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1 Introduction

Let © be an open and bounded domain of R, where N € {1,2,3}, with a boundary T of class
C?. For a time T > 0 and the life expectancy of an individual A > 0, define the following sets:

U:(OaT)X(O’A)a Q=UxQ, QA:(OvA)Xﬁv QT:(()?T)XQv

S=UxI, $,=UxTy,

where I'; is a nonempty open subset of I'. We denote by v the outer normal on I'. We now consider
the following problem:

TG Ay tpy =+ 30 NG nQ,

y(0,a,z) = y° + 79° in Qa,

y(t,0,2) = fOA Bt,a,x)y(t,a,x)da  in Qr, (1.1)
y=0 on X1,

=0 on ¥\ 1.

It is assumed that 4 > 0 and 8 > 0. The parameters of the problem have the following meanings:
the final time 7" > 0 represents the horizon of the problem, the bound A > 0 represents the life
expectancy, 3 is the natural fertility rate, and the function p = u(t, a, x) is the natural death rate of
individuals aged a at time ¢ > 0 and position z. The functions ¢ and y" are known, with ¢ € L?(Q)
and y" € L?(Q). However, the terms Ef\il A& (the so-called pollution term) and 74° (the so-called
perturbation term) are unknown. Here, fl and §° are renormalized and represent the size of the
pollution and the perturbation, respectively.

||é7,||L2(Q) S 1 fOl" 7= 17' B 7]\4 and ||g0HL2(Q) S 1.

So that the real numbers {\;}1<;<p and 7 are sufficiently small, and the functions éi, for
1 <17 < M, are linearly independent.

In the model , we are interested in identifying the parameters ); in the state equation,
independently of the variation 79° around the initial data. To identify these parameters, we use
the sentinel method. In this paper, we construct sentinels when the supports of the observation
function and the control function are contained in two distinct open subsets of RY (see Nakoulima

[14]).
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The theory of sentinels relies on three features: a state equation, an observation function, and
a control function w to be determined.

e A state equation, represented here by (|1.1]), for which we assume that (1.1]) has a unique solution
denoted by y = y(t,a,z, A\, 7) = y(A, 7), depending on two parameters, A = {A1,..., Ay} and
T, in some relevant space. We assume the following [2]:

@y - ) PEIF@), Bltan) =0 i Q
. Jai € (OvA)» ﬁ(aa "y ) =0 for ac (ahA).

(H2) : pe LS (0,AL®((0.T) x ), p>0 ae in Qa.

hn%fo pwla—t,t —t,x)de = +oo, ae. in Qa,

H3) a=

) hﬂgfoua—e,t—a,x)dsztoo, a.e. in Qu.
a—

e An observation y,ps. Let O C €2 be a non-empty open subset called the observation set. The
observation is the value of y in O over the time interval [0,7]. We denote this observation
by yobs, and it is given by the equation:

Yobs = mo € L*(U x O), (1.2)

where mg is the observation function.

e A function S = S(\, 7) is called a "sentinel". Let hg € L%(U x O) be a given function. Let w be
another open, non-empty subset of §2, such that w # O. For a control function w € L?(U xw),
we define the functional S(A, 7) as:

S(A,T) //hoy)\ T) dtdadx—i—/ /Wy()\,T)dtdad;v. (1.3)

We say that S defines a sentinel for the problem ([1.1)) if there exists a control w such that:

- S is insensitive (to first order) with respect to the missing terms 79°, which means:

S
—(0,0)=0 Vg 1.4
22(0,0)=0 Vg (14)
- S is sensitive (to first order) with respect to the pollution terms ;&;:

oS
N

where ¢; are given constants, not all of which are identically zero.

0,0)=¢;, 1<i<M, (1.5)

- The control w has minimal norm in L?(U x w) among the admissible controls. That is:
Wil z2(rxwy = min [lufl 2@ xw), (1.6)

where
E={ue L*(U x w) | (u,S(u)) satisfies (1.3) — (1.5)} .



M. SOMA et al./ jmpao Vol. 3N°1 (2024)

Several authors have studied sentinel problems. We refer to [9], [1I], and [14] for further details.
In [9], G. M. Mophou and O. Nakoulima studied the problem of sentinels with given sensitivity.
O. Bodart and collaborators applied the sentinel method in [23] to identify an unknown boundary.
In |24], B. Ainseba and collaborators used the sentinel method to identify pollution parameters in
a river. Recently, the author S. Sawadogo introduced the concept of distributed sentinels in [26]
within the framework of population dynamics equations to study a population subject to migratory
phenomena.

In this paper, we apply the sentinel method to identify parameters in population dynamics
with age dependence, spatial structure, and incomplete data. The problem is as follows: Given
ho € L*(U x O) find a control function w € L2(U X w) such that if y = y(\,7) is the solution of
equation and S is defined by equation (|1.3)), then conditions ) and (| - ) hold.

In the followmg7 we assume without loss of generahty that:

€=0 in Q and =0 in Q.

Remark 1.1. Consider the function y, = %’ where y corresponds to the parameter values A =0

and T = 0. Similarly, define the function yy, = %, where y corresponds to the parameter values
Ai =0 and 7 = 0. The functions y, and y», are the solutions of the following problems:

Y+ G — Ay, + pyr =0 in Q,
y‘r<0 a, x) =° n Qa,
y-(t,0,2) fo B(t,a, )y, (t,a,z)da in Qr, (1.7)
yr =0 on i,
%z = on ¥\
o 0 . ‘
g;l + gi Ay}u + HYx; = fl m Qv
(0 a, ac) 0 in Qa,
(t,0,7) fo B(t,a,z)yx, (t,a,z)da in Qr, (1.8)
yx, =0 on X,
P — on B\ .

Under the assumptions (Hy) — (Hz3), the linear problems (1.7)) and (1.8]) each have a unique solution:

yr such that y,(t, A,x) =0, and yx, such that yx,(t, A,x) = 0. For the details of the proof, we refer
to [4. 19, [17].

Remark 1.2. If the function S defined by (1.3])-(1.5)) exists, then it is unique since w verifies (|1.6)).
In this case, to estimate the parameters \;, one proceeds as follows: Assume that the solution of

the state equation (1.1)) when A =0 and 7 = 0 is known. Then one has the following information:

S(A7) Z)\

Therefore, fizing i,j € {1,..., M} and choosing i and j such that

35(00)—0 for j#i and

s
o (0.0 =1
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one obtains the following estimate of the parameter \;:

N~ (SO T) — S(0,0)).

&

Definition 1.3. We will refer to the function S given by (1.3)-(1.5) as the sentinel function with
given {c;} sensitivity.

Let x,, be the characteristic function of the set w. We set

Yy = Span {yx, Xw: - - -» Yan Xw } » (1.9)

the vector subspace of L?(U x w) generated by the M independent functions yx,xw, 1 < i < M.
We denote by Yit the orthogonal of Yy in L?(U x w).

(1.10)

any function k €Y, such that
% + % — ANk+pk=0,in U x w, is identically zero in U X w.

Next, we consider the following general null-controllability problem: Given h € L?(Q), find v €
L?(U x w) such that

v ey, (1.11)
and such that ¢ = ¢(t, a,z,v) € L*(Q) which is solution of
—% % Ag+pg = Be(t,0,2)+h+ux, i Q
q(T,a,x) = 0 in  Qa,
q(t, A, x) = 0 in  Qr, (1.12)
q = 0 on 217
%9 0 on ¥\
satisfies
4(0,a,2,0) =0 in Qu; (1.13)
with v of minimal norm in L?(U X w), that is
1Vl 22 (0 xe) = min||W]] 220 xw); (1.14)

where

e={veY; such that (v,g=gq(t,a,z,0)) is subject to — } (1.15)

For the evolution equations, other topics such as exact controllability and approximate controllabil-
ity are considered. For example, in [27], the exact controllability of semi-linear stochastic evolution
equations is studied, and in [28], the interior approximate controllability of the semi-linear heat
equation is proved.

For the problem 7, two main aspects are considered. The first one consists of solving
the null-controllability problem, and the second one consists of characterizing the optimal solution
of by some optimality system. The problem (L.11))-(1.14) is solved when Yy = {0} (i.e., the
setting without constraints or free constraints) in several cases by various methods [2, B]. In the
present paper, both aspects are considered in the general setting Yy # {0}. More precisely, we have
the following results:
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Theorem 1.4. Assume that the above hypotheses on Q, w, O, and the data of the equation (1.1))
are satisfied. Then the existence of the sentinel function in (1.3)—(L.6) holds if and only if the null
110) (L)

controllability problem with a constraint on the control in ( holds.

The proof of the null controllability problem with a constraint on the control in ((1.11)—(1.14)
relies on the existence of a function 6 and a Carleman inequality adapted to the constraint (cf.
Subsection 2.2), for which we have the following result:

Theorem 1.5. Assume that the hypotheses of Theorem and the condition are satis-
fied. Then there exists a positive weight function 0 such that, for any function h € L*(Q) with
0h € L*(Q), the null controllability problem with a constraint on the control in f holds.
Moreover, the control is given by:

o = —(po — PhoxXw)Xuw (1.16)
where pg is a solution of:
%o 30 — Npg + pp =0 ‘
ot da Po T KPo B n Q,
po(t,0, ) = fo B(t,a,x)pe(t,a,x)da in  Qr, (1.17)
Do = on X,
90 =0 on T\ L.

and P is the orthogonal projection operator from L*(U X w) into Yy.

The remainder of the paper is organized as follows. Section 2 is devoted to some preliminary
results. In this section, we prove Theorem and establish the inequality adapted to the constraint
(T.11)). In Section 3, we prove the existence and uniqueness of the solution for the controllability
problem (1.11)—(1.14) of Theorem and provide the proof of Theorem Finally, Section 4
presents the expression of the sentinel S defined by 7, as well as the estimate of the
parameters \;.

2 Preliminary results

2.1 Proof of Theorem 1.4

Since y, and y, are solutions of equations (1.7)) and (|L.8]), respectively, the insensitivity condition
(1.4) and the sensitivity conditions (1.5)) hold if and only if the following hold:

//hodetdadH//wdetdadx:o, vi®, 18 an < 1, (2.1)
UJoO UJw

and

//hoy)\idtdadx—i—//Wy)\idtdadac:ci, 1<i< M. (2.2)
UJoO UJw

6
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In order to transform equation (2.1), we introduce the classical adjoint state. More precisely, we
consider the solution ¢ = ¢(t, a, x) of the linear problem

—SE— 81— Nq+pug = Bq(t,0,7) +hoxo +wx, I Q,
q(T,a,x) = 0 in Qa,
q(t, A, x) = 0 in  Qr, (2.3)
q = 0 on X,
%e = 0 on X\ 3;

where xo and X, are the indicator functions for the respective open sets O and w. There is a
unique solution in L?(Q) as a consequence of the fixed-point theorem for contracting mappings [3].
The so-called adjoint state ¢ depends on the unknown function w, and its utility comes from the
following process.

First, we multiply both sides of the differential equation in by y, and integrate by parts

over Q.
A
//hodetdadx—l—/ /wy,.dtdadx:/ /q(O,a,x)g}Odadx, (2.4)
vJo UJw o Ja

V' € L*(Qa), [19°lr2(@u) < 1.
Thus, the condition (1.4]) (or (2.1))) holds if and only if

q(0,a,2) =0, a.e. (a,z) € (0,4) x Q. (2.5)

Next, multiplying both sides of the differential equation in (2.3) by yx, € L?(Q), which is the
solution of (|1.8]), and integrating by parts over ), we obtain

//hoy,\i dtdadﬂc—l—/ /Wy)\i dtdadx://qfidtdadx, 1<i< M. (2.6)
vJo UJw vJa
Thus, the condition (1.5)) (or (2.2))) is equivalent to

/Qqéi dtdadr =¢;, 1<i<M. (2.7)

Therefore, the above considerations show that the existence of the sentinel defined by (1.3)—(L.5))
holds if and only if the following null controllability problem with constraints on the state ¢ holds:
Given hg € L?(U x 0), find w of minimal norm in L?(U x w) such that the pair (w,q) satisfies

2.3), 2.39), and 27).

Actually, condition (1.5)) (or (2.7) on the state ¢) is equivalent to a constraint on the control.
Indeed, let Yy be the real vector subspace of L?(U xw) defined in (1.9)). Since Y is finite-dimensional,
there exists a unique wg € Y), such that

ci—/ /hoyxidtdadxzf /Woyxidtdada:, 1<i< M.
UJo UJw

Therefore, the condition (2.2)) or (2.7) holds if and only if

w—wg=v €Y. (28)
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Consequently, replacing w by v + wq in (2.3)), then setting
h = hoxo + woxw € L*(Q), (2.9)

we finally deduce that we have the existence of the sentinel (|1.3)) — (1.5)) if and only if, null control-
lability with constraint on the control (1.11f) — (1.14)) holds W

2.2 An adapted Carleman inequality

The observability inequality we are looking for is a consequence of Carleman’s inequality. We
consider an auxiliary function ¢ € C?() which satisfies the following conditions:

P@)>0 V 2€Q, Y)=0 V ze€l, |[VY@)#0 V z€Q—w, (2.10)

where wy denotes any open set such that @y C w (for example, wy can be some small enough open
ball). Such a function ¢ exists according to A. Fursikov and O. Yu. Imanuvilov [7].

We define, for any positive parameter A, the following weight functions:

eAdJ(QZ) 62/\I|w||oo _ e)\w(w) 9211
t = — t = . .
eltaz) = gy albao) at(T — 1) (2.11)
Since ¢ does not vanish on @, we set
0= e or L o\/pe (2.12)
N 7 . .
Remark 2.1. § = ¢,/ge* is defined on Q = [0;T] x [0; A] x Q by
Lt 0 2) = @ (t,a,z)e o) on ]0; T[x]0, A[x 1Y,
A 0 on Q— (]0;T[x]0, A[xQ);
and we have the following limits :
. 1 P . 1 g 1 .
(t,a,x}gr%moﬂ;)g(t’ a, ‘T) =0= 9(0,0,2)° (t,a,:};)lgr(lma,w)e (t, a, LC) =0= 0(0,a,x)’
. 1 - 1 . : 1 P
(t,a,z%liz%t,o,m)g(t’ @ ZU) =0= 0(t,0,2)” (t,a,av)h—r)I(lT,O,:L’)‘9(157 @ .T) =0= 6(1,0,2)”
. 1 . 1
(t,a,m)h—{?(),A,z)ga’ a’ .’IJ) =0= 0(0,Az)"
Thus % is continuous on Q and since @ is bounded in RN*2 then % is bounded.
We adopt the following notations :
L = 9 + 9 A+ pl,
3ta 8a8
L = ———-—-A 1 .
% 9a + ud, (2.13)
V = pECOO(Q)’pIE ’ 8V|2\21:O}
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Lemma 2.2. Assume that (1.10]) holds. Let 0 be the function given by (2.12) and P be the operator
defined as in Theorem 1.5. Then there exists a positive constant C' such that for any p € V:

T A
/ |Lp|? dtdadx —I—/ / /|p — Pp|2dtdadx,] . (2.14)
Q 0o Jo Ju

The proof of this lemma requires what we call the global Carleman’s inequality.

1
/ aj\p\zdtdada: <C
Q

Proposition 2.3. (Global Carleman’s inequality). Let v, ¢ and « be the functions defined respec-
tively as in (2.10) — (2.11). Then, there exists Ag > 1 and so > 1 and there exists C > 0 such that,
for any X > Ao, for any s > so and for any p € V the following inequality holds:

/ % (lpt + pal? + |Ap|?) dtdadz + / sA\2pe 25|V p|2dtdadz
Q Q
+/Qs3)\4<p3e_2mp2dtdadx (2.15)
T A
<C /6_230‘ |Lp\2dtdadac—|—/ / /83A4<p3e_28a|p|2dtdadaz .
Q 0 JO Jw
Proof. We refer to [2] and [15] O

According to the definition of ¢ and « given by (2.11)), the function 6 given by (2.12) is positive

sa

and % = py/pe " is bounded. So, replacing == by ¢ in 1' the following inequality holds:

PP
/1||2dtdd <c/ ! |Lp|* dtdad +/T/A/1||2dtdd (2.16)
Q02,0 adx < NEEET p adx ) w02,0 adz| . .
As a consequence of the boundedness of % and ﬁ, we get the next observability inequality:

T pA
/62912|p|2dtdad9c<0 [/Q|Lp|2dtdadx+/0 /0 /|p|2dtdadx]. (2.17)

Proof. of lemma 2.2.
The proof uses a well know compactness-uniqueness argument and the inequality (2.17)). Indeed
suppose that (2.15)) does not holds. then

Vj e N*, dp; € V,/ 0%|pj\2dtdadx =1,

(2.18)
/ |ij|2 dtdadr < 1 and/ / lp; — Pp;|?dtdadz < %.
Q J - J

The forthcoming proof consists of extracting some subsequence, still denoted (p;); such that the
following contradiction holds

. 1
lim 9—2|pj|2dtdadx =0.

Jj—+oo Q

Denote by (h | g)12(vxw) the natural scalar product in the Hilbert space L?(Uxw). Let {ky, ko, ..., knr}
be some orthonormal basis of Y.
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Stepl. We first show that for any ¢ = 1,2,..., M, the numerical sequence ((pj | ki)LQ(UXw))

jEN*
is bounded, or equivalently, that the sequence (Hij Hi?(wa)) _is bounded.
J
Star with the norm inequality
: :
<//6éij|2dtdadx> < (//912|pj|2dtdadx>
UJw UJw 1
3
+ (//012|p]- - ij|2dtdadx> .
UJw
Since 45 is bounded and by (2.18) it follows that there is some number ~
) » 1
Vj €N ,/U/wﬁ\PpﬂZdtdad:z: <. (2.19)
Since Y, is finite dimensional, norms are equivalent. Particularly the mappings
1
k— / / |k|?dtdadr and k> //—2\14:|2dtdadx,
UJw UJw 0
are equivalent norm on Y). There is then some number +
Vj e N*,//|ij|2dtdadx <.
UJw
The relation (p; — Pp;) € Y-, Vj € N* means the following
(pj — Ppj | ki)L2(Uxw)y =0 Vi, 1<i< M, VjeN-.
Thus
M M
Pp; = (Pp; | ki) 2wswki = Y (05 | ki) 12U xey ks (2.20)
i=1 i=1
and from orthogonality
M 2
2
[ 1ot tdade = 3" |0y 1R sowo” = 1203 (221)
d i=1
Thus
1Poi 172 0wy < (2.22)

Step 2. Since (Pp;);en+ is bounded and

I = Poslliawse = [ [ los = Pyl dedadz =0,

then the sequence (p;)jen+ is bounded. There is some weakly convergence subsequence still
denoted by (p;);en+ such that :

p; — g weakly in L*(U x w). (2.23)

10
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Since sub-sequences have the same limit as convergence sequence
pj — Pp; — 0 strongly in L*(U x w). (2.24)

Next, we deduce from the compactness of P (because Y, is finite dimensional) that there
exists ¢ € Y) such that

Pp;j — ¢ stronly in L*(U x w). (2.25)
We deduce from and (]ﬁ[) that p; — g = ¢ strongly in L?(U X w). Thanks to
the continuity of P, we have (2.24) and (2.25) that Pp; — Pg strongly in L*(U x w).
Therefore, Pg = g and so g € Y.

Step 3. In fact, we have g = 0. Indeed , from , we also have Lp; — 0 strongly in L*(Q).
Thus Lp; — 0 strongly in L*(U x w). We conclude that Lp; — 0 weakly in D'(U x w).
and so Lg = 0. The assumption ([1.10) implies g = 0 on U x w. Finally, p; — 0 strongly in
L2(U x w).

Step 4. Since p; € V, it follows from the observability inequality (2.17)) that

T rA
/|ij|2dtdadx+/ / /|pj|2dtdadas .
Q 0 0 w

Then, the conclusions in the third step, yield that / 7z|pj*dtdadz — 0 when j — +o0.
Q

1
/ G—Q\pj|2dtdadx <C
Q

The proof is now completed.

O

3 Null controllability with constraint on the control

The main tool used is the observability inequality (2.14]), adapted to the constraint.

3.1 Existence of optimal control variable for null controllability

Consider now the following symmetric bilinear form :

VpeV, VeV, alpp)— / / LoLpdtdadz + / / (p— Pp)(5) — Pp)) dtdadz.  (3.1)
UJQ UJw

According to Lemma 2.2, this symmetric bilinear form is a scalar product on V. Let V be the
completion of V with respect to the related norm:

p = lellv = Valp, p). (32)
The closure of V is the Hilbert space V.

Remark 3.1. We have :
1. The norm ||.||v is related to the right side of inequality (2.14) while the left member of (2.14)

leads to the norm
1
W eV, oy = ( [ galoadade)
Q

11

1
2
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2. The completion of V is the weighted Hilbert space usually denoted by L2 .
6

3. The inequality (2.14]) shows that
lplo < Clipllv. (3.3)

Let 0 be defined by and h € L*(Q) be such that Oh € L*(Q). Then, thanks to Cauchy-
Schwartz’s inequality and (2.14)), the following linear form defined on V' by :

p— / hpddadz
uJa

is continuous. Therefore, Lax-Milgram’s Theorem [6], allows us to say that, for every function
h € L?(Q) such that h € L?(Q), there exist one and only one solution pg in V of the variational
equation:

a(pe, p) ://hpddadx vV peV. (3.4)
vJo

In the following we assume that :

o(T) € L*([0,AH
q(0) € L2([0,T], H=*()),
g(4) e L*([0,T),H

Proposition 3.2. Assume (1.10) holds. For h € L*(Q) such that Oh € L?(Q), let pg be the unique

solution of[3:4]
v = — (poxw — Ppo) , (3.5)

and
49 = Lpe. (3.6)

Then, the pair (vg,qg) is such that (1.11]) — (1.13)) holds.

Proof. We prove that (vg,qp) is a solution of (1.11)) — (1.13). According to (3.5, we have pg € V.
Consequently qo € L%*(Q) and since Ppy € Y, the function vg = — (pexw — Pps) € Y)\L. Next,

replacing Lpp by q¢ € L?(Q) and — (pgX. — Ppg) by vg in[3.4) we obtain

//qupdtdadm —//’Ue (p — Pp) dtdadx ://hpdtdadx, VpeV.
vJo UJw vJa

Since Pp € Y, and vy € Y}, this latter equality is reduced to

//qupdtdadw ://hpdtdadx—i—//vgpdtdadm, VpeV. (3.7)
vJo v/a Uw
In the duality frame D(Q), D'(Q) (3.7) means that

L*qp = h+vgx, in D'(Q). (3.8)

Besides h + vgx., € L?(Q), then L*qy € L?(Q).

1

Since gy € L*(Q) and Agy € H~ (U, L?(€)) and by the above Remark gy |yxr€ H (U, H=2 (T)).
Similarly, since gy € L*(Q) and % + % € L*(U,H2()), qo(0,a,z) € L3([0, A}, H2(Q)),

12
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(T, a,z) € L2([0, A], H-2(Q)); qo(t,0,2) € L2([0,T], H 2(R)), qo(t,0,2) € L2([0,T], H-2(Q)).
Taking into account (3.8)), integrate by parts

Vpe v, Lpdtdad < ,@> dtd /<% >

rev /UT/qu pe x+/U O o0 ) -y by CT Sy NP o) mE ey

+ /O [<q9(t707')7p(taoa')>H*2(Q),H2(Q) - <q9(t7A7')7p(t,Aa')>H*2(Q),H2(Q):| dt

T
+ / [(qe(ovav‘)vp(ovaa')>H*2(Q),H2(Q) - <q9(T7a7‘)7p(T7aa')>H*2(Q),H2(Q):| da

f (h + voxw)pdtdadx
Q

By (3.7), since V € V, it follows

Vpe v, < ,or dtd /<% > ) dtd
P /UT v 6">H*%<F1>,H%<r1> o o NP gy ey o

+ /o [<qe(t=0, 2 p(t,0,.)) 20y, m2(0) — (@0t A L), p(L, A, ')>H*2(Q),H2(Q)} dt

+ A [<qe(07a7')7p(07a7')>H*2(Q),Hz(Q) - <q9(T7a7')7P(Taa7')>H*2(Q),H2(Q)} da
= 0

Then, successively, we get g9 = 0 on X, % =0on X\ Xq; ¢(0,a,2) =0 and ¢o(T,a,z) = 0 in
Qa; qo(t,0,2) =0 and gp(t, A, z) = 0 in Q7.
Since gg(t,0,2) = 0 we have

L*q9 = Bq(t,0,2) + hoxo + WXw

Hence the proof is completed.
O

Proposition 3.3. Under the assumptions of the Proposition 3.3, there exists a control variable v
such that the pair (v, q) satisfies (1.11]) — (1.14). Moreover, we can get a unique control vy such that

(1.15) holds.

Proof. We have proved in Proposition 3.1 that (ve, gg) satisfies 7. Consequently, the set
e of control variables v € L*(U x w) such that (v, q(t,a,,v)) verifies (L.1I)—(L.14) is non-empty.
Moreover, the adapted observability inequality shows that the choice of the scalar product
on V is not unique. Thus, proceeding as in Proposition 3.1, we can construct infinitely many
control functions v that belong to . It is then clear that ¢ is a non-empty closed convex subset of
L?(U x w). Therefore, there exists a unique control variable v of minimal norm in L?(U x w) such
that (vp, gp = q(t,a,x,y)) solves (L1I)—(L.14).

O

3.2 Proof of Theorem 1.5

In this subsection, we are concerned with the proof of Theorem 1.5. That is, the optimality system
for the control vy such that the pair (vp, gp) satisfies (1.11)) — (1.14)). As a classical way to derive
this optimality system is the method of penalization due to J.L.Lions [I1], the proof of theorem 1.2

13
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requires some preliminary results.

Let € > 0. We define the functional

1 1 dq 0Oq
Je(v,q) = §||”H%2(Um) + %” 5t da Aq+ pg — Bq(t,0,2) —h — UXUJHQL?(Q)’ (3.9)

for any pair (v, q) such that

’UEY)\quEIP(Q)v

—%8 89— Aq+ pq— Bq(t,0,z) € L3(Q),

g=0 on Xy, %:O on X\ Xy, (3.10)
q(Tya,2) =0 in Qa, q(t,A,z)=0 in Qr,

q(0,a,2) =0 in Qa.

and we consider the minimization problem

inf {Jc(v,q) | (v,q) subject to (3.10)} (3.11)

Proposition 3.4. Under the assumptions of proposition 3.3 , the problem (3.11)) has an optimal
solution. In other words, there exists a unique pair (ve,qe) such that

Je(ve, ge) = inf {Je(v, ) | (v,9) subject to (3.10)} (3.12)

Proof. Let (vyn,qn) be a minimizing sequence satisfying (3.10). The sequence (Jc(vn,qn)), is
bounded from above

Je(Vn, qn) < '7(5)a (3.13)
then

< JiC(e). (3.14)

L2(Q)

||Un||L2(U><w) < 0(6)7
‘780% - % - Aqn +qu - 6q"(t707x) —h— ’Uan’

There is some subsequence of (vy,),,, still denoted by (vy),,, such that
v, — v, weakly in L*(U x w). (3.15)
As a consequence the sequence (gy),, is bounded
lgnll 2y < C- (3.16)

There is some subsequence of (gy),, , still denoted by (gy),, such that

¢n — q. weakly in L*(Q). (3.17)

Then
lim infJe(vn, ¢n) > (Je(Ve, qe)- (3.18)
We deduce that (v, ¢e) is a unique optimal control, from the strict convexity of Je O

14
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Proposition 3.5. The assumptions are as in Proposition 3.3. Then, the pair (ve,qe) is optimal
solution of the problem (3.12) if and only if there exists a function p. such that (ve, g, pe) € L*(U x
w) x L?(Q) x V satisfies the following approzimate optimality system:

—%2 29— Ag+pg = Bq(t,0,2) + h+vexw + epe in Q,
q=0 on X,
8q_0 on ¥\ ¥, (3.19)

(Tax)—O in Qa,
q(t,A,2) =0 in Qr;

q(0,a,2) =0 in Qa. (3.20)
c’)pe + Dpe —Ape+ppe =0 in Q,
pe —O OIl 21,
9 =0 on ¥ \ ¥, (3.21)

Pe(t,0,x) / B(t,a,z)pe(t,a,x)da in Qr;

Ve = = (peXw — Ppe) € Y/\ (3.22)

Proof. Express the Euler-Lagrange optimality condition which characterize (v, g.). For any (v, ¢)
such that (3.10) the following holds

/ / vevdtdadx+

0
L / (_8? — aiq — Aq+ pg — Bq(t,0,2) —h — UeXw) (3.23)
Q a
X (—%f — 52 — Ap + pp — Bo(t,0,z) — UXw>~

Define the adjoint state

1( 0q. 0q.
Pe=—"\|—

€ ot da

- AQG + Hqe — ﬂ‘k(tv 0, x) —h— VeXw ) . (324)
Then (3.19) holds.
For any (v, ) such that (3.10)), (3.23)) becomes
dp Op
vevdtdadx + ,06 5 " Ba Ap + pp — Bo(t,0,2) — vy, | dtdadz = 0. (3.25)

Integrate by parts in ([3.25). As a consequence the couple (v, g¢) is shown to satisfy

ape + 8p€ Ape + wpe = 0 in Q7
p€ —O on 1,
%< =0 on ¥ \ i, (3.26)

Pe(t,0,x) / B(t,a,z)p(t,a,x)da in Qr;

15
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and

/U/ (ve 4 pe) dtdadz =0, ¥V v e Y. (3.27)

Hence ve + pexw € Y/\L. Since v, € Y/\J- then ve + pexw = P(ve + peXw) = Ppe and thus
Ve = —(peXw — Ppe). (3.28)
Hence the assertion follows. O

Remark 3.6. There is no available information concerning p.(t, A, x) in Qr, p(0,a,x) in Qa,
pe(Tya,x) in Qa.

Proposition 3.7. Let (v, g, pe) be defined as in Proposition 3.5. Then there exists a constant
C > 0 independent on € such that

lgellL2@) < C, (3.29)
lpe = Ppellr2@wxw) < C, (3.30)
lpelzxw) < C, (3.31)
lpellv < C. (3.32)
Proof. From (3.14)), we have
0qe  0q.

— e Tl Age+ pge — Bae(t,0,2) — h — vx < CVe, (3.33)

ot da L2(Q)
[vellzuxwy < C. (3.34)

Since g, verifies (3.10)), we derive from (3.33)), the relation (3.29)). From (3.22)) and (3.34), we obtain
(3.30). Then as Lp. = 0, using the definition of the norm on V given by (3.2]), we have (3.32)) in

one hand.

On the over hand, since p. € V, applying the observability inequality (2.17)) to p., we have
H%peHL?(wa) < C. Therefore, using 1) and the fact that % is in L'™(Q), we deduce that

H%PpEHL?(wa) < C. Since Pp. is in Yy which is finite dimensional, we have ||Ppell2 vy < C-
Hence using again (3.30]), we obtain estimate (3.31]). O

Proof. of Theorem 1.5 .

We proceed in three steps :

Step 1. We study the convergence of (v, ge)e.-
According to (3.34]) and (3.29) we can extract sub-sequences, still denoted (gc). and (v.),
such that

ve — vy Weakly in L*(U x w), (3.35)
g — qo Weakly in L*(Q). (3.36)

16
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And, as (ve) belong to Yyt which is a closed vector subspace of L?(U x w), we have
vy € Yyt (3.37)

From ({3.36)), we have ¢¢ — qo Weakly in D’(Q). and by the weak continuity of the operator
L* in D'(Q) it follows L*q. — L*qp Weakly in D’(Q). Moreover the traces functions are
continuous, then the pair (v, o) satisfies the system

— %0 _ %0 _ Ago + pgo = Bao(t,0,2) + h+voxw in Q,

q =0 on X,
910 — on \2
ov L 3.38
QO(T,G,I') =0 in QA7 ( )
q0(t7A7x) =0 in QT)
q0(0,a,2) =0 in Qa.

q(0,a,2) =0 in Qa. (3.39)

Step 2. We prove that (vg, g0 = q(t,a,2,v9)) = (D9, G = q(t,a,z,00)). From the expression of J

given by (3.9)), we can write
1

S0l gy < Jelver a0

Since (vg, o) satisfies (1.11)) — (1.13[)(or equivalently verifies (3.10)), this latter inequality

becomes
1 9 1. 9
§||”e||L2(UXw) < Je(ve, qe) < §HUO||L2(U><L4;)' (3.40)
Then using (3.35)) while passing to the limit in (3.40)), we obtain
1 2 . . 1 ~ (12
§H’UO||L2(UXW) < llTﬁéane(UeaQe) < §||v9HL2(U><w)'
Consequently,
lvoll L2 xw) < 196l 220 xw)s
and thus,

lvoll L2 xw) = 190l L2 (U xw)-
Hence, vg = 9y and since (3.38]) has a unique solution, it follows that gg = gy.

Step 3. According to the inequalities (3.31)) and (3.32]), we can extract a subsequence, still denoted
(pe)e such that

pe — pp Weakly in L*(U x w), (3.41)
pe — po Weakly in V. (3.42)

As P is a compact operator, we deduce from that
Pp. — Ppy strongly in L*(U x w). (3.43)
Therefore, combining and , we get
Ve = peXw — Pp — D9 = poXw — Ppg Weakly in L*(U x w).

17



M. SOMA et al./ jmpao Vol. 3N°1 (2024)

Thus, we have proved that there exists 6 given by (2.12) such that for a given h € L?(Q)

with 6h € L?(Q), the unique pair (dy, gp) satisfies (1.11)) — (1.14) with 99 = pgx., — Ppe, and
where py is a solution of (1.17). Since the function h defined by (2.9) belongs to L?(Q) if
0h € L*(Q), the proof of Theorem 1.2 is complete.

O

4 Expression of the sentinel with given sensitivity and iden-
tification of parameter \;

We can now give the expression of sentinel S defined by ([1.3)) — (1.6)) and identify the parameters
Ai

4.1 Expression of the sentinel with given sensitivity

We counsider the results obtain in the previous section and we assume that h given by (2.9) and 6
given by (2.12) are such that 6h € L?(U x O). Let (pg,09) be defined as in Theorem 1.5. Since
99 = — (PoXw — Ppg) realizes the minimum in L?(U x w) among all controls v such that the pair

(v, q) satisfies (L.11)) — (1.14)), using (2.8)), we deduce that w = wq + 99 = wo — (Pexw — Ppo)-

Consequently, replacing w by its expression in (1.3]), the function S becomes:
S\, T) = / / hoy(X\, T)dtdadx +/ /(Wo — (Poxw — Ppo))y(A, 7)dtdadz, (4.1)
UuJo UJw
and (w,.S) is such that (1.4)) — (L.6) hold.

4.2 Identification of parameter )\;

Yo is the solution of the problem (|1.1)) when A = 0 and 7 = 0. Hence, from (4.1)) we have

S5(0,0) = / / hoyodtdadx +/ /(Wo — (Poxw — Ppg))yodtdadx = 0.
vJo UJw

Next, using (1.4), we obtain
.08
S\, 7) —5(0,0) ~ ;:1 Aia—)\i(0,0) for A\; and 7 small

Since get at our disposal the observation y.ps, we get

S(A,7)—5(0,0) = / / ho(Yobs — Yo)dtdadx +/ /W(yobs — yo)dtdadx = 0.
UuJo UJw

Thus, we also have the following information:

Mg
Z)\i—(0,0) o~ / / ho(Yobs — Yo)dtdadz —l—/ /W(yobs — yo)dtdadzx,
oM vJo UJw

18
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which, using (1.5

M
> e ~ / / ho(Yobs — yo)dtdada + / / W(Yobs — Yo)dtdadz.
i=1 UuJo UJw

Now, fixing i € {1, ..., M} and choosing ¢; # 0 and ¢; = 0, for all j € {1,..., M} with j # i, we get
this estimate of the parameter \;

1
Ai */ / ho(Yobs — yo)dtdadz +/ /W(yobs — yo)dtdadz.
¢iJ vuJo UJw
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