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1 Introduction

In this work, we study the existence and regularity of solutions for the following partial func-
tional equation
u”’(t) = Au(t) + f(t,ue,up) fort >0

ug = € Cq (1.1)
up = ¢ € Caq,

where A is the (possibly unbounded) infinitesimal generator of a strongly continuous cosine family
of linear operators in X, C, = C([-r,0],D((—A)%)), 0 < a < 1, denotes the space of conti-
nuous functions from [—r, 0] into D((—A)%), (—A)® is the fractional a-power of A. This operator
((—A)*, D((—A)%)) will be describe later. C,is endowed with the following norm ||h||¢c, = |hla+|P |
for all h € C = C*([~r,0], X), the norm | . |, will be specified later. For every t > 0, u; denotes the
history function of C defined by
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u(0) = u(t+6)for —r <6<0,

f:RY xCy x Cq — X is a given function.

In [II] the authors study some semi-linear second order initial value problem. They also unify and
simplify some ideas from the theory of strongly continuous cosine families of linear operators in
Banach spaces. In [2], by using the theory of strongly continuous cosine families of linear operators
in Banach, the author investigated the existence of solutions of the following semilinear second
order differential initial value problem

u’(t) = Au(t) + g(u(t), ' (¢)) for t € [0, T w2
1.2
u(0)=up e X u'(0)=u €X.

Using the theory of strongly continuous cosine families of linear operators in Banach space, we
prove in this paper the existence of the mild and strict solutions. In [12], the author present a
construction of cosine family with weak singularity in order to show its application to evolution
Cauchy problems of the following form

u(t) = B2u(t) + g(t) for t € R

U(O) =uy e X u'(O) =u; € X,

where X is a Banach space and B : X — X is a closed densely defined linear operator such that B
and — B generate analytic semigroups with weak singularity at 0.

The most fundamental work on cosine families can be found in [3| [4]. Important additions have also
brought by Sova M. [8, 9] and Nagy B. [5l [6].

Our contribution in this topic is made in two steps. First, in [13], we generalize some results
obtained in [I1I] by introducing a distributed delay on [—r,0], r > 0. We also prove the existence
and regularity of solutions of equation in C = C([-r,0], X). Secondly, the present work gene-
ralize the results obtained in [I3] by using the fractional a-power of A. Consequently, we obtain
results which are more general than the ones obtained in [I3]. Since the delay is distributed on
[—7,0], 7 > 0, this work generalize some results obtained in [10].

The organization of this work is as follows, in section 2, we collect some background materials
required throughout the paper. In section 3, we study the existence of local mild solutions of equa-
tion and we show the global continuation of solutions. We prove that in the case of local
existence, the solutions blows up, we also show the continuous dependence with the initial data.
In section 4, we will show the existence of strict solutions for equation . For illustration, we
propose to study the existence of solutions for some partial functional equations with diffusion.

2 Preliminaries

Let (X, ||.||) be a Banach space and « be a constant such that 0 < o < 1 and A be the
infinitesimal generator of a strongly continuous cosine family of linear operators (C(t))tcr on X.
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We assume without loss of generality that 0 € p(—A). Note that if the assumption 0 € p(—A) is
not satisfied, one can substitute the operator —A by the operator (—A — o) with o large enough
such that 0 € p(—A — o). This allows us to define the fractional power (—A)* for 0 < a« < 1, as a
closed linear invertible operator with domain D((—A)%) dense in X. The closeness of (—A)“ implies
that D((—A)®), endowed with the graph norm of (—A)%, |x| = ||z|| +||(—A4)*z||, is a Banach space.
Since (—A)® is invertible, its graph norm [.| is equivalent to the norm |z|, = ||[(—A)%*z||. Thus,
D((—A)%) equipped with the norm |.|,, is a Banach space, which we denote by X,.

Definition 2.1. A one parameter family (C(t))ier of bounded linear operators mapping the Banach
space X into itself is called a strongly continuous cosine family if and only if

1) C(s+1t)+C(s—t) =2C(s)C(t) for all 5,t € R,

1) C(0) =1,

iii) C(t)x is continuous in t on R for each fized x € X.

If (C(t))ter is a strongly continuous cosine family in X, then S(t) defined by
¢
S(t)r = / C(s)xdsforxz € X, t € R. (2.1)
0

is a one parameter family of operators in X.

Definition 2.2. The infinitesimal generator of a strongly continuous cosine family (C(t)):er s the
operator A : X — X defined by
d*C(t)x
= gz =0
D(A) ={x € X : C(t)ris a twice continuously differentiable function of t}.

Ax

We shall also make use of the set
E ={z: C(t)z is a once continuously differentiable function of ¢}.

Proposition 2.3. [T1] Let (C(t))ier be a strongly continuous cosine family in X with infinitesimal
generator A. The following are true.
a) D(A) is dense in X and A is a closed operator in X

b) ifx € X and r,s € R, then z = / S(u)zdu € D(A) and Az = C(s)x — C(r)z,
) Ifxe X andr,s €R, then z = / / C(u)C(v)zdudv € D(A) and
0o Jo

Az = %(C(r +s)x—C(s—1r)x)
d) if x € X, then S(t)x € E,
. dC(t)z
e) ifv € X, then S(t)x € D(A) and TR AS(t)x,
d*C(t)x
dt?

f) if v € D(A), then C(t)x € D(A) and = AC(t)x = C(t) Az,
g) if t € E, then %g% AS(t)x =0,

2
h) if x € E, then S(t)x € D(A) and d S(zt)x = AS(t)x,

i) if v € D(A), then S(t)x € D(A) and AS(t)x = S(t) Az,
j) Ct+s)—C(t—s)=2A5(t)S(s) for all s,t € R.
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In [3], for 0 < a < 1, the fractional powers (—A)* exist as closed linear operators in X,
D((—A)?) c D((—A)®) for 0<a< <1, and (—A)¥(—A)7 = (—A)*+A. (2.2)
Throughout this paper, we assume that

(Hp) A is the infinitesimal generator of a strongly continuous cosine family of linear operators
on a Banach space X.

By Proposition (Hp) implies that the operator A is densely defined in X, i.e. D(4) = X.
We have the following result.

Proposition 2.4. [T1] Assume that (Hg) holds. Then there are constants M > 1 and w > 0 such
that

t
[C@)| < Me=H and ||S(t) — S(t)| < M‘/ e_“’ls‘ds‘ and fort,t" € R.
t/

From previous inequality, since S(0) = 0 we can deduce

1S@)| < %e*‘“t fort € RT.
w

M
In the sequel, let us pose M; = max (M, —)
w

Theorem 2.5. [Z] If g:[0,T] x X x X — X is continuous and u is a solution of equation (1.2)),
then u is a solution of the integral equation

u(t) = C(t)ug + S(t)uq +/0 S(t—s)g(s,u(s),u'(s))ds fort >0,

(A1) For 0 < <1 (—A)* maps onto X and is 1-1, so that D((—A)®) endowed with the norm the
norm |z|, = ||(—A)%z|| is a Banach space. We denote by X, this Banach space. We further assume
that (—A)~! is compact. We require the following lemmas.

Lemma 2.6. [10] Assume (Hp) holds. Then the following are true.
(i) For 0 < a < 1, A= is compact if only if (—A)~! is compact.
(15) For0<a<landteR, (—A)*C(t) =C(t)(—A)* and (—A)*S(t) = S(t)(—A)~.

Recall from [3], (—A)~¢ is given by the following formula

. +00
(—A)~o = 2T / oLt — A)~Lat.
0

™
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Lemma 2.7. [T0] Assume that (Hp) holds, let v : R — X such that v is continuously differentiable
¢
and let q(t) = / S(t — s)v(s)ds. Then

(1) q is twice continuously differentiable and for t € R,

o(t) € D(A), ¢(t) = /0 Ot = $)o(s)ds

and

§(1) = /O Ot — $)o(s)ds + CO)o(t) = Ag(t) + v(t).
(ii) For0<a<1landteR, (—A)*"1¢(t) € E.

Theorem 2.8. (Heine’s Theorem). Let f be a continuous function on a compact set K, then f is
uniformly continuous on K.

Theorem 2.9. (Schauder’s fixed point Theorem). Let X be a locally convex topological vector space,
and let K C X be a non-empty, compact, and convexr set. Then given any continuous mapping
f: K — K there exists x € K such that f(x) = x.

Theorem 2.10. (Arzela-Ascoli Theorem). Let (X,dx) and (Y,dy) be compact metric spaces,
C(X,Y) be the set of continuous functions from X to 'Y and let F be a subset of C(X,Y). If
F is closed and equicontinuous then it is compact.

3 Local existence, global continuation and blowing up of so-
lutions

Proposition 3.1. Assume that (Hp) holds. If u is a solution of equation , then
t
u(t) = C(t)p(0) + S(t)¢'(0) —|—/ S(t—s)f(s,us,ul)ds fort >0, (3.1)
0

Proof. It is just a consequence of Theorem [2.5] In fact, let us pose g(t,u(t),u'(t)) = f(t,us, u}) for
t > 0. Then we get the desired result. B

Remark : The converse is not true. In fact if u satisfies equation (3.1), v may be not twice
continuously differentiable, that is why we distinguish between mild and strict solutions.

Definition 3.2. We say that a continuous function u : [—r,+oo[— X, is a strict solution of
equation if the following conditions hold

(i) u € C([0, +ool; Xo) N C3((0, +o0[; X4 ).

(49) u satisfies equation on [0, +0o0].

(91) u(0) = @(0) for —r <6 <0.
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Definition 3.3. We say that a continuous function u : [—r, +o0o[— X, is a mild solution of equation

if u satisfies the following equation
t
u(t) = COP(O) + SO0 + [ S 9)f(s,uevil)ds fort 0
0

UQ:QOGCQ.
uy = ¢’ € Caq.

In the following, we give a local existence of mild solutions of equation (1.1f). First of all, we
study the existence of mild solutions, in order to do that, we assume the following assumptions.

(H;) The function f : [0,b] x Co x Co — X satisfies the following conditions
1) f:]0,b] x Co x Cq — X is continuously differentiable.
ii) There exists a continuous nondecreasing function 3 : [0,b] — R such that

11t @, < B)lgla for (t,¢) €[0,8] x Ca.
(Hz) A1 is compact on X.

Theorem 3.4. Assume that (Hp), (Hy) and (Hg) hold. Let ¢ € Cq such that ¢(0) € D(A) and
©'(0) € E and assume that

1(—A)1 sup [B(6)@2Me " +1) +Me’“’b} <1.
t€[0,b)

Then equation (1.1) has at least one mild solution on [0, b].

Proof. Let k > |¢|c,, we define define the following set
Zy = {w € C([0,8], X,) : 2(0) = p(0) and Jole < K},

where |z|o = sup |x(t)|o. For € Zj, define the Z(¢) : [0,b] - X, by
t€0,b]

x(t) for t € [0, ]
z(t) =
p(t) for t € [—r,0]
The function ¢t — Z; is continuous from [0, b] to C,. Now, define the operator H on Zj by

H(x)(t) = C(t)p(0) + S(t)'(0) + /0 S(t—3s)f(s,zs,2)ds for t € [0,b].

It is sufficient to show that H has a fixed point in Z;. We give the proof in several steps.

Step 1 : There is a positive k > |¢|c,, such that H(Zy) C Z.
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If not, then for each k > ||<,0L , there exist z, € Zj and t € [0,b] such that [(Hxk)(tk)|e > k-
Then by Proposition [2.3] ave

ty ~
ko< (M) (t)la < ICE)PO0)]a + 1St (0)]a + | /0 Sty = )f (s Fe, @ 5)ds|

< ICE)RONa +15t)e O+ || - (—ay [ " AS (b — )1 (o)
< IOt + ISP O + || (=)~ | /0 (Ot = 9)f(s,75,270) ) ds / Ot = 5) 2 (706, T 7)) s |
< 1CE)PO)a + ISt Ola + ||[(=* 7 (£(th: Fer, #'1,) = C(tR) F0,F0,270) ) |

HI(=A) M IMe P || f(t, By, 21, ) — F(0,F0,270) |

ICR)PO)a + 152 0)]a + (=AY (17 (tr, Ter 00 )| + 11010, Fo, 0)| + Me™ || (b, Fry., 72, ) — F(0,F0, o)1)

A

< 1CE)O)a + 1St O)]a + (=AY ([B(t) + Me™Y][tle,, +2Me™*4(0) Ftlec, ).

Since |Z4|e, < k for all s € [0,b] and = € Z, then we obtain

Eo< M ([p0)]a +1¢'(0)]a) +[(=4)" ) sup [8(6)(2Me™ +1)+ Mek.
te[0,b]

Consequently

1 <

Myem*(19(0)]a + |¢'(0)]a
e I il £ Ok) + (=AY sup [B(H)@Me™" +1) + Me™"].
t€[0,d]

It follows that when & — 400 that
1< (=41 sup [BE)@Me " 4 1) + M),
te[0,b]
which gives a contradiction.
Step 2 : H is continuous

Let (z™),, € Z) with 2™ — x in Zj. Then, the set
={(s,3",2), (5,T5,25) s s€[0,b], n>1}

is compact in [0, ] X C4 X Cy. By Heine’s theorem implies that f is uniformly continuous in A and

HE@) — H@ Ol < sup || = (-4 / AS(t = )(f(s,22,0%) = [ (520, 24))ds|
tE[O,b]
< e [ [ (e aueaa - foane)as
— [t (st = slsvmer) s
< A+ Mae )G 2E) — F(b e a)] + 2Mrem Y £(0, 8, 275) — £(0,0,ap)]) = 0 as m — +oo,

7
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and this yield the continuity of H on Zj.
Step 3 : The set {H(x)(t) : = € Zy} is relatively compact for each t € [0, b].

Let t €]0,b] be fixed, using the same reasoning like in the Step 1, we have

= H@)OI < = [Me (JAp©)] + 149 O)]]) + sup (B(E)(2Me™" + 1) + Me ™" )k].
te[0,b]

Then for ¢t € [0,b] fixed the set {(—A)*H(x)(t) : = € Zi} is bounded in X. By (Hz), we deduce
that (—A)~* : X — X, is compact. It follows that the set {H(x)(t) : = € Zj} is relatively compact
for each t € [0,0] in X,.

Step 4 : The set {H(x): = € Z} is an equicontinuous family of functions.

Let x € Z;, and 0 < 71 < 79 < b, then we have

[H(z)(r2) = H(z)(T1)]a

IN

[C(r2) = C(r1)]¢(0)|a + [[S(72) = S(71)]¢" (0)

+‘ /072 S(ro — 8)f(s,Ts,2's))ds — /071 S(ry — s)f(s,is,gls))ds‘a

< 11C() = Clr)leO)e +1[5(72) = S(ru)le! O + | [ 71802 = 5) = Stra = )5,
+ /T2 S(r2 = ) (s, T, 7))ds|
< IC() - CrleOa + [15(2) - S Ola + (=2 [ [ £ (Clra = 915,72, 7)) ds -

/:2 Clrs — s)% (G o)) as] | + (=) [/On % (102 — ) = Olry = )1 (5,75, 275) ) ds

,/0 "G (r2 — 8) — C(r — s)]dii(f(s,is,a?s))ds] H

IN

1C(72) = Cr)Ip(O)a + [15(72) = S(7)]¢ (O)]a

HI=A (1 (72, Fra 87 y) = Clr2 = 71) (71, 8y 27|

M1 f (12, Fry ) = (71, T @ )|+ N[O 2 = 71) = 1) (74, By |

HI[C(72) = CrOI (0, F0, o) + € (72) = CrOI I (71, Fry @) = (0, T, &o)l|) — 0 i 71— 72,

since (—A)*~! is compact from X to X and (C(t);cg is uniformly continuous on compact subsets
of X. Thus, H maps Zj into an equicontinuous family of functions.

The equicontinuities for the cases 71 < 7 < 0 and 71 < 0 < 75 are obvious.

So from the above step 1 to step 4 and the Ascoli-Arzela theorem, we can conclude that H : Z, —
Zy. is completely continuous. Hence by the Schauder fixed point theorem, H has at least one fixed
point T in Z; which is a mild solutions of equation .I



I. Zabsonre et al./ jmpao Vol. 01 N°01 (2022)

In the following, we prove the uniqueness of local mild solutions of equation (I.1}). In what fol-
low, we require f to be autonomous, that is, f : C, x C, — X. We make the following assumption.

(Hs) f is locally lipschitz, that is, for each 6 > 0 there is a constant c¢g(d6) > 0 such that if
¢1,02 € Ca llpalle,, [p2lle, <6 then

1f (1, 01) = fp2,05)Il < co(d) o1 — e2llc -

(H4) The maps t — AC(¢) is locally bounded.

Theorem 3.5. Assume that (Hy), (Hg), (Hs) and (Hy) hold. Let ¢ € Cq such that ¢(0) € D(A)
and ¢'(0) € E. Then, there exists a mazimal interval of existence [—r, b, [ and a unique mild solution

u(., ) of equation (1.1)) defined on [—r,b,[ and either
by = +o0 orlim,_,, (Ju(t,)la + [0/ (t,¢)|a) = +oo.

Moreover, u(t, @) is a continuous function of ¢ in the sense that if ¢ € Co and t € [0,b,], then
there exist positive constants k and e such that, for ¢, € Co and || — ¥llc, < €, we have

t € [0,by[ and u(s, ©) — u(s, P)la +[u'(s,0) = W' (s,9)]a <kl —Pllc, for alls € [-r,1].

Proof. Let b; > 0. The local lipschitz condition on f implies that for each a > 0, there exists ¢y(0)
such that for ¢ € C with ||p|lc, < d we have

1 (0, ) < co(d)lllle, + 1£(0,0)]l < co(8) + [ £(0,0)],

with for given ¢ € Cy, 0 = ||¢|lc, + 1 and ¢1(6) = ¢o(0)d + sup | £(0,0)||. Consider the following
s€[0,b1]
set

u € CH[—r,b1]; Xo) : u(s) = ¢(s), v/ (s) = ¢'(s) if s € [-7,0]

Z,=

and supeo,p,]([u(s) = ©(0)la + |1/ (s) = '(0)]a) <1,

then Z, is a closed set of C*([—r,b;1]; X4)]. Consider the mapping
K:Zy,— C'([-r,bi]; Xa)
defined by
t
K(u)(t) = C(t)e(0) + S(t)¢' (0) + / St —s)f(us,ul)ds for t >0
0

K(ug)(t) = ¢(t) fort e [—r,0]

(K(u)) (t) = ¢'(t) fort e [—r,0].
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We will show that K(Z,) C Z,. Let u € Z,, t € [0,b1] and o be a positive real number such that
[|AC(t)|| < po for all ¢t € [0,b1]. Then we have

K(u)(®) = ¢(0)la <

IN

IN

[e3

CR0) = o0 +15OF O +| [ 80— )i )is
C20) = (0 +150) O+ | (-2 [ ( / T AC(O) )|

|C()#(0) = @(0)]a + [S()¢'(0)]a + II(—A)‘*”Huoh/O I1f (us, ug) || ds.

Since |u(s) — (0)|o + |[/'(s) — ¢’ (0)]o < 1 for s € [0,b1] and & = ||¢|lc, + 1, we deduce that
luslle, <14 |l¢llc, =0 for s € [0,b1]. Then

1f(us, )l < co(d)luslle. + 1£(0,0)]| < er(5)
(3.2)

1)l < co(@)lelle, + 1£(0,0)[ < ex(d).

If we choose by sufficiently small such that

s€[0,b1]

consequently

IK()(t) = #(0)]a

sup {C(5)p(0) — P(O)la + ()¢ O)]o + (=) obrea(8)s} < 5.

< 1C®)#(0) = @(0)a +[S ()@ (0)]a + [I(=A)*H|nobier (6) < % for ¢ € [0, b1].

On the other hand using equation (2.1)) and Proposition we have

- C'(t)gp(O)+S’(t)<p'(0)+/O Ot — 8)f(us, i )ds for ¢ > 0

< IASWRO)]s + 0 0) = Ol + (<41 [ ACE = 5) (st s
< AS09(0la +1COF0) = ¢ Ok + 14" o sup (17
< 1AS#(0)]a + ICHF () = 'Ol + (=4 o1 (O)t

We also choose b; sufficiently small such that

sup {|AS(5)0(0)a + [C(5)¢'(0) = & (0)]a + (= A)* || moea(9)s } <

s€[0,b1]

consequently

)

DO =

N | =

[(K(u)'(t) = ¢"(0)]a <

10
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Finally we have
() (t) = p(0)|o + [(K(w)'(t) = ¢ (0)]a <1,

hence K(Z,) C Z,.

Let u,v € Z, and t € [0, b;]. Then we have

K@) =Kl = | [ 8= d) = fon s,

< J-car ( AC(O)[f (s ) = f (v, v))]dor ) ds
< A ot | ) = F(w) s
< =4 obieo(@)llu = vle,.

Since

sup {1C(5)9(0) = 9(0)]a +1S()2 ()] + | (—A)* llobrcr (8)s } <
s€[0,b1]

it follows that

N =

K@)~ K@) Dl < gl vlle,.

Using the same reasoning like previously, we have

[(K(w)'(t) = (K@) ()le = ’/0 Ot = 5)(f (us, ul) = f(s,05,v5))ds|

A

Sl =l
9 u Vl||Cq -
Adding the two previous equations
[(K(w) = (KW)lle. < llu=2lle.

it follows that K is a strict contraction in Z,. Thus by a fixed point theorem, K has a unique fixed
point u in Z,.
Let w an other mild solution of equation (L.1)) on Z, corresponding to ¢. Then we have

lu —lle, = [[(K(w)) = (K@))llc.
<l —=allle,

which gives a contradiction. We conclude that equation has one and only one mild solution
which is defined on [—r,b1] and denoted by u(.,¢). Using the same arguments, we can show that
u(., ) can be extended to a maximal interval of existence [0, b,[. If we assume that b, < 400 and
limtﬂb;(\u(t,ga)m + |/ (t, ¢)|a) < 400, then there exists a constant § > 0 such that (Ju(t, ¢)|a +

11
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|u/(t,¢)|a) < a for all t € [0,b,[. We claim that u(.,¢) and u/(.,¢) are uniformly continuous.
Consequently
lim (u(t, p) +u'(t, p)) exists,

t—by,

which contradicts the maximality of [0, b,[. Let us show the uniform continuity of u(., ¢) and v'(., ¢).
Lett, t+h € [0,b,[, h > 0and § € [—r,0]. If t4+-0 > 0, then the map t — C(t+0)¢(0)+S(t+0)¢’(0)
is uniformly continuous. On the other hand let p be a positive number such that ||[AC(t|| < u for
all t € [0,b,[ and pose u(., p) = u. We have

Wt +h+0) —u(t+0) = Ct+h+0)p0) —Ct+0)p(0) + St +h+0)¢ (0) — S(t+0)¢ (0)

t+0+h t+6
+/ S(t+0+h—s)f(us,u/s)ds—/ S(t+ 60— s)f(us,ul)ds
0 0

= C(t+h+0)p(0) = C(t+ 0)p(0) + St + h +6)¢'(0) — S(t + 6)¢'(0)

t+0 t+0+h
+/ S(s)f(ut+0+h—saU{t+9+hfs)d5+/ . S(8)f (Wto4h—s:Upyo1ns)ds
0 t+

= C({t+h+0)p(0)—C(t+0)p(0)+ S(t+h+0)p' (0) — S(t+0)¢’(0)
t+6
[ SO [F o) = Fluo-t )]s

t+60+h ,
+/;+0 S(S)f(ut+9+h75,ut+9+h_s)ds.

Thus, using the local Lipschitz condition of f, we have

fut+h+6,0) —ut+0,9)la < [C(t+h+0)p(0) = Ct +0)p(0)]a + IS+ h +0)¢' (0) — S(t + )¢/ (0)]a

+H(—A)"‘*1 /OUH9 (/Otis AC(o) [f(ut+9+h—svu£+9+h—s) - f(ut+9_s7u;+g,s)]da)dsH

+H(—A)a—1/t+6+h (/t_SAC(a)f(ut o, )da)dsH
o o +0+h—s> Uty 94h—s

< C{t+h+0)p(0) — C(t+ 0)p(0)|a + |S(t+ h+0)¢' (0) — S(t + 0)¢' (0)|a
1 t+6
HI(=A4)* Hubw/o I1f (Wetorn—s: Upiorn—s) = f(uero—s, upyo_,)llds
1 t+0+h
A by [ uosnosut g s
t+6
< Ot +h+0)p(0) = C(t +0)¢(0)|a + |S(t 4+ h + 0)¢'(0) — S(t + 6)¢'(0)]a

t
(=) Hubger (6)h + ||(*A)a_1Hub¢/0 llusn — usllcq ds
If t + 60 < 0. Let ho > 0 sufficiently small such for h €]0, ho[

[ween (@) —w(@a < sup_fulo+h) —u(o)la = [lun = ¢lla

—r<o<

12
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Since the map t — C(t)p(0) + S(t)¢’(0) is uniformly continuous, consequently, for ¢,t + h € [0, b, [
and h €]0, ho[, we have

luern () —w( o < 51(h)+5z(h)+II(—A)CHHubwcl(ti)thH(—A)""lllubm(&/o [tsn — usllc, ds

where

51(h) = llun—plla and Sa(h) = sup  (|C(E+R)R(0)~CRO)|atISE+RE 0SB O)]a)-
t+he[0,b, [

From [II] (in Proposition 2.4), t — C(t)(0) + S(t)¢’(0) belongs to C?([0,b,]; X), by a similar
reasoning, we also have

lupsn() — (e < 5i(h)+5é(h)+||(—A)“‘1HMC1(5)h+II(—A)a‘ll\uc’o(é)/O [usn() = us()lle, ds

where

51(h) = luh—¢/lo and 53(n) = sup  (|AS(t+h)! (0)=AS(1)e! (0)]aHO(HHR) (0)=C(1)2'(0)]a).
t+he[0,by, [

Adding the previous inequality, we have

luen() = we(e. < v(h) + [[(=A)*Hpeo(8)(1 + bgo)/o [sn — uslle, ds,

with
v(h) = 61(h) + () + 6y (R) + 85(h) + [[(=A)* | uer (8)(1 + by) h.

By Gronwall’s lemma, it follows that

lue4n (s 9) = ue(s )lle. < v(R)expl|(—A)*Hlueo(8)(1 + by)by).

This completes that v and u’ are uniformly continuous and u can be extended over [0, b, + 7|, which
contradicts the maximality of [0,b,[. Using the same reasoning, one can show a similar result for
h < 0.

Now, we want to prove that the solution depends continuously on initial data. Let ¢ € C, and
t € [0,b,] be fixed. Set

=1+ sup J|us(.,9)lc.
—r<s<t

and
c(t) = (200167 + b, Jexp (I(= ) fleo (B)u(1 + b, )t ).

Let ¢ €]0,1[ and ¢ € C,, such that ||p — ¥|lc, < &. Then
[¥llca < llelle. +& <.

We define
by :=sup{s > 0 : [Jug(.,¥)|lc, <0 for o €[0,s]}.

13
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If we suppose that by < ¢, we obtain for s € [0, by
lus( @) —usC¥)lla < Miem“®lo —Ylla + Mie™**(|¢" — ¢'[|a

et [T AC© LU o o 0)) = Fluo ).y ()1 do]|

< Miem %l = Ylla + Mie™ %’ = 9']la
I (=A) by /0 £ (o (., ), ug (- 0)) = fluo (., ¥), ug (. ¥))lldo
< Miem? o —Plla + Miem " = ¢ [la + \|(—A)a*1||ub¢c0(6)/0 luo (-, @) = uo (-, P)llc, ds-

On the other hand, we also have

i) =l < || [T ACE@NR0) — w(Oldo] | + Mg = 0o+ (=) e @ [ ) = o e ds
< pbplle = Ylle, + Miem @' — ¢ [la + ||(—A)a_1||00(5)u/08 luo () = uo (-, ¥)lle, ds.

By adding the previous inequality, we have

lus(o ) —us(P)llea < (2Mle—wt + Mb<p> lp = Wllea + I1(=A)* leo(8)n(L + by) /Os llue () —uo (-, ¥)lle, ds.

By Gronwall’s lemma, we deduce that

lus(, ) = us( ¥)llen < el = Ylle,- (3-3)

This implies that
lus(sP)le, <c(t)e+d—1<dforallse[0,bl.

It follows that by cannot be the largest number s > 0 such that ||us(.,%)|lc, < J, for o € [0, s].
Thus by > t and ¢t < by. Furthermore, ||us(., ¢)llc, < 0 for s € [0,¢], then using the inequality (3.3))
we deduce the continuous dependence on the initial data.ll

Corollary 3.6. Assume that (Hyp), (Hg), (Hg) and (Hy) hold. Let ¢ € C, such that ¢(0) €
D(A) and ¢'(0) € E. Let k1 be a continuous function on R and ko € L}, .(RT;RT) be such that

loc

1f (o, N < E1(®)]lelle, + k2(t) fort > 0 and ¢, ¢’ € Co. Then equation (1.1)) has a unique mild
solution which is defined for all t > 0.

Proof. Let [—7,b,[ denote the maximal interval of existence of the mild solution u(t, ¢) of equation
(1.1). Then

by = +oo or lim, ;- (Ju(t, ¢)la + [t/ (t,¢) ) = +00.

14
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If b, < +o0, then mt_)b;ﬂu(t,apﬂa + | (t,0)|a) = +00. Thus, we have

el < ICOO)+ IS O+ | [ 5= s

[e3

< e o + PO + [ ([ A0@ sttt o) |

0

IN

t
ko + II(*A)aleubga/ k1(s)lusllc, ds for t € [0,b,],
0

where

b‘P
ko = (2M1e™"% + b ) (|0(0)|a + 19 (0)]a) + 1(=A)* | (b + 1)/0 kz(S)dS}

On the other hand, we have

t
[W'(t, o)l < ubwlw'(O)la+M1€’”b“’|@’(0)\a+II(—A)CHHN/O I1f (us, u5) [ ds

IN

t
ko + H(—A)a*lllu/ k1(s)l|usllc,ds for t € [0,by[.
0

By Gronwall’s lemma, we deduce that

t
Jur(@le, < 2koexp (=40 lby +1) [ a(s))ds < +o0 for t € 0,5,
0

and o
hmt—)b; (|U(t7 gp)|0¢ + |Ul(t, (p)‘a) < +OO7

which gives a contradiction.ll

As an immediat consequence, we get the following result.

Corollary 3.7. Assume that (Hg) and (Hg) hold and there exists a positive constant L such that
Jor ¢1,¢2 € Ca
1£(p1, 1) = F(p2,02) | < Llipr = @2lle., fort > 0.

Let ¢ € Cy, such that ¢(0) € D(A) and ¢'(0) € E. Then equation has a unique mild solution
which is defined for all t > 0.

4 Existence of strict solutions

Theorem 4.1. Assume that (Hp) and (Hg) hold and f is continuously differentiable. Moreover
assume that the partial derivatives Dy f and Do f are locally Lipschitz in the classical sense. Let ¢ be
in C3([—r,0], D((—A)*) such that (0),"(0) € D(A), ¢'(0), ¢9(0) € E, ¢"(0) = Ap(0)+ (i, )
and ¢ (0) = A¢'(0). Then the corresponding mild solution u is a strict solution of equation (LI).

15
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Proof. Let ¢ be in C3([—r,0], X) such that ¢(0),¢”(0) € D(A), ¢'(0),93)(0) € E, ¢"(0) =
Ap(0) + f(ip,¢") and ©3)(0) = A/ (0). Let u be the corresponding mild solution of equation
which is defined on some maximal interval [0, b, [ and let a < b,. Then by using the strict contraction
principle, we can show that there exists a unique continuous function v such that

© = C(t)(Ap(0) + f(p, ")) + S(1) AL (0) + /0 Ot = 8)[Df (ws, u)u + Do f (s, 1) vsds]
v = ¢

We introduce the function w defined by

w(t) = ¢'(0) Jr/o v(s)dsift >0

g
—~
~+
~
Il

O (t)if —r<t<0
w'(t) =" (t)if —r<t<0.

We will show that w = /. We can also see that

t
wy :@/+/ vsds fort € [0, al.
0

t
Consequently, the maps ¢t — w; and ¢ — / C(t—s)f(us,ws)ds are continuously differentiable and
0

the following formula holds

d t d t
o ; C(t—s)f(us,ws)ds = 7 ; C(8) f(up—s, wi—s)ds

= O f(p.g) + / C(t — 5)[D1 f (s ws)ul, + Do f (15, w3)w s

= C(t)f(%w’H/O C(t = 8)[D1f (us, w)ug + D f (us, ws)vsds],

which implies

/ C(s)f(p,¢')ds / C(t—s)f(us, ws)ds — / C(t — 3)[D1 f(us, ws)ul, + Do f(us, ws)vsds].
0 0 0

Consequently we have

t t t
w(t) = 4,0'(0)—}—/0 C(s)Agp(O)ds-{—/O C(t—s)f(us,ws)ds+/() S(s)Ap’(0)ds

7/t /S C(s — 7)[D1f(ur,ws)ul + Daf(ur, ws)vs]drds + /t /s C(s — 7)[D1f(ur,ul)ul + Do f(ur,ul)v,|drds.
o Jo o Jo

16
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Since by equation (2.1)) and Proposition we have

; C(s)Ap(0)ds = S5(t)Ap(0)

; S(s)Ag’(0)ds = C(t)¢'(0) — ¢(0),

it follows that
w(t) = S0+ [ Ot = s)flunw)ds + O (0)
0
t s
C(s—T1)|D Sul)ul — D we)ul | drd
+ [ 0 =) [Drfur iy = Dy o aras
C(s — 1) [ Daf (ur, 1 Yoy — Dof(ur,ws)or | drds.
—|—/0/0 (s 7'){ o f (Ur, ul Jv o f (u w)v}Ts

Since for ¢ > 0, we have

W (t) = AS(£)p(0) + C(t)'(0) + / Ot — 5) f (sl )ds,
then for ¢ € [0, a], we have

() — wl)|e < (/Ot C(t—s)[f(us,u’s)—f(us,ws)]ds‘a—&-‘/Ot /OSC(S—T)[le(uT,u:_)uf,—le(uT,wT)u:_]des‘

JF‘/Ot/OSC(S*T)[D2f(UnUfr)UT*DQf(Uan)U-r]deS‘~ (4.1)

Let H = {u),w; : s € [0,a]}. Then H is a compact set, it follows that f, D; f and Dy f are globally
lipschitz on H. Let ¢; be such that for ¢ € [0,a] and z,y € H, we have

If(@,2") = fy, ) < alz—yle.
[D1f(z,2") = Dif(y, ) < allz—yle.
ID2f(z,2") = D2f (y,9)ll < erllz —ylle.-

Consequently, using equation (4.1) we can find a positive constant k(a) such that by Gronwall’s
lemma,

t
. — wy gk@/H%—%M@bmeM@
0

.

which implies that v/ = w. Consequently, we deduce that the mild solution is twice continuously
differentiable from [—r,a] to X. We deduce that u is a strict solution of equation (L.1)) on [0, a].
This holds for any a < b,.H

17
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5 Application
For illustration, we propose to study the existence of solutions for the following model

22 22
0 a(;,{) = 0 agéf) +g(t, %[z(t—!—@,f)],%[z’(t—!—ﬂ,ﬁ)]) fort > 0and ¢ € [0, 7]

2(t,0) = z(t,m) = 0 for t >0 (5.1)
2(0,8&) = po(6,&) for 6 € [—r,0] and € € [0, 7],

where ¢ : R x R x R — R is continuous and there exists a positive constant L such that for
T,Y,T1,Y1 € R
lg(t, 2, y) = g(t, 21, 1)] < Llz — 1] + [y — ).

For example, we can take g(t,z,y) = et {sin (g) + sin (%)] for (t,2,y) € Rx R x R. We can see

1
that |g(t, z1,y1) — 9(t, 22, y2)| < §(|x1 — Za| + |y1 — y2|). The function ¢ : [-r,0] x [0,7] = R can

be defined by (0, &) = e~?sin&. To rewrite equation (5.1)) in the abstract form, we introduce the
space X = L?([0, 7]; R), functions vanishing at 0 and 7, equipped with the L? norm that is to say

forall u e X,
" !
ful 2 = /\u(m)|2dx .
e=() )

2

Let en(z) = \[sin(nx), x € [0,7], n € N*, then (e,)nen+ is an orthonormal base for X. Let
T

A: X — X be defined by

Ay =y"
D(A) = {y € X : y, vy’ are absolutely continuous, y” € X, y(0) = y(7) = O},

then N
Ay = Z —n2(y7en)en, Yy € D(A)7
n=1
where

(g, h) = /07r g(s)h(s)ds, for g,h € X.

It is well known that A is the infinitesimal generator of strongly continuous cosine family C(¢), t € R
in X given by
+o00

C(tyy = cosnt(y,en)en, y € X,

n=1

and that the associated sine family is given by

+oo
Sty = —sin(nt)(y, en)en, y € X.

n=1

18



I. Zabsonre et al./ jmpao Vol. 01 N°01 (2022)

1
If we choose a = 3 then (Hp) and (A7) are satisfied since

—+o00
(—A)zy = Zn(y,en)en, y € D((_A)E)
n=1
and
1 too 1
(-A)=zy= E(y,en)en, y € X.
n=1

From [I0], the compactness A~! follows from Lemma and the fact that the eigenvalues of
- 1
(—A)T1 are A\, = o = 1,2, ..., then (Hz) is satisfied.
We define the phase space
C =C[-r0];X)

where C!([—r,0]; X) is the space of bounded uniformly continuous differentiable functions from

[=7,0] into X with the norm [p] = sup [p(f)] and let f: R x Cs x C; — X be defined by
—r<6<0

Flt0. @) = (1, 2 [PO@), 5 [FO)@))) forz € 0.7], @ € Cy and £20,

where ¢ € C is defined by
0(0)(z) = po(0,z) for § <0 and z € [0, 7]

and the norm in C 1 is given by
0

g 2 \3 1o 2 \3
., = sup — QSE’dﬂC + sup /—’Hx‘dx.
Illey = sup | |gple@@] ) o (|5l @) do)
Let us pose v(t) = z(t,x). Then equation (5.1) takes the following abstract form
v"(t) = Av(t) + f(t,ve,v;) fort >0

vy = (5.2)

!/ /
vy = ¢’

From [10], for all y € X1, y is absolutely continuous and [y|1 = [y'[z2. Let ¢, 1) € C([-r,0}; X1),

. 1
since [g(t, x1,y1) — g(t, T2, y2)| < §(|931 — Za| + |y1 — ¥2|), then we have

fte) = fe0 e = ([ 1) = ) )

= ([ (ot g5 le@@). 5o O@N) ~a(t O 51 O)a])) do)
< ([ (|2p06) - 2pO@]+ | 2o - 2 o)) )’

19
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By using the Minkowski’s inequality, we have

) 9 2 \z
S=leO)@) = 5[ (O0) @)]| do)

IN

1 s
|f(t7%80/)_f(t7¢71/’/)|L2 5(/
0

A
2\ Jo

1 /’T

— sup

2 pe(—r0) ( 0

—i—1 sup (/W
2 oc[—r,0] 0

9., 0 . 2 \3
5[0 (O@)] = 5[ (O)@)]| dx)

AN

0 2
S-lpO@)] = (O] do)

0., 0 . 2. \3
S O)@) - W O)@)| dr) "

which implies that

1
‘f(t7507¢/)_f(t7w7¢/)|112 < §H(P_¢HC%

Consequently the function f satifies the condition of Corrolary Then equation (5.2)) has a unique
mild solution which is defined for ¢ > 0. For the regularity, we make the following assumptions.

dg OJg dg
1 )
(Hs) g € C*(R x R x R;R), such that % B and 3y

are locally lipschitz continuous.

(H)
" @ € C3([—r,0] x [0,7]) such that (0), " (0) € D(A), ¢'(0), 3 (0) € E

32 82 0
5#0.2) = 55000 + [ gle(0,2))ds torz € (0,7,

9 0
@@(0)(@ = 927 (0, z) for z € [0, 7.

Proposition 5.1. Under the above assumptions, equation (5.1) has a unique strict solution u
defined fort >0 and x € [0,7].
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