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1 Introduction

In a natural ecosystem, the investigations on the dynamic properties of the population dynamics
may neglect the possible effects induced by time delay. The important effects of time delays in
dynamical systems have been brought to light in [IT) [24]. Time delay is also very important for
issues that affect the survival of humans around the world. For example, the time delay is a key
factor in studying the dynamic mechanism of COVID-19 transmission [14, [19]. The authors of [22]
considered and analyzed a novel stage-structured single population model with state-dependent
maturity delay. In [I2], S. Ma and al. investigated a logistic population model with a maturation
delay stage for adults. Moreover, Magpantay and Kosovali¢ considered in [13], an age-structured
population model with distinct immature and adult stages, wherein the populations at each stage
consume different limited food sources. Properties of solutions to this model are derived and the
dynamics are compared to the corresponding constant delay case when state-dependence is ignored.
A new age-structured model for a closed population with space-limited recruitment is proposed by
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Angulo and al in [I]. This problem incorporates a time delay in the settlement process representing,
for a marine population of invertebrates, the pelagic larval phase previous to the sessile stage.
Recently, a novel method for basic reproduction ratio of a size-structured population model with
delay by Kumar and al in [I0].

In the literature, there are full practical processes that might be modelled by distributed delay
systems,which present a wide range of applications in various fields. In the recent past (last four
decades), many researchers have developed mathematical tools in order to establish polynomial or
exponential decays of these systems. For a list of early works, see [I8] and for some other relevant
results, we refer readers to [9 20] and the references therein.

In this paper, we consider the following population dynamics model with delay term

ye(t,a,z) + yao(t,a,x) — Ay(t,a,x) + pla)y(t,a,z) =0 in (0,400) x (0,4) x Q,
y(t,a,0) =0 on (0,+00) x (0,A4) x T'p,
yu(t,a,0) = u(t,a,o) on (0,+00) x (0,A) x Ty, 1)
y(t,a,z) = yo(t, a, x) on (—7,0) x (0,A4) x Q,

A
.0.0) = [ Blalytt —r.a.)da on (0, +00) x

where Q is a bounded open subset of RN, N > 1 with a smooth boundary I' such that T = Tp UT v
and Tp NTx = 0; 7 > 0 denotes the time delay. Here y(t,a,z) is the distribution of individuals
of age a at time t and location z € . The constant A is the maximum life expectancy, A the
Laplacian with respect to the spatial variable and o € T; and (¢, a, o) the control function. The
natural fertility and the natural death rate of individuals are respectively denoted by 8 and u. We
assume that the fertility and the natural death rate satisfy the demographic properties:

wu(a) >0 a.e a € (0,A),
(Hy) A
/0 wu(s)ds = +oo,

and

B(a) > 0 for every a € (0, A),
(Hz)
B € L*0,A).

Let us introduce the so-called net reproduction rate Rg := fOA ,B(a)ea:p( - f(;l u(s)ds) da. Tt is well
known that for 7 = 0 and u = 0 ( see for intance [2]), if R < 1 then

Tl_igrloo ly(T, ., M £2(0,4)x0) = 0

while if R > 1 then

P (T ) lz2(0.4)xe) = +o0
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In what follows, we consider a feadback control. More precisely, we take u = —ny, n > 0 and we
prove that one gets various stablity result even if R > 1.
In this recent work, D. Yan [23] investigated the long time behavior for a size-dependent population
system with diffusion and Riker type birth function. Some dynamical properties of the considered
system is obtained by using Cy-semigroup theory and spectral analysis arguments. Some sufficient
conditions are obtained respectively for asymptotical stability, asynchronous exponential growth at
the null equilibrium as well as Hopf bifurcation occurring at the positive steady state of the model.
In our work, this method is not used.

The main novelties brought in by our paper are enumerated below.
e The first novelty in this work is the introduction of delay term in the model structured by time,
age and space with a boundary control on a part of the domain.
e Here, we use the spectral decomposition theory of Sz-Nagy-Foias and Foguel [3] [7, 20, 21]. With
this technic, we show that the Cy—semigroup of the system is strongly stable on the space
L?((0,4) x Q).
e Exponential stability of the problem is proved using the frequency domain approach introduce in
[8].

The next sections are organized as follows: in Section 2, the system is written in a
semigroup approach and we obtain the well posedness result. The Section 3 deals with the strong
stability of the problem. Then, the uniform stability is established in Section 4.

2 Well posedness

This section is devoted to the study of the well posedness of the problem using the semigroup
theory combined with the Banach fixed point theorem.

Let us denote by pg a positive constant which will be fixed later. We make the following standard
change J = e #o%y. Then, it follows that ¢ solves the following system:

Je(t,a,x) + Go(t,a, ) — Ag(t,a,x) + (u(a) + yo)g(t, a,z) =0 in (0,4+00) x (0,A) x £,
y(t,a,0) =0 on (0,400) % (0,4) xT'p,
Gu(t,a,0) +ny(t,a,0) =0 on (0,400) x (0,4) x I'y,
J(t,a,z) = go(t, a,x) on (—7,0) x (0,A4) x Q,

A
i(6,0,2) = [ (@it - 7.0,5)da on (0,4+00) x 9,

0

(2.1)

where §o(t,a,z) = e *0tyy(t,a,z) is the initial density of the population.
The existence of solution of problem (1.1)) is now reduced to the well posedness of the problem

&1

Let us set

Pt a,z,p) = §(t — pr.a,3), (ta,2,p) € (0,+0) x (0, 4) x © x (0,1). (2.2)
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Then, we obtain

pe(t,a,x,p) + Lp,(t,a,,p) =0 in (0,+00) x (0,4) x Q x (0,1),
p(0,a,z,p) = Jo(—p1,a,x) on (0,4) xQx(0,1),
p(t,a,x,0) = §(t, a,x) on (0,+00) x (0,A4) x Q,
p(t,a,z,1) = 4§(t — 7,0, 1) on (0,400) x (0,A4) x Q

The problem (2.1)) is now equivalent to the following

Gu(t,0,2) + Galt, a,) — Ag(ta,7) + (@) + o)t a,x) =0 i (0,+00) x (0, 4) x €
9(t,a,0) =0 on (0,+00) x (0,A4) xI'p,
9 (tya,0) +nj(t,a,0) =0 on (0,+00) x (0,A) x Ty,
gj(t,a,:r) = QO(t;avx) on (*7_7 0) X (OvA) x
9(t,0,z) /6 p(t,a,z,1)da on (0,+00) x Q,
(2.3)
and
pe(t,a,2,p) + tpp(t,a,2,p) =0 i (0,+00) x (0, 4) x Q x (0, 1),
p(O,a,z,p) :gjo(fpr,a,x) on (07‘4) x £ x (071)a
(2.4)
p(t,a,z,0) = g(t,a,x) on (0,+00) x (0,A4) x £,
p(t,a,x,1) =4t — 7,a,x) on (0,+00) x (0,A4) x Q

If we denote by

one has from (2.3]) and (| .
Xt: ( Qt ) _ < 7QG+AQ_717 (ﬂ‘i’ﬂo)g ) :AX,

bt T Pp

with the domain

D(A) = { ( g > j€ L2<(O,A);H2(Q) mv) ﬁH1<(O,A);L2(Q)>; pec H ((0,1);L2(Q)>;

30, 2) /ﬁ axldap(ax())—y(ax)}
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and

V= {y € LQ((O,A);H1(9)>

9(a,0) =0 on (0, A)xT'p and §,(a,0) = —ng(a,o) on (O,A)XI‘N}.
Denote by H the Hilbert space as below
H = L>((0,4) x Q) x L2((0, 4) x 2 x (0,1))

endowed with the inner product

<<Z )‘( 3 )>:/OA/Qﬂfdxdaﬂ/oA/Q/olpqdpdma

where v is a positive constant.
Now, we can state the existence result.

Theorem 2.1. Under the assumptions (Hy) and (Hsz), for all Xo = (§o,p0) € D(A), the problem
(12.3) — (2.4) has a unique solution (g,p) which satisfies:

(9,p) € C([0;00) x [0;00); D(A)) N C*([0;00) x [0;00); H).

Proof. (Theorem [2.1)
Step 1: A is dissipative.
Let us consider (,p)T € D(A)

<A< g ) (i >>Z/OA/Q[—g}a—FAQ—(,u-i-uo)g)]g)dxda—Z/OA/Q/Olpppdpdxda
%(<A< g ) (Z ) >> :% i |g)(0,x)|2dx—n/0A /FN |g)(a,0)Qdada—/oA/Q|Vg)(a,x)’2dxda

A v A

[ [t wlita,e)Pdzda = [ [ fpta,n, fdrda

o Ja 21 Jo Ja

v A
+§/o /Q|p(a,x,0)|2dxda
1 A 2 A A )

:f/ / Bla)p(a,x,1)da dx—n/ / |g)(a,o)|2doda—/ / |Vi(a,z)| dzda

2 JallJo 0o Jry 0o Jo

A A
- / / (i + 10)|(a, 2)Pdeda — - / ip(a. z,1)*drda
0 Q 27 0 Q

A
+%/0 /Q|z}(a7m)\2dxda.

By using Cauchy-Schwarz inegality, it follows that

3 ),
2 Jo

A 2 v A 1 A - A
/ Bla)p(a,z,1)da| do — — / Ip(a, z,1)|*drda < < / |B8(a)|*da — ) / Ip(a,z,1)]*dzda.
0 21 Jo Ja 2 Jo 2r) Jo Ja
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Then,

%e(<A( i ) ‘ < g )>> gn/A/FN |y(a,a)|2dada/A/ Vi(a,z)|* deda
<u0—>/ /|ya:v )[2dzda
4 (;/0 18(a )|2da—;)/ /|pa 2.1)|dzda,

1 A
Therefore, choosing o = J 41and L =2 / |B(a)|?da + 1, we get that A is dissipative.

Step 2: A\I — A is surjective for at least one A > 0.

Let (2,q) € H. The equality (\] —A)(9,p)" = (2,¢)" implies

Ja(a,z) — Ag(a,z) + (A + pla, ) + po)g(a, z) = 2(a,z) in (0,4) x Q,

?(a7a) =0 on (O,A) X FD7

:&V(a’a) = —77??(@7 U) on (Oa A) X FNa
7(0, ) / B(a)p(a,z,1)da on £,

and
pola,z,p) + Ap(a, x, p) = Tq(a,z,p) in (0,A) x Qx(0,1),

p(a,z,0) = g(a,x) on (0,4) x Q.

Now, we consider the following auxiliary problem obtaining from (2.5

Ja(a, ) — Ag(a, ) + ()\ + p(a,z) + ,uo)g(a, x) =Z(a,z) in (0,4) x Q,

J(a,0) =0 on (0,A4)xTp,

il]y(a, 0) = —77@(@7 U) on (Oa A) X FN;
A

79(0,z) = /0 B(a)O(a,z)da on (.

(2.5)

2.7)

It is obvious that the problem (2.7) admits a unique solution. Consequently, the solution of (2.6))

is given by

P
plaz, p) = §(a, 2)e " + §(a, z)e P / Ao rq(a, @, 5)ds.
0

(2.8)

Let us define ® : O — y +— p(a,z,1). The goal is to prove that ® is a contraction. Setting
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Y =91 — 92, P=p1 —p2, 0 = O — Og; then Y and P are solution of

Y,(a,z) — AY (a,z) + (A + pla, ) + uo)f/(a,x) =0 in (0,4)xQ,

Y(a,0) =0 on (0,4)xTp,

Y, (a,0) = —nY (a,0) on (0,4) x Ty, (29)
A

Y (0,z) = /0 B(a)f(a,x)da on €,

and
P,(a,z,p) + ATP(a,z,p) =0 in (0,4) x Q x(0,1),

(2.10)
P(a,z,0) = Y(a,z) on (0,A4) x Q.

Multiplying the first equation of 1D by v and integrating by parts on (0, A) X €2, we obtain

/ V(A |2d:c+77/ / (a,0)| dada+/ / |VY a,x | dzda (2.11)
I'n

/ / A+ p+ po)|Y (a, ) dxda—f

Using (2.11)) and the Cauchy-Schwarz inequality, we get

/OA/Q()\—FMO)W(a,m)deda < ;/OA 6(0L)|2da/0A/Q 16(a, ) |2dzda.

Let us choose A 4 g such that A + po > 1, then

/OA/Q Y (a, z)|*dzda < ;/OA ¢5’(a)|2da/0A/Q 10(a, z)|2dzda.

From 1) we have P(a,z,1) = f/(a,x)e_h. So

A c A
/ / |P(a,x,1)*dzda < W/ / 0(a, x)|*dzda
o Ja € 0o Ja

1 A
where C' = 5/ |3(a)|*da. That is
0

Choosing A large enough, it follows that ® is a contraction. Thus the problem (2.5)) — (2.6 admits
a unique solution by the Banach fixed point theorem. Consequently Al — A is surjective.
Since D(A) = H (see [5]), then using Lumer-Phillips theorem (see [16]) the operator A generates a

Co semigroup of contraction in H. Consequently, we get the existence of solution of problem (2.1J)
see for instance [0, [16].

amda

C

L2((0,4)x) €

P1 — P2 0, — 6,

L2((0,A)><Q)'
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3 Strong stability
The main result of this section is given as follows.

Theorem 3.1. For all yy € L2((O,A) X Q), The Co—semigroup of system 1| is strongly stable
on the space L*((0, A) x ).

We need the following result for the proof of Theorem
Theorem 3.2. The Cy—semigroup (etA)tZO is strongly stable on the space H. That is:

YUy = (0, p0) € H, tETOO |le™ Ul = 0

For the proof of Theorem we state the following results.
Lemma 3.3. The resolvant of the operator A is compact.

Proof. (Lemma (3.3
Let A be on the resolvant set of A, (f,g) € H and (9,p) € D(A). Then (A — A)(9,p)T = (f,9)T
may be written as:

Ja(a,z) — Ag(a,z) + (A + pla, z) + po)g(a, ) = f(a,z) in (0,A) x Q,
g(a,0) =0 on (0,A4)xTp,
u(a,0) = —nj(a,0) on (0,4)xTy, &Y
9(0, x) / B(a)p(a,z,1)da on
and
ppla,x, p) + Atp(a, z, p) = 7g(a,xz,p) in (0,4)xQ x(0,1),
(3.2)

p(a,z,0) = g(a,x) on (0,A4) xQ

Multiplying the first equation of (3.1) by ¢ and integrating by parts on (0, A) x ©, we obtain
2
a)p(a,z,1)da| dz

/ //\+u+,u0)|y|2dxda+ / / / |y|2dada—f
I'n Q
(3.3)

A —
+ / / fydzda.
0o Jo
Using (3.3]), Cauchy-Schwarz and young inequalities, it follows that

/ /|y\2dxda< / /|f|2dxda+ / /|y|2dﬂcda+ /A |ﬁ(a)|2da/0A/Q|p(a,x,1)|2dxda.
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Thus
1 A 1 A 1A A
()\—)/ /|Q|2d$da§ f/ /|f|2dacda+f/ |ﬂ(a)\2da/ /|p(a7x,1)|2dacda. (3.4)
2)Jo Ja 2Jo Ja 2 Jo o Ja
Moreover, from (3.2]) we get
p
pap) = dla,2)e ™ 4 la)e ™ [ rg(az,s)ds, (3.5)
0
The equality (3.5 implies that
1
oo 1) = jla)e ™ +glar)e ™ [ A rgla,n,s)ds
0

From the last equality, we obtain

A A A 1
/ /|p(a,x,1)|2dxda:/ /|Q|2672>‘7dzda+ ’\T/ e rg(a, x, s)ds
0 Q 0 Q 0 Q 0
A 1
+2/ / (176’\7/ 6’\TSTg(a,a:,s)ds)dxda.
0o Ja 0

Furthermore, by using Cauchy-Schwarz and Young inequalities, we have

dxda < — / /| e ZMda:da—l——/ // e8| g2 dsdxda

(3.7)

2
dzda (3.6)

2

1
’\T/ e rgla, x, s)ds
0

A 1
2/ / (gje‘”\T/ e rgla, x, s ds)dwda </ / [y|2 AT
0o Jo 0

The last inequality and (3.7) leads to

A 1 3 A 72 A 1
2/ / (g}e”/ e”%g(a,x,s)ds)dxdaﬁ f/ /|g]|2e*2)‘7dxda+—/ // e8| g2dsdzda.
o Jo 0 2Jo Ja 2 Jo Jalo

(3.8)

2
] dxda.

_’\T/ e rg(a, x, s)ds

Finally, , , and give

A A A A 1
(2/\ —1- 3/ |B(a)] da) / / |92dxda < / / |f|2dzda +/ 72\5(a)|2da/ / / e 78 g% dsdzda.
0 0o Jo 0 o JaJo

Choosing A large enough, it follows that

A A A A 1
/ /|gj\2dzda §/ /|f\2dxda+/ Tzﬂzda/ // e8| g|?dsdxda. (3.9)
0o Ja 0o Ja 0 0o JaJo
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In the same way, we obtain

A 1 A A 1
/ // Iplzdpdxdag?)/ /|g\2dzda+/ // e 7572 |g2dpdada.
o JaJo o Ja o JaJo
So
A 1 A A A 1
/ // |p|2dpdxda§3/ /f|2dxda+(3/ 72|B|2da+7'2>/ // e? 73| g|2dpdada.
o JaJo o Jo 0 o JaJo

(3.10)

Now, for ((fn,9n))n & bounded sequence in H we see from (3.9) and (3.10) that the corresponding
solution ((Jn,pn))n is bounded in D(A). Hence ((§n,pn))n has a convergence subsequence in H.
Thus (M — A)~! is a compact operator.

Lemma 3.4. There is no eigenvalue of A on the imaginary axis, that is iR C p(.A).

Proof. (Lemma

By contradiction argument, we assume that there exists at least one i\ € o(A), A € R* on the
imaginary axis. Let V = (§,p)T € D(A) be the corresponding eigenvector such that ||V|| = 1 and

AV =i\V,
which is equivalent to

o +AY— (@A +p+ 1)y =0 in (0,4) x Q,

DPp+iATp =0 in (0,4) x Q x (0,1),
Q(G,U):O on (0714) XFD7
7)1,((1,0') = —m)(a, O') on (O’A) x 'y, (311)

A
§(0,2) = /O B@p(a,z.)da  on 9,

p(a,z,0) = §(a, ) on (0,A4) x .

Recalling the dissipativity of A in the proof of Theorem it follows that

A A A
0=Re(AV|V) < — 77/ / 19(a, o) |*doda — / / ’V@(a,m)fdxda - (uo - 7) / / [9(a, z)|*dzda
o Jry o Ja 2r) Jo Ja

(3.12)
(3 ’ ol ) [ ’ | pta. vfdeda <.

That is §(a,x) = 0 for almost every(a.e.) (a,z) € (0,A) x Q. and using the second and the last
equalities of (3.11) we get p(a,z,p) = 0 a.e. (a,z,p) € (0,A) x Q x (0,1). Which contradicts the
fact that ||V|| = 1. We conclude that A has no eigenvalue on the imaginary axis.
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Proof. (Theorem

We use the spectral decomposition theory of Sz-Nagy-Foias and Foguel [3] [7, 21]. The resolvant of
A is compact from Lemma [3.3] and A has no eigenvalue on the imaginary axis from Lemma [3.4
Following this theory, the conditions of the spectral decomposition theory of Sz-Nagy-Foias and
Foguel are satisfied. So, we get the desired result.

Proof. (Theorem [3.1)
Let us define the operator Ay on H by:

()= () =4(0) ()
v ()= (%)

Step 1: Ag generates a Co— semigroup and has a compact resolvent.

From the section [2] the operator A is an infinitesimal generator of a Co—semigroup. Moreover,
A is a bounded operator. Thus, from Lemma 3.2 of [3], Ay generates a Cp—semigroup and has a
compact resolvent.

Step 2: Ap has no eigenvalue on the imaginary axis.

By contradiction argument, we assume that there exists at least one i\ € o(A4p), A € R* on the
imaginary axis. Let V = (§,p)7 € D(Ap) be the corresponding eigenvector such that ||V|| = 1 and

AoV =iV,

which is equivalent to

o+ AG— (A +p)g=0 in (0,4) x Q,
DPp+iATp =0 in (0,4) x Q x (0,1),
9J(a,0) =0 on (0,A) xT'p,
Ju(a,0) = —ng(a,o) on (0,A4) x Ty, (3.13)
A
7(0,x) :/0 Bla)p(a,z,1)da on Q,
p(a,z,0) = j(a, x) on (0, A) x Q.
We have
0 =Re((AV|V)) = Re((AV|V)) + Re((AV[V)) = Re((AV|V)). (3.14)
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Using (3.14)) and recalling the dissipativity of A in the proof of Theorem it follows that

A A
0=Re((AV|V)) = Re((AV|V)) < — 77/0 /F [9(a, 0)|?doda —/O /Q |Vﬁ(a,z)|2d:ﬂda

~(m-2) [ ! | lito,0)Pasa

A A
+ (;/0 |B(a)|*da — ;_) /0 /Q Ip(a, z,1)|*dzda < 0.

That is g(a,z) = 0 a.e. (a,z) € (0, A) x Q. and using the second and the last equalities of

we get p(a,z,p) = 0 a.e. (a,z,p) € (0,A) x Q x (0,1). Which contradicts the fact that ||V|| = 1.

We conclude that A4y has no eigenvalue on the imaginary axis.

Using the spectral decomposition theory of Sz-Nagy-Foias and Foguel, we conclude that the Cy—semigroup
(e!40);> is strongly stable on the space H. That is for all Uy = (9o, po) € H, tiigrnoo |let 4o Uy || = 0.

Furthermore, one can remark that

AO(@);(—yﬁAy—uy):(Aw 0><y>
p =p, 0 A€ p
Here, A®§ = —§, + A — ug and /f,ep: _Tlpp. Thus,

: tAo _ : t.A‘:,)O —
im0l =0 Tim_[|e 7 ol = 0.

So, the Cy—semigroup of system 1) is strongly stable on the space Lz(((), A) x Q)

4 Exponential stability

Here, the goal is to show that the semigroup generated by the operator of system (|1.1)) is exponen-
tially stable. For that we use the frequency domain approach, namely the below result.

Lemma 4.1. [8, [T7] A Cy—semigroup (etA)tZO of contraction on a Hilbert space H generated by
an operator A is exponentially stable that is,

et Us| | < Ce | Upllp, YUy €M, V>0, (4.1)
for some positive constants C' and w, if and only if
iR C p(A) (4.2)
and

i3I — A)~1 < 0. 4.3
sup [| BT = Ay < 00 (4.3)

p(A) denotes the resolvent set of the operator A.

We have the following result.
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Theorem 4.2. The problem (2.3) — (2.4) is exponentially stable in the space H.

Proof. (Theorem 4.2)

From Lemma [3.4] the condition is satisfied. Now, we will prove the condition (4.3).

Let 8 € Rand F = (f,g) € H. The solution U = (¢, p) € D(A) of the system (il — A)UT = FT
can be written by

Gala,) — A(a,2) + (1B + (@) + o) ila ) = Flar) i (0,4) x
g(a,0) =0 on (0,4)xT'p,
iu(a,0) = —i(a,0) on (0,4)xTy, 44
A
7(0,2) = /0 B(a)p(a,z,1)da on £,
and ppla,x,p) +iBrp(a, x,p) = 1g(a,z,p) in (0,4) x Qx(0,1), )

p(a,z,0) = g(a, x) on (0,4) x Q.
Thus, we will prove that ||U||3 < C||F||x; where C a positive constant.

Remark that
A A
9%6(/ /(i5+ﬂ+u0)|@2d$da) :/ /(,u+uo)|g]|2dxda.
o Ja o Ja

So, using the same calculations as in the proof of Lemma [3.3 and choosing o large enough, it

follows that
A A A A 1
/ /|g|2dxdag/ /|f|2d:cda+/ T2|5|2da/ // lg|*dsdxda (4.6)
0o Ja 0o Ja 0 o JaJo
and
A 1 A A A 1
7/ // |p|2dsdxda§3'y/ /|f|2dxda+’y(3/ T2|6|2da+72>/ // lg|>dsdzda.
o JaJo o Ja 0 0o JaJo
(4.7

)
A
The inequalities 1' 1' and / 7% 8)%da = 17 — 27% lead to
0
A A A 1
/ /\g}|2dxda§/ /|f|2dwda+7'y/ // lg|*dsdxda (4.8)
0o Ja 0o Ja o JaJo

A 1 A A 1
7/ / / Ip|*dsdzda < 37/ / |f|?dxda + 7(37’}/)/ / / lg|2dsdzda. (4.9)
o JalJo o Jo o JalJo

From 1} 1) and setting C' = 2max { max{1, 7}, max{3vy, 377}} we obtain the desired result,
that is ||Ul| < C||F||3. Therefore ||(i8I — A)~'|| is bounded. From Lemma the semigroup
of problem (2.3)) — (2.4) is exponentially stable in the space H.

and

32



A. Traoré and O. Traoré / jmpao Vol. 02 N°01 (2023)

Theorem 4.3. Assume that
1
) > 3 (14308l ) Ve € (0.4). (4.10)

Then the problem 1) is exponentially stable in the space LQ((O,A) X Q)

Proof. (Theorem (4.3)
Let Boy = =94 + Ay — pg. From Theorem iR C p(By). Consider S € R and f a function in
L?((0,A) x Q) such that for § € D(By), (i8I — By)j = f. The objectif is to prove that

HyHL2((O,A)XQ) S C’HfHLQ((O,A)xQ)’

where C' a positive constant. We have

me</0A/Q(w+u)|y|2dxda> :/OA/Q;L|Q|2d3:da.

Using the same calculations as in the proof of Lemma we get

A 1 3 A A A 1
I/ <M|5||L2(0,A))|Z?2d$da§ [ [ifdsdas [ weaa [ [ [ lPasdoda
o Ja 2 2 o Jo 0 o JalJo ,

4.11)

By choosing g = 0 in (4.11)) and using (4.10]), we obtain

A A
/ /\g|2dxdag/ /|f|2dxda.
0 Q 0 Q

Then, ||(iBI — By)~!|| is bounded and we conclude with the Lemma

A
Remark 4.1. The condition (4.10) implies that the basic reproduction number Ry = / Bla)e™ Jo'ms)ds gq
0
satisfies Ry < 1.
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