, is continuous on [0; A) and extendable by continuity in A and [0; A] is a compact of R,
SO Ay, is integrable, therefore Au,, € L1(0; A).

lim A, (a) = i
Jm Ni(a) = lim

Remark 2.1. In population dynamics, we can assume that there are ages a1 and as with a; < as
in [0, A] such that M(a) = 0 for a < a1 and a > as, (biologically, this means that very young and
very old individuals are not fertile) which ensures that A\, € L(0, A).

Indeed, if X\ and i, are positive and X € C1([0; A]) and pi, € Li, (0, A); one has

/0 ! @) pm (a)(a) = A / b fim (@)da < +o0

1

where X = max A, 50 Mi, € L'(0, A) because i, € L}, (0, A)

a€lay;az]

Remark 2.2. The assumption B(a,0) = 0 for a € (0, A) means that, the birth rate is zero if there
are no fertile male individuals.

We have the following theorem:

Theorem 2.1. Let us assume that the assumptions (Hy) — (Ha) — (Hs) — (Hy) hold true. If
(0,0) N (a1,az2) N (b1,b2) # 0, for every time T > max{a1, b1} + max{A — az, A — by} and for every
(mo, fo) € (L*(Qa) ® there exists (Um,vy) € L2(©1) x L*(©2) such that the associated solution
(m, f) of system (2.1]) verifies:

m(a,T) = f(a,T)=0 a.e ac€(0,A). (2.2)

Remark 2.3. It is certainly possible to achieve the total extinction of the population under the
assumptions: (ay,as) N (b1,be) =0, a; =2 b or by > b. But under these conditions our method
does not allow us to establish the observability inequality (4.13]).

4
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Theorem 2.2. Let us assume that the assumptions (Hy) — (Ha) — (Hs) — (Hy) hold true. We have

(1) let vy = 0. For any o > 0, for every time T > A — ay and for every (mo, fo) € (L*(Q4) 2,
there exists a control v, € L?(©) such that the associated solution (m, f) of system (2.1)
verifies:

m(a,T)=0 aeac(pA) (2.3)
where © = (0,a3) x (0,7).

(2) let vy, = 0. For every time T > a1 + A — ay and for every (mo, fo) € (LQ(QA))Q, there exists
a control vy € L*(01) such that the associated solution (m, f) of system (2.1) verifies:

f(a,T)=0 aeac(0,A4). (2.4)
Moreover, if we obtain f(a,T) = 0; one has at time T + A,

m(a, T+ A)=0 ae ac(0,A4), (2.5)
fla,T+A)=0 ae ac(0,A). (2.6)

Remark 2.4. It should be noted here that the control of males acts on the age interval (0;asz).
Indeed if the lower limit of the controlled age interval is a; > 0, the male individuals born between
T — ay and T will not be old enough to belong to the controlled age class which will be (a1;aq) .
Therefore, it would be impossible to achieve the total extinction of males. We will then give the
mathematical justification in the part devoted to the proof of Theorem[2.]

Remark 2.5. The first condition of (Hs) is not necessary for the Theorem[2.2-(1).

We use the technique of [II] and [I0] combining final-state observability estimates with the use
of characteristics to establish the observability inequalities necessary for the null controllability
property of the auxiliary systems. Roughly, in our method we first study the null controllability
result for an auxiliary cascade system. Afterwards, we prove the null controllability result for the
system by means of Kakutani’s fixed point theorem.

The remainder of this paper is as follows: in Section 2 we describe the model and give the main
results. Then we study the existence and uniqueness of a positive solution for the model in Section
3. Section 4 is devoted to the proofs of Theorem and Theorem respectively.

3 Well posedness result

In this section, we study the existence of positive solution of the model. For this, we assume that
the so-called demographic conditions (H1), (Hz), (Hs) and (Hy4) are verified. Moreover, here, we
suppose that

(1) Bla,p) = B1(a)Ba2(p) for all (a,p) € (0,4) x R,
(Hs) < (#i) there exists C' > 0 such that |82(p) — B2(q)| < C|p — q| for all p,q € R,

(ii)) By € LY(0, A)

holds true.
Thus, we have the following result.



0O.S. SOUGUE et al./ jmpao Vol. 1-N°2(2022)

Theorem 3.1.

Assume that (Hy) — (Hs) hold. For every (mo, fo) € (L?(0,A))? and (vm,vs) € (L*(Q))?, the
system admits a unique solution (m, f) € (L?((0,A) x (0,T)))? and the following estimates
occur:

|| L20,4)x (0,1)) < K (| foll2(0,r) + [Imoll20,1) + llomll2@) + lvellL2 @),
(3.1)
122 (0,4)x 0,1 < C(Ilmollz20,1) + [lvrllz2(q))

where K and C' are positive constants.
Moreover, suppose that

mo, fo > 0 a.e (0, A) and vy, vy > 0 a.e Q;

then (m, f) is also positive.

Proof of Theorem Let p be fixed in L?(0,7), h and h' be fixed in L?(Q) and consider the
following system

om + d,m ~+ pmm = h in Q,
Of +0uf +psf=n nQ,
m(a,0) =mo(a) [f(a,0)= fo(a) in Qa,
N N (3.2)
m(0,t) = (1 —7)/ Ié] (a,/ A(a)p(a,t)) f(a,t)da in Qr,
0 0
A A
fo.0 =5 [ 8 ( / A(a)p(a,w) flatyda  nQr
For every fo € L?(0, A) and h' € L?(Q), the following system
Of +0af +usf="n inQ,
f(a,0) = fo(a) in Qa, (33
A A
07 = ) A ’ ) d i ’
fo.0=5 [ ( | e t)) fla,t)da in Qr
admits a unique positive solution in L?(Q), (see [3],|I5]) and one has
171320y < € (MolFao,) + IW1320) ) (3.4)

where C'is a positive constant and independent of p because 8 € L*°((0,T) x (0, A)).
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Now, f and A’ are being known, the system

om + d,m ~+ pmm = h in Q,

m(a,0) = mg(a) inQa,

A A
m0.0)=(1-7) [ 5 ( | Mawta, t>> fla,t)yda in Qr,
0 0
admits a unique positive system in L?(Q) and we have the following estimation

2 2 2 2 2
Imll720) < K (1follz20,4) T 1m0l 2200, 4y + [12ll720) + 1B 22(q) ) »
(Q) (Q)

where K is a positive constant and independent of p because 8 € L>°((0,T) x (0, A)).

Let define @ : L3 (Q) — L3(Q), ®(p) = m(p) where m(p) is the unique solution of the system

BH).

For any p , ¢ € L2(Q), we set

A A
Bl(a,t):/o Aa)p(t,a)da and Bg(a,t):/o Ma)q(t,a) ae. te(0,4)x(0,T),

and w = (m(p) — m(q))e 70t where 7, is a positive parameter that will be choosed later; w is
solution of

rw + Fgw + (Y0 + pm)w =0 in Q,

w(a,0) =0 in Qua,
(3.6)
w(0,t) = (1 —y)e "tx
A

/O Ba(B1) — Bo(B2)] B1(a)F (9) + (F(p) — F(@)B2(B)Br(a)da  in Qr
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Multiplying (3.6) bye w and integrating over (0, A) x (0,t), and using Young’s inequality we get

1 , ¢ A , ¢ A 2
31O+ [ [ Got (s, apdads < [ ( / |ﬂ2(31)—52(32)|51(a)f(p)da> ds

2

+ t ( / " ) - F@) 52(32)ﬁ1(a)da> ds
<02||A||io/ot(‘[)Ap<s,a>da—/o a(s,a)d ) (/ Bu(a ) ds
+/Ot (/Amp) 7(@)) Ba(B2)Bi (a)d )ds

< C2A|N, // 1p(s) — a(s (/ Ba(a ) ds

18P 18I A// F(p) — Fla)l? ds.

Hence for every 7o > 0, there is a constant C' = max {202A ||)\||io ;2 ||61||§o ||62||io A} such that

[[w(t ||L20A)<C(// Ip(s) —q(s </ Bi(a)f(p(s da>2d8+/0t/0A|f(p(5))—f(Q(S))|2dS)

(3.7)
Now set F' = (f(p) — f(q))e% where § is a positive parameter that will be choosed later. Then, F'
solves the following auxiliary system

WF 4+ 0, F+ (6 +ps)F=0 in Q,
F(a,0) =0 nQa, (3.8)

w(0,8) = [ e [Bo(Hy) — Ba(Ha)] Bi(a) f(p) + Fla,t)Ba(Ha)Bi(a)da in Q.

Similarly as above, we have

[ [ s MC(// i -t ([ a>2ds+/ot/oﬂp<a,s>.2ds>.

Hence, there is a positive constant C’ such that

[ [ o< [ [P wor-aore (fsiosotna) o0

8
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Setting Y (¢ / Bi(a)f(p)da a.ein (0,T), Y solves the following system

A
oY = / Bi(a)h'(a,t) da—!—/ B1(a)f(a t)da—/o pr(a)pi(a)f(a,t)da in (0,T),

A
- / B1(a) fola)da
0

Multiplying (3.10) by Y, integrating over (0,¢) and using Young’s inequality we get

(3.10)

Y3(t) < Y?(0) + /OtY2<s>ds+ / ( / Ba(a)h (a, s)da + / B (a) (a 5)da+ /OAuf(awl(a)f(a,s)da) ds

<Y?0) + /tyz ds+3/ (/ Bi(a)k/(a, s)d a> ds+3/ (/ B (a >ds
/(/ Bi(a)pr(a as)da) ds.

(/ B1(a) fola ) /y2 dt+3/T(/OA,Bl(a)h’(a,t)da>2dt+3/ (/ B (a

So,

(3.11)
/ (/ Bila)ps(a at)d)dt.
Let us set f = et f. Then, from f satisfies the following system
Of 4 Ouf + (Mo + pup)f = e Moth in Q,
f(a,0) = fo(a) in Qa, (3.12)

F0,t) =~ / ( / Ma ) f(a,t)da in Qr.

Multiplying the first equation of 3.12 by f, integrating on ) and using Young’s inequality we get
/ (o + is(a)) f2(a, t)dadt < *||f0||L2(o AtTo Hh/”Lz(Q) +5 ||f||L2(Q) +3 / F2(0,)dt
0o Jo

3
Using Cauchy Schwarz’s inequality and choosing Ag = 2 + o&, we obtain

[ [ wstorPaaar < (1l + W10 )

2

>dt
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So,

T oA , cBHABIZNT -
| [ @t < == (Ilon + Wik ). 613

Using (3.11)), (3.13) and against Young’s inequality we have
2 2 2 2 2 2
V2(t) <IB1ll% Allfollzzg0,ay + 181115 AllF 720y + 31181115 AlIN 1720
2 2
+3 18115 AllFllz2 () + 3CB oo 1Brag Nl 1 o,y 1 foll22(0,4)
+ 31181100 181117 11 a1 1H 122
From ([3.4)), we have just proved the existence of a positive constant C' such that ,

2 2
v2(t) < C (Ifoll3z.a + 17 1320.0)) (3.14)
The estimate (3.14) means also that Y € L>°(0,T).
Combining (3.7)), (3.9) and (3.14)), we get the following estimate
¢
1(@(p) = 2(0) () 72(0,4) < 0/0 Ip(s) = a(s) 1720, s, (3.15)

where o is a positive constant.
Let us define the metric d on L3 (Q) by setting

N|=

T
d(hy, hy) = (/ [(h1 = h2) (D)1 Z2((0,a) exp{—2at}dt) . for hi,he € L2(Q).
0
We have

T
d(®(p), 2(q))* =/0 (@ () =2 (@) ()I|Z2((0,4) exP{—20t}dt < U/o

Using Fubbini’s theorem, we conclude that

T t
exp{—20t} / | (—a)(5)]12(0.a dsclt

T

T T
d(@(p),@(qw:/o 1(@(p) — 2(@)(B)lI72((0.4) exp{—20t}dt</0 1t = @) ()1 Z2((0,) ></ e dtds

1

< = 2,
< Qd(pﬂ)

Then, ® is a contraction on the complete metric space Li(Q) into itself. Using Banach’s fixed
point theorem, we conclude the existence of a unique fixed point m. Moreover, m is nonnegative.
Hence, the unique couple (m, f) is the unique solution to our problem (2.1).

The reader can consult [I1], [14] O

4 Null controllability results

For the sequel, the hypothesis (Hjs) is not necessary. As a consequence, the uniqueness and the
positivity of the solution of system are not garanteed.
We first establish an observability inequality to show the controllability of a linear system. Then,
by a fixed point method we show the controllability of the model.

10
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4.1 Null controllability of an auxiliary coupled system

This section is devoted to the study of an auxiliary system obtained from the system (2.1)).
Let p be a L?(Qr) function, we define the auxiliary system given by:

Orm + Oam + ™M = X©,VUm in Q,
atf+a f+,u'ff XO2Uf in Qv
m(a, 0) ,0) = fo(a) inQa,

m(0,8) = (1 -~ / B(a.p)f(a,t)da in Qr, (4.1)
/ B a p a t iIl QT.

Let p be fixed in L?(Qr), for (mo, fo) € (LQ(QA))2 and (v, vs) € L?(01) x L?(O3) the system

1D admits a unique solution (m, f) € (LQ(Q))27 see Section
The adjoint system of (4.1)) is given by:

—0¢n — Ogn + mn =0 in Q,

_atl - 8al + :U/fl = (1 - ’Y)ﬂ(aap>n(07 t) + Vﬁ(aap)l(oa t) in Qa (4 2)
n(a,T) =nr(a), U(a,T)=lr(a) in Qa, '
n(A,t) =0, [(A,t)=0 in Qr.

Lemma 4.1. For every (ny,lr) € (L*(Qa))?, under the assumptions (Hy) and (Hz), the coupled
system (4.2]) admits a unique solution (n,l). Moreover integrating along the characteristic lines, the

solution (n,l) of (4.2)) is as follows:

MmOt =l a+T—1) if T—t<A—a,
n(a,t) = 1 (a) (4.3)

0 if A—a<T—t

and
Wh(a +T 1)
+/ Mﬁ(a + s —t,p(5)) (1 = 7)n(0, s) +~1(0, s))ds
l(a,t) = o 2 o

if T—t<A-—a,
/’H‘A_aﬂ ola+s—t)

m(a)
if A—a<T—t,

Bla+s—t,p(s)((1 —7)n(0,s) + (0, s))ds

where m1(a) = e~ Jo #m (AT gnd 7y (a) = e~ Jo s (r)dr,

Proof of Lemma [4.1]

For examples of integration on the characteristic lines, see [2] and [5]. We explain here, the
details of the calculations.

Indeed, the equation can be rewritten as

11
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=0l — Ol + pfl = V(a,t) inQ,
l(a,T) =lr(a) in Qa, (4.5)
Z(A,t) =0 in QT,

where V(a,t) = (1 —v)B(a,p)n(0,t) + v8(a,p)l(0,t) and n satisfies

-0 —Ogn~+ pmn =0 in Q,
n(a,T) = nr(a), (4.6)
n(A, t) =0 in QT-

For t < a, set w(s) =1(s,T +tg+s) witht =T +to+ s and s € (0, A).

Thus
w'(s) = Ol (s, T + to+ s) + 0ul(s, T + to + 5)

we obtain the following system:

w'(s) = pp(s)w(s) = V(s, T +to+s) inQ,
{ w(—to) iLfl(—lto;T) ’ in Q.. (4.7)

Using Duhamel’s formula, the solution of can be written as follows

w(s) = Cel=ro#s(IT _ / el7 1OV (7. T + to + 7)dr

—to

Taking into account the initial condition, we obtain C' = I(—to;T) = (T —t + s,T). Thus
Tt s
wis)= 2Ly —/

m2(s) T—t+s m2(s)

o (T)

V(r,t —s+7)dr, (4.8)

where my(a) = e~ Jo s (r)dr,
Changing the variable | =t — s + 7 and taking s = a in (4.8)), we obtain
) (T —t+ a)

l(a,t) = w(a) = l(T—t+a,T)+/T7T2(a_t+s)

(@) T om @t s)ds,

with T —t < A —a.
For t > a, set w(s) =l1(A+ao+s,s) witha=A+ap+ s and s € (0,7, then w satisfies

w'(s) = pr(A+ag+s)w(s) —V(A+ap+s,s) inQ, (4.9)
w(—ag) = 1(A; —agp) in (0,7). ’
Applying Duhamel’s formula to the system (4.9)), we have
w(s) = Cel ap s (Ataotydr _ / el7 ws(Ataot0)doy (A g0 4 7 7)dr (4.10)
—ao
Since I(A,t) = 0 then C =0 and (4.10) becomes
w(s) = — / el rila=st0)d0y (o _ g4 7 7)dr. (4.11)
A—a+ts

12
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Making the change of variable | = a — s + 0 and taking s =t in , we obtain
A—a+tt 7
l(a,t) =w(t) = / MV(a—tJrs,s)ds,
t

ma(a)

with T —t > A — a.

Thus we obtain (4.4)).
The same procedure applied to the system (4.6) leads to (4.3)). O

The system (4.1)) is null approximately controllable. Indeed we have the following result:

Theorem 4.1. Let us assume that assumptions (Hy)—(Hz) hold. For every time T > max{ay, b1 }+

max{A — ag, A — by}, for every k,v > 0 and for every (mo, fo) € (L2(QA))27 there exists a control
(v, vy) such that the solutions m and [ of the system (4.1) verify

[lm (s T)ll20.ay < 5 and [ (., T)[L2(0,4) < V- (4.12)

The main idea in this part is to establish an observability inequality of that will allow us
to prove the approximate null controllability of . The basic idea for establishing this inequality
is the estimation of non-local terms.

For that, suppose that the assumptions (Hy), (Hz), (Hs) and (Hy) are fullfiled, then we have the
following result.

Theorem 4.2. Under the assumptions of Theorem[2.1] there exists a constant Cp > 0 nondepending
on p such that the couple (n,l) solution of (4.2) verifies the following inequality:

A A
/ n?(a,0)da + 1*(a,0)da < Cr </ n?(a,t)dadt +
0 ©1

0

1*(a, t)dadt> (4.13)
(S

for every T > max{ay, b1} + max{A — az, A — ba}.
For the proof of Theorem [4.2] we state the following estimations of the non-local terms.

Proposition 4.1. Under the assumptions of Theorem[2.1] there exists C > 0 such that

T—n
/ 2(0,t)dt < C’/ / (a,t)dadt, (4.14)
0
where a; <n < T.

In particular, for every 0 >0, if ay =0 and nr(a) =0 a.e a € (0, 9); there is Cp 1 > 0 such that:
/ 2(0,t)dt < C / / (a,t)dadt. (4.15)
0
Moreover, if the first condition of (Hs) holds, we have the inequality
T—n
/ 1?(0,t)dt < C | 1%(a,t)dadt, (4.16)
0

O

for every n such that by < b and by <n < T.

13
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Remark 4.1. The first condition of the assumption (Hs) is not necessary for the proof of inequality
(4.14).

Proof of Proposition [{.1} See [14] and [11] O
Proposition 4.2. Let us assume the assumptions (Hy)— (Hs). For every T > sup{ai, A—az} there

exists Cp > 0 such that the solution (n,l) of the system (4.1) verifies the following observability
inequality:

A
/ n?(a,0)da < CT/ n?(a, t)dadt. (4.17)
0 ©1
Note that for every T' > sup{a1, A — as}, there exists ag € (a1,a2) such that n(a,0) = 0 for all
a € (agp, A). This is a consequence of the following lemma.

Lemma 4.2. Let us suppose that T > sup{ai, A — as}. Then there exists ag € (a1,a2) such that
T>A—ayg>A—a for all a € (ag, A). Therefore, n(a,0) =0 for alla € (ag, A).

Proof of Lemma

Suppose that T' > A—aq, then there exists £ > 0 (we choose k such that k < ag—a1) T > A—az+k.
SoT > A — (az — k) and we denote ag = az — k. Then, T > A —ag > A — a for all a € (ag, A).
Finally, from for all (a,t) such that T'—t > A — a, we get n(a,0) =0 for all a € (ap,A). O

We also need the following estimate for the proof of the Theorem [£.2]

Proposition 4.3. Let us assume the assumptions (Hy) — (Hs), let by < ag <b and T > by.
Then, there exists Cp > 0 such that the solution 1 of (4.2) verifies the following observability
inequality:

ao
/ 1*(a,0)da < Cr / 1*(a,t)dadt. (4.18)
0 ©2

For the proof of Theorem let I = w1 + uo where uy and us verify
—0uy — Oqu1 + pg(a)ur =0 in (0,A4) x (0,7 —n),

up (A1) =0 in (0,7 - n) (4.19)
uy (a, T —n) =1, in (0, A).
and
—0pug — Oqua + py(a)us = V(a,t) in (0,4) x (0,T —n),
uz (A,8) =0 in (0,7 —n) (4.20)
ug (a,T—n) =0 in (0, A).

where the couple (n,1) verifies (4.2) with I, = l(a,T —n) in @4 and

Via,t) = B(a,p)l(0,¢) + B(a, p)n(0,1).

Using Duhamel’s formula we can write
T—n
w(at) = [ TV P

t

14
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0
where T is the semigroup generated by the operator ~ % + p5(a).
a

Proof of Theorem
We split the term to be estimated as follows
A max{ai,b1} A
/12((1, 0)da = / 1*(a,0)da + / 1%(a,0)da.
0 0 max{ai,b1}

As, max{ay, b1} < b, using the Proposition we obtain the estimate

max{ai,b1}

T bg
1?(a,0)da < C//Fa,t)dadt. (4.21)
0

0 b1

We are now left with the estimation of

1*(a,0)da.

max{ai,b1}

But since | = uy + us, we must therefore estimate

A A
u?(a,0)da + / u3(a,0)da.
max{ay,b; } max{a1,b; }
We have
A T—n T—n
u3(a,0)da < C, r(A — max{ay, b }) / 1(0,t)dt + / n2(0,t)dt
max{a1,b1 } 0 0

And then, using the Proposition with n = max{a;,b1} + 6 < T, é > 0, we obtain

A T by T az

/ uj(a,0)da < Cy 1 //lg(mt)dadt—i—//ng(a,t)dadt . (4.22)
0 b 0 a

max{ai,b1}

As,
T > max{ai, b1} + max{A — a2, A — ba},

we can choose d > 0 small enough (¢ should also check, max{a;,b;} < min{ag, b2} — 0) such that
T > max{ay,b;} + max{A — ag, A — b2} + 20;

therefore
T — (max{ai, b1} + 0) > A — (min{az, b2} — 0).

15
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Moreover for
a € (min{ag,ba} — 9, A)

we have

T — (max{ay,b1} +9) > A — (minf{az, by} —6) > A —a.
Then, from the Lemma [4.2]

ui(a,T) =0 a.e. a € (min{az, by} — ), A).

Therefore
A min{az,ba}—8
/ ui(a,0)da = / u?(a,0)da.
max{ai,b1} max{ar,bi}
As

T — (max{a1,b1} +0) > A — (min{ag, b2} — 0)),
then using the Proposition [£.2] we obtain

A T—n by
u?(a,0)d / / (a,t)dadt. (4.23)
max{a1,b1} 0 by
As
up =1 — uog,
then
T—7 by
/ /u%(a,t)dadt
0 b
T—n by T—n by

/ / uidadt + / / I*(a,t)dadt | . (4.24)
0 b1 0 bl

Moreover, under the assumption of Theorem the solution us of the system (4.20)) verifies the
following estimate :

T—n by T-n A
//uzatdad //u (a,t)dadt
0 b 0 o
T—n T—n
<C /120tdt+/ (0,t)dt | . (4.25)

where C = 2T~ |32, A. From the Prop051t10n we get

A T by

/ ui(a,0)da < C(T,n, ||B]ls) //lQatdadt—i—// n?(a,t)dadt | . (4.26)

max{ai,b1}
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Combining the inequalities (4.22]) and (| -7 we obtain

A T as T bo
/ 2(a,0)da < C(T, 7, [|8]l) / / n2(a, t)dadt + / / n2(atdadt | . (4.27)
max{a1,b1} 0 o 0 by
Therefore, ) and (| give
T a2 T bs

/l(aO da < Kp // atdadt+// (a,t)dadt | . (4.28)

Finally, combining (4.28) and the inequality of the Proposition we get the observability in-
equality.

O
For € > 0 and 6 > 0, we consider the functional J. ¢ defined by:
1 ) 1
Je,o(Um,vf) = = v dadt + = vfdadt + — m?(a, T)da + — f a,T)d (4.29)
2 [SF1 2 (S}
where (m, f) is the solution of the following system ij
om + Ogm + M = Xo,Vm in Q,
Of+0of +psf=xe,vy InQ,
m(a,0) = mo(a), 0) = fola) inQa, (4.30)

f(a:0) \
m(0,1) = (1 - ) / Bla.p)f(a,t)da,  F(0,8) =~ / B(a,p)f(a,t)da in Qr.

Lemma 4.3.
The functional J g is continuous, strictly conver and coercive. Consequently, Jc ¢ reaches its
minimum at a point (Vm.e, vrg) € L?(©1) x L*(O2). Setting (me, fo) the associated solution of

(4.30) and (ne,lg) the solution of (4.2) with
1 1
ne(a,T) = ——=me(a,T) and lp(a,T) = 75]09(0,, ),
€

we have
X@lvm,e - X@lné and X@zvfﬁ - X92l0-
Moreover, there exit C; > 0, 1 < i < 4, independent of € and 0 such that

/@1 n?(a,t)dadt < Cl(/OA mé(a)da + /OA fg(a)da>,
/OA m?(a,T)da < eCy ( /OA mg(a)da + /OA f&(a)da) :
/@2 1%2(a, t)dadt < Cg(/OA mé(a)da + /OA fg(a)da),

A A A
fi(a,T)da < 904< mé(a)da + f3 (a)da).
0

0 0

17



0O.S. SOUGUE et al./ jmpao Vol. 1-N°2(2022)

Proof of Lemma [£.3]
It is easy to check that Jc g is coercive, continuous and strictly convex. Then, it admits a unique
minimiser (v, vp). The maximum principle gives

X©:Vm,e = X0, and  Xe,Vf9 = Xeo,lo (4.31)
where the couple (n.,lp) is the solution of the system:

—0ne — Ogne + thmne =0 in Q,

—0tlo — Oalo + prly = (1 —7)B(a, p)ne(0,1) +vB(a,p)lp(0,t) in @,
ne(a,T) = —%me(a,T), lo(a,T) = —éfg(a,T) inQa,

ne(A,t) =0, (A, t)=0 inQr.

(4.32)

Multiplying the first and the second equation of (4.32)) by respectively m, and fy, integrating with
respect to @ and using (4.31) we get

/O n2(a, t)dadt + - /m (a,T)d /mo Yne(a, 0)da — (1~ //Bapfg £)ne (0, ¢)dadt
(4.33)

and

1
/@2 13(a, t)dadt + 5/0 13(a, T)d / fola)lo(a,0)da + (1 — / / B(a,p) fola,t)ne(0,t)dadt.
(4.34)

Combining (4.33]) and -, we obtain
1 [A 1 /A A
/ n?(a,t)dadt + 7/ m?(a, T)da +/ 12(a,t)dadt + f/ 12(a,T)da = 7/ mo(a)ne(a,0)da
61 €Jo (eH 0 Jo 0

A
- /0 fo(a)lp(a,0)da.

Using the Young’s inequality, we have for any § > 0,
1 A
/@ ng(a,t)dadt—i—f/ mf(a,T)da—i—/ 12(a,t)dadt + 9/ 12(a, T)da < = / mé(a)da
1

1 A
—I—% n?(a,0)da + - /fO da+f/ 12(a,0)d

Using the observability inequality (4.13)) and choosing 6 = Cr in the previous inequality, it follows
that

1 2 14 2 1 2 14 2 Cr 4 2
- n:(a,t)dadt + — mZ(a,T)da+ = l5(a,t)dadt + — lg(a,T)da < — mg(a)da
2 Je, €Jo 2 Je, 0 Jo 2 0
A
+/ fg(a)da).
0

18
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moreover, by seting

A A
Kk =€eCy (/ mé(a)da + / f(?(a)da)v
0 0
A A
u:904</ mg(a)da+/ f&(a)da)v
0 0
and ('Um'Uu) = (U'm,eavfﬁ)'

which completes the proof of the theorem [£:1}
This gives the desired result necessary to the proof of the main one. O

Now, we consider the system

atme(p) + aame(p) + Mmme(p) = Xo,Me InQ,

O fo(p) + Oufo(p) + tm fo(p) = xo,ls in Q,

me(p)(a,0) = mo(a). fo(p)(@.0) = fo(a) i Q. )

me(p)(0,8) = (1) / B(a,p)fo(0) (@, t)da,  Fo(p)(0,8) = / B(a,p)fo(p)(a,t)da in Qr.,

(4.35)
where (n,lp) is the solution of (4.32) that minimizes the functional J. 9. We have the following
result:

Lemma 4.4. Under the assumptions of the Theorem [2.1], the solutions me and fo verify the fol-
lowing inequalities:

/m aTda—l—// (14 pm)m at)dadt<0(/ mé(a da—l—/ fo(a ) (4.36)
/f@@TdG“F// 1+Mff9atdadt<0(/ mé(a da+/ fi(a ) (4.37)

Proof of Lemma [4.4

Let

Ye = 67/\0’5771E and zg = efAOtfg,

where )\ is a positive constant that will be choose later.
The functions ye and zy verify

NYe + Oaye + (Mo + fim)Ye = X0, "N, (4.38)

and
Otz + Ouzo + (Mo + ,Uf)ZQ = X@ze_/\otlg. (4.39)

Multiplying the equality (4.38]) and the equality (4.39)) by respectively y. and zg and integrating
with respect to @, we get

1 A 1 T T (A 1 A
5 [ e [ gEanas [0 00+ @ odadt = 5 [ ii@da (1.0
0 0 0 0

0
T A 2 T A
+ (1 — 7)2 / (/ 6(@,]))206&1) dt + / / X@)l@_)‘otneyedadt
0 0 0 0

19



0O.S. SOUGUE et al./ jmpao Vol. 1-N°2(2022)

and

A T
%/ 22(a, T)da—&—;/ 23(A,t) tdt+/ / (Ao + s(a))23 (a, t)dadt = / fi(a)da (4.41)
0

/ </ Bla,p zada) dt+/ / Xo,¢ Moty zgdadt.

Using the Young’s inequality, Cauchy Schwarz’s inequality and the fact that § is L°°, we prove
that:

2 T A ? 4 4 A 2 2 1 2 1 2
=2 [ ([ stapzada) ats [ [ o mdade < izl + gl + gl o,
0 0 0 0

and

o [F 4 ’ tor A 2 2 1 2 L2
0% /0 (/0 B(a,p)zgda) dt—l—/o /0 Xo,e~ otlgzgdadtga+\|z9\|L2(Q)+§||29||L2(Q)+§|\19||L2(@2).

Therefore, choosing Ao > (a2 + 3/2), we get:

1 A T A 1
5/0 zg(a,T)da+/O /O (1+ pg(a))zd(a,t)dadt < 2(||‘/"0||2QA+|19||2L2(@2)>.

Finally, applying the result of Lemma [£.3] to the above inequality, it follows that

;/OA 23(a, T)da + /OT /OA(l + ps(a))23 (a, t)dadt < C(/OA fe(a)da + /OA m%(a)da) (4.42)

and then the inequality (4.37)) holds.
Likewise, we have

1

A T A
1 1
3| vamdat [* [0+ pda0dadt < 5lmolh, + o0l + gl

Using the above inequality, Lemma [4.3| and the inequality (4.42)) we obtain

/OAyf(a,T)da+/oT /OA(1+um)y§(a,t)dadt§C</0A fg(a)da+/oAmg(a)da)

and then, we get the desired result.

Finally, from Lemma and Lemma if (¢,60) — (0,0) we get:

(X617e; X0,l0) = (Xo,Um, Xe,vr) and (me, fo) = (m, f),
with (m, f) solution of the problem (4.1)) and
m(.,T)=f(.,T)=0 aeac(0,A4).

We have now the necessary ingredients for the proof of Theorem
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4.2 Proof of Theorem [2.1]

In this section, we established the existence of a fixed point for the preceding auxiliary problem.
Indeed, we consider that (Hs) hold and we suppose to simplify that A(0) = A(A) = 0. We define
now the operator

Alp) : L*(Qr) — P(L*(Q1)), p— A(p)

where we designate the set A(p) as above:

Alp) = {P(t) € L*(Qr), such that P(t / Aa }
where the couple (m(p), f(p)) is the solution of the following system:

dym(p) + dam(p) + mm(p) = xe,n(p) inQ,
Orf(p) + 0 f( )+umf( ) XeQZ(p) in Q,
m(p)(a,0) = ) fo( ) inQa,

m(p)(0,t) = (1 — / Bla,p)f(p)(a,t)da, / Bla,p)f(p)(a,t)da in Qr,
(4.43)

and (n(p), I(p)) the corresponding solution of the minimizer of .J. g with m(p)(a,T) = f(p)(a,T) =0
for almost every a € (0, A).
It is obvious that A(p) is convex.

Remark 4.2. Note that since m(p) depends on f(p) through the system (4.43|) then the set A(p)
also indirectly depends on f(p).

We have the following result.
Proposition 4.4. Under the assumptions of the Theorem for any p € L*(Q7) the solution of
problem (4.43)) satisfies

Yo + H

d
dy < c(nmouz(@A) n |fo|Lz<QA>),
L2(0,T)

where Y (t fo p)da and the constant C is independent of p, mqg and fo.
Proof of Proposition
A
Let Y(t) = / Aa)m(p)da. It is easy to prove that Y is solution of system
0

A
0Y + / fom(@A(@)m(p)da = R(t) in Qr,

A (4.44)
Y0) = [ Maymoa)da,

where

R(t):/OAX( ym(p)da + (1 — / Bla,p)f da+/ Ma)n(p)da.
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Using the Lemma [{.4] and the assumptions on 3 and A, we infer that there exists K > 0 such that

IRIlL2(0r) < K (IImollzz@.a) + 1 foll2a))- (4.45)

By using (4.44)), the Young’s inequality and integrating on Qr, we obtain

/OT |0,Y [2dt < 2/OT IR(t)Ith+2/0T (/OA ,um(a)/\(a)me(p)da)zdt_

Moreover, the Cauchy Schwarz’s inequality leads to

/oT ( /OA ”m(a)A(G)me(p)da>

The inequality (4.36) and the fact that A € C([0, A]) give

2

A T A
dtg/o um(a))\(a)da/o /0 tim (@) X(a)m? (p)dadt.

T A
/O / um<a>x<a>m2<p>dadt<K1(||mo||%z<QA>+||fo||%2<QA>)7

where K7 > 0 is independent of p, € and 6. Moreover as Aji,,, € L*(0, A), and using (4.45)), it follows
that

d
—Y
Hdt

< (Imollzn + lllrian ) (1.46)
L2(0,T)
Now, let Y = e~ 2!Y. Then, Y satisfies

A
Y 4 XY + e ot / tim (@)X (@)me(p)da = e M R(t)  in Qr,
0
(4.47)

A
17(0):/0 Ma)mo(a)da.

Multiplying the first equation of (4.47) by Y, integrating on (0,t) and using successively Cauchy
Schwarz and Young inequalities, we deduce that

t t T A 2
|)7(t)|2+>\0/ Y2dt < |}7(0)\2+/ ?th+/ </ um(a))\(a)me(p)da> dt + ||R||r2(Qq)-
0 0 0

0

Using the above calculations and choosing Ay > 2, we get

TP < &oImallzzo + allcon ) (1.49
The desired result comes from (4.46)) and (4.48). O
Let
. dy
WO,T) =Y e 1=0,7), [Vlli~om < T || > <l
dt | r200.1)
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with T = C(||mo||L2<QA> + ||fo||L2<QA))-

We have W(0,7) ¢ WH(0,T). Moreover the injection of W11(0,7T) into L?(0,7T) is compact,
see [4] Page 129. So W(0,T) is relatively compact in L?(0,T). From Proposition we have
A(W(0,T)) € W(0,T), and we see that A(W(0,T)) is a relatively compact subset of L(0,T).
Let us now prove that A is upper-semicontinuous. This is equivalent to prove that for any closed
subset K of L?(0,T), A=1(K) is closed in L?(0,T). Let (px) € A~'(K) such that py converges
towards p in L?(0,T). Then, py is bounded and for all k there exists P, € K such that P, € A(ps).

Therefore, from the definition of A, there exists (my, fr) € (L*((0,T) x (O,A)))2 associated to
A

(g, ) € L*(01) x L*(03) solution of (4.43) such that P, = / Aa)my(pr)da and satisfying the
0

inequalities of the Lemma and Lemma 4.4 Consequently (my, fr) and (ng,l;) are bounded

respectively in (L2((0,T) x (O,A)))2 and in L?(©1) x L*(02). Thus, there exists a subsequences

still denoted by (my, f) and (ny, 1) that converge weakly to (m, f) in (L2((0,T) x (O,A)))2 and

A
(n,1) in L?(01) x L?*(O©,) respectively. Using hypothesis (H3), it follows that / Ma)my(pr)da
0

A

converges strongly to / Aa)m(p)da in L?(0,T).

0
Now, by standard device we see that (m, f) associated to (n,l) are solution of and satisfy
the inequalities of the Lemma and Lemma This implies that P € A(p).
On the other hand, thanks to the Proposition [£:4] one can extract a subsequence also denoted by
Py, that converges strongly towards the function P in L?(0,7T). Since K is closed we deduce that
P € K. Finally, we deduce that p € A=1(P).

Applying Kakutani’s fixed point theorem [6] in the space L2(0,T) to the mapping A, we infer that
there is at least one Y € W(0,T) such that Y € A(Y). This completes the null controllability proof

of the model ({2.1)).

4.3 Proof of Theorem [2.2]

4.3.1 Proof of Theorem [2.2}(1)

In this section, we always consider the following system:

ogm + dgm + phyym = XoUy, in Q,

Of+0uf +psf=0 inQ,

m(a,0) =mo, f(a,0)=fo inQu,

m(0.6) = (1 —~) [ Ba,p)fda, f(0,t) =~ [ Bla,p)fda in Qr,

(4.49)

for every p in L?(Qr). Under the assumptions of Theorem the controllability problem that is
to find v, € L?*(O) such that (m, f) solution of the system (4.49) verifies

m(.T)=0 ac(o,4)

is equivalent to the following observability inequality.
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Proposition 4.5. Let us assume the assumptions (Hy) — (Hs) — (Hs), for every T > A — as and
for any 0 > 0, if h(a,T) = hr(a) = 0 a.e in (0, ), there exists Cor > 0 such that the following
inequality

A A
/ h2(a, 0)da + / $(a,0)da < Cy 7 / h2(a, t)dadt (4.50)
0 0 e
holds, where (h, g) is the solution of

—0th — Ogh + prh =0 in Q,

—01g — 0ag + pyg = (1 —7)B(a, p)h(0,t) +vB(a, p)g(0,t) inQ, (4.51)
h(avT) = hT7 g(avT) =0 n QA7 '
h(A,t) =0, g(A,t)=0 inQr.

For the proof of the Proposition [£.5] we state the following estimate.

Proposition 4.6. Under the assumptions (Hy) and (Hz), there exists a constant C > 0 such that
the solution (h,g) of the system (4.51)) verifies

A T A T
2 2 2
/0 g (a,O)da+/0 /0 (14 py)g*(a,t)dadt < C/o h=(0,t)dt. (4.52)

Moreover, we deduce for hy = 0 a.e in (0, 9) that there exists a constant Cpr > 0 such that

A T T az
/ g*(a,0)da < C,r / R%(0,t)dt < C,r / / h?(a, t)dadt. (4.53)
0 0 0 0

Proof of Proposition

Combining the mequahty of Proposition 4.2 nd the inequality (4.53| of Proposition
have

A A T az
/ h?*(a,0)da + / %(a,0)da < Cr / h?*(a,t)dadt + Cyp / / h*(a, t)dadt
0 0 e o Jo
T az
<maX{CT;CQ’T}(/ h2(a,t)dt+/ / hQ(a,t)dadt>
©1
< max{CT, }(/ h2 (a,t) dadt+/ / h*(a, t)dadt)

< QT/ h%(a,t)dadt

where we set C’é’T = 2max {CT; CQ,T}.

Now, let € > 0 and ¢ > 0. We consider the functional J. defined by

- // atdadt+—/ m?(a, T)da, (4.54)

24



0O.S. SOUGUE et al./ jmpao Vol. 1-N°2(2022)

where (m, f) is the solution of the following system

Oym + Dam + flmMm = X, Vm in Q,
8tf+5f+ﬂff—0 in Q,
m(a, 0) ,0) = fo(a) in Qa,

m(0, (1— / Bla,p)f(a,t)da in Qr, (4.55)
/ Bla,p)f(a,t)da in Q.

We have the following lemma.

Lemma 4.5. The functional J. is continuous, strictly conver and coercive. Consequently, J.
reaches its minimum at one has vy, . € L*(0).

Moreover, setting m. the associated solution of and he the solution of with he(a,T) =
—%X{(O,g)}mg(a, T) one has v, = Xohe and there exists a positive constants C1, Ca independent

of € such that
T a A A
/ / h%(a,t)dadt < C’l(/ mé(a)da —I—/ fg(a)da>
0o Jo 0 0

/@A m?2(a, T)da < 602(/0A m2(a)da + /OA fg(a)da>.

Proof of Lemma [£.5]
The proof is similar to that of Lemma [£.3] O

and

By making € tending towards zero, we thus obtain that xghe — xovm and (me, fo) — (m, f),
where (m, f) is the solution of the system (4.55)) that verifies

m(.,T) =0 a.e in (g, A).
Finally, a similar procedure as in the proof of Theorem [2.1]is followed to get the null controllability
for the nonlinear problem.
4.3.2 Proof of Theorem [2.2}(2)

Let p € L*(Qr), under the assumptions of Theorem the following controllability problem find
vy € L*(0) such that the solution of the system

Of + 0af + psf = xOz2vf in @,
f(avo):fo(cﬁ in QAu

f(O,t) =7 B(a,p)f(mt)da in Qr

0

(4.56)

verifies

f(.,T)=0a.ein (0, A).

is equivalent to the following observability inequality.
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Proposition 4.7. Let us assume true the assumptions (Hy)— (Hz)— (Hs). For any T > a1+ A—as
there exists Cp > 0 such that

A
/ g*(a,0)da < CT/ g*(a,t)dadt, (4.57)
0 O3
where g is solution of the system

—0tg — 0ag + prg = vB(a,p)g(0,t) inQ,
9(a,T) =gr inQa, (4.58)
g(A,t) =0 nQr.

Proof of Proposition [4.7]
Using the inequality (4.16|) of Proposition the result of Proposition and the representation
of the solution of the system (4.58]), we get the desired result. O

To conclude, a similar procedure as in the proof of Theorem [2.I] leads to the null controllability
result for the nonlinear problem. We omit all details because the extension is straightforward.
Consider now the following operator: ® : L?(Qr) — L?*(Qr) definie by

A
pr——>vy(p) — (p, f(vs(p)) — m(p, f(vs(p),p)) — /0 Aa)m(p, f(vs(p),p))da,

where (m(p, f(vs(p))), f(p,vs(p),p))) is the solution of the of the folloing system

Orm + Ogm + fym =0 in Q,
atf+8 f+,u'ff X@zvf in Qa
m(a, 0) ;0) = fo(a) in Qa,

m(0, (1- / Bla,p)f(a,t)da in Qr, (4.59)
/ B(a,p)f(a,t)da in Qr.

By appying Schauder’s fixed point theorem, it follows that:
Lemma 4.6. The operator ® admits a fixed point.

And therefore proves Theorem (2)
After the total extinction of femal at time T we put vy = 0, the pair (m, f) is then the solution
of the system.

Om + Ogm + prym =0 in (0,A) x (0,T + A),
Of + Ouf + 1y f = Xoux(0,1)Vf in (0,A4) x (0,7 + A),
m(a,0) = mo(a) f( 0) = fo(a) in Qa,

m(0,t) = (1 -~ /Bap (a,t)da in (0,T + A), (4.60)

fOt—v/ B(a,p)f(a,t)da in (0,7 + A).
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with M (t fo m(a,t)da a.ein (0,A+T).
Integratlng along the caracteristics lines, the solution m of (4.60) is given by:
7Tliw)mo(a —t) if t<a,
st (a — t)

m(a,t) = (4.61)

fo (a, M(t —a))f(a,t —a)da if a<t
where (a,t) € (0, A) x (0, A+ T). Moreover, we have f(a,t) =0 a.eforall ¢>T.
Indeed, let f = e 2ot f in , where A is a positive real wich, will be fixed later.
The function f verifies

ft + J?a + (g +Xo)f = X@zx(O,T)'Ufeik()t-

integrating this equation over (0, A) x (T, ) where o > T we obtain:

/f aada+/ Atdt+// (Mo+pyf(a (at)dadt /(/ BaMfda)dt.

(4.62)
Using the assumption on S and choosing Ay = A2,3§ + 1, we aobtain f(a, t)=0 aein (0,4)x
(T, ). Then f(a,t) =0 aein (0,A4)x (T.t). Ift>T+ A, wehavet—a>T+A—a>T for
all a € (0, A), then f(a,T+A—a)=0 a.ein (0,A) and then, one has

A
m(mT—i—A)zm(a)/O Bla, M(T+A—-a))f(a,T+A—a)da=0 aein (0,4).
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