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Abstract 
 
This paper is concerned with the estimation of cointegrated systems with 
integrated variables of order greater than 1. Unlike in the case of order 1 
cointegrated variables I(1), there are various possibilities of cointegration 
in the higher order case, which were conveniently formulated  in a 
triangular  representation  and estimated  by Ordinary Least Squares (OLS) 
and Generalized Least Squares (GLS) by  Stock and  Watson (1993).  
Starting from this triangular representation, we derive an error correction 
model that already incorporates the different cointegration restrictions and 
apply maximum likelihood to estimate the parameters. Our approach is 
compared with that of Johansen (1995) and Kitamura (1995). Asymptotic 
properties of our maximum likelihood (ML) estimators are derived. 
Further, it is shown that as far as the coefficients of integrated variables 
are concerned, our ML estimators are asymptotically equivalent to the 
OLS/GLS estimators of Stock and Watson (1993). 
 
Keywords : Cointegration, Triangular Representation, Error Correction 
Model, Asymptotic equivalence.
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1. Introduction 
 
The concepts of nonstationary and cointegration have now become a 
fundamental component of an econometrician's stock of knowledge and 
error correction models combining short run dynamics with long term 
equilibria are frequently estimated in various situations. The pioneering 
article by Engle and Granger (1987) has been the real starting point of such 
research by economists though the basic notions have been known to 
statisticians even before (cf. Hsiao (1997)).  The main motivation behind 
the increasing interest in this area is the practical observation that many 
economic time series are in fact nonstationary. Hence in order to maintain 
a theoretical relationship among these series in levels, which often has a 
better economic meaning than that in differences, these series need to be 
cointegrated such that the linear combination is stationary. 

There is a vast literature on estimation  and inference  in cointegrated  
systems with I( l )  variables . Before recently, many studies have focused 
on systems with higher order integrated variables (cf. Johansen (1992 and 
1995), 1Stock and Watson (1993), Kitamura (1995)).  The empirical 
usefulness of such works has been illustrated by findings (eg.  King, 
Plosser, Stock & Watson (1991)) that certain macroeconomic variables 
such as prices (in nominal terms) are in fact integrated of order 2. 

One of the fundamental differences between I(1) and I(2) or higher order 
systems is that there are several possible combinations for cointegration. 
For instance if prices are 1( 2) variables then either different prices can 
combine to give an I( l ) series which in turn may cointegrate with inflation 
(which will be I( l ) ) to become stationary or the different prices may 
directly produce a stationary series by cointegration. This necessitates 
appropriate modelling that includes the different possibilities. Stock and 
Watson (1993) propose a triangular representation incorporating the 
different cointegrations, extending the one proposed  by Phillips  (1991) in 

 
1 see  for  instance  Phillips and Durlauf (1986),   Engle  and   Granger (1987),   Engle   and Yoo  (1987),   
Stock  (1987),   Johansen   (1988),   Phillips (1988), Park and Phillips  (1988,  1989),  Johansen  and  Juselius 
(1990), Phillip s  and  Hansen  (1990),   Phillips and Ouliaris (1990),  Sims,   Stock   and Watson (1990), 
Phillips (1991) 
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the I( l ) case to the general case of a vector of variables with maximum 
order  of  integration  d and discuss the estimation  of the model  by least  
squares methods  and  examine the asymptotic and small sample 
properties.   

In this paper, we take their representation as a starting point to derive an 
appropriate error correct ion model and apply maximum likelihood to 
estimate the parameters.  Haldrup and Salmon (1998) present a similar 
model while discussing various representations of I(2) systems using the 
Smith-McMillan form without going further to the estimation stage. We 
also differ from both Johansen (1995) and Kitamura (1995) in that the 
former does not incorporate the cointegration restrictions in the 
specification of the model but rather imposes it later and the latter 
approaches the maximum likelihood through decomposition into 
conditional likelihoods.  

We propose a more direct approach as will be seen later. The rest of the 
paper is organisated as follows. In Section 2, we present the model and its 
error correction representation. The maximum likelihood method is 
described in Section 3 in which it is also compared with Johansen's (1995) 
and Kitamura's (1995) approaches.  
 
Section 4 derives the limiting distribution of these estimators and Section 
5 establishes the asymptotic equivalence of the least squares of Stock and 
Watson (1993) and our ML estimation for the coefficients of nonstationary 
variables. The paper ends with a concluding note in section 6. 
 

2. The Model 
 
Our starting point for studying higher order (co)integrated systems is the 
triangular representation of Stock and Watson (1993). This type of 
representation has also been used by other authors for the I(l) model (see 
Phillips and Hansen (1990), Phillips (1991) and Saikkonen (1991)).  Let 
us consider a stochastic process of order n, 𝑦𝑦𝑡𝑡  , with the maximum order 
of integration d. The Wold representation of △𝑑𝑑 𝑦𝑦𝑡𝑡   is given by: 
 

El Hadji GUEYE
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△𝑑𝑑 𝑦𝑦𝑡𝑡 = 𝐹𝐹(𝐿𝐿)𝜀𝜀𝑡𝑡  (1)  
 

with  εt a white noise, 𝐹𝐹(𝐿𝐿) = ∑ 𝑓𝑓i
∞
i=0 Li a lag polynomial, △𝑑𝑑= (1 − 𝐿𝐿)𝑑𝑑 

and L being  the lag operator.  The triangular representation of  
{𝑦𝑦𝑡𝑡 }𝑡𝑡   Stock & Watson (1993) is written as follows: 
 
△𝑑𝑑 y1t = u1t  
 
△𝑑𝑑−1 𝑦𝑦2𝑡𝑡 = θ2,1,𝑑𝑑−1 △𝑑𝑑−1 𝑦𝑦1𝑡𝑡 + 𝑢𝑢2𝑡𝑡 
 .
 . 

△𝑑𝑑−l+1 𝑦𝑦l𝑡𝑡 = ∑ ∑ θl,𝑗𝑗,𝑑𝑑−𝑖𝑖

l−1

𝑖𝑖=𝑗𝑗

l−1

𝑗𝑗=1
△𝑑𝑑−𝑖𝑖 𝑦𝑦𝑗𝑗𝑡𝑡 + 𝑢𝑢l𝑡𝑡                (2) 

. 

. 
 

yd+1,t = ∑ ∑ θd+1,j,d−i

d

i=j

d

j=1
△d−i yjt + ud+1,t 

 
where  
 
𝑢𝑢𝑖𝑖𝑡𝑡 = 𝐺𝐺𝑖𝑖(𝐿𝐿)εt  𝑓𝑓𝑓𝑓𝑓𝑓   𝑖𝑖 ∈ {1,2,3, … , 𝑑𝑑 + 1} 
 
With 𝐺𝐺𝑖𝑖 (𝐿𝐿) a matrix lag polynomial, 𝐺𝐺𝑖𝑖 (1) < ∞ and for all 𝑧𝑧 ≠ 0, the 
matrix 𝐺𝐺(𝑧𝑧) is non-singular and k – d summable for as defined in 
Assumption 4. 
 
  

> Asymptotic Equivalence of OLS (GLS) and Maximum Likelihood using Cointegrated 
Systems with Higher Order Integrated Variables 
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Note that 
 
1. The triangular representation splits 𝑦𝑦𝑡𝑡  into stochastic trends of 

different orders leading to partition of 𝑦𝑦𝑡𝑡  as: 
 
𝑦𝑦𝑡𝑡

′ = [𝑦𝑦1𝑡𝑡
′ , 𝑦𝑦2𝑡𝑡

′ , … , 𝑦𝑦l𝑡𝑡
′ , … , 𝑦𝑦𝑑𝑑𝑡𝑡

′ , 𝑦𝑦𝑑𝑑+1,𝑡𝑡
′ ] 

 
where 𝑦𝑦l𝑡𝑡  is 𝑘𝑘l 𝑥𝑥 1 with an order of integration less than or equal to d. 
 

2.  𝐹𝐹(𝐿𝐿) be partitioned in the same way: 
 

       𝐹𝐹′(𝐿𝐿) = [𝐹𝐹1
′(𝐿𝐿), 𝐹𝐹2

′(𝐿𝐿), … , 𝐹𝐹l
′(𝐿𝐿), … , 𝐹𝐹𝑑𝑑

′ (𝐿𝐿), 𝐹𝐹𝑑𝑑+1
′ (𝐿𝐿)] 

 
similarly  𝑢𝑢𝑡𝑡

′ = [𝑢𝑢1𝑡𝑡
′ , 𝑢𝑢2𝑡𝑡

′ , … , 𝑢𝑢l𝑡𝑡
′ , … , 𝑢𝑢𝑑𝑑𝑡𝑡

′ , 𝑢𝑢𝑑𝑑+1,𝑡𝑡
′ ]   

 
By construction, there is a contemporaneous correlation among 
the 𝑢𝑢𝑠𝑠𝑡𝑡 :  
𝐸𝐸(𝑢𝑢𝑝𝑝𝑡𝑡𝑢𝑢𝑞𝑞𝑡𝑡

′ ) ≠ 0  for 𝑝𝑝, 𝑞𝑞 ∈ {1,2, … , 𝑑𝑑, 𝑑𝑑 + 1}. Thus 𝐸𝐸(△𝑑𝑑−𝑖𝑖 𝑦𝑦𝑗𝑗𝑡𝑡𝑢𝑢l𝑡𝑡
′ ) ≠ 0  

for all  
𝑗𝑗 ∈ {1,2, … , l −  1}  ,   𝑖𝑖 ∈ {𝑗𝑗, 𝑗𝑗 + 1, … , l + 1}   𝑎𝑎𝑎𝑎𝑑𝑑  l ∈ {2,3, … , 𝑑𝑑, 𝑑𝑑 + 1} . 
 
Hence there is non-zero correlation between the explanatory 
variables and the  
errors of each equation. Stock and Watson (1993) overcome this 
problem by using orthogonal projections: 
 
𝑣𝑣l𝑡𝑡 = 𝑢𝑢l𝑡𝑡 − 𝑝𝑝𝑝𝑝𝑝𝑝𝑗𝑗(𝑢𝑢l𝑡𝑡 /𝑢𝑢1𝑡𝑡 , … , 𝑢𝑢l −1,𝑡𝑡 ) ,  l ∈ {2,3, … , 𝑑𝑑, 𝑑𝑑 + 1} , 
where  

El Hadji GUEYE
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𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑢𝑢l𝑡𝑡 /𝑢𝑢1𝑡𝑡 , … . , 𝑢𝑢l −1,𝑡𝑡 )

= ∑ 𝐷𝐷l𝑚𝑚(𝐿𝐿) [△𝑑𝑑−𝑚𝑚+1 𝑦𝑦𝑚𝑚𝑡𝑡

l−1

𝑚𝑚=1

− ∑ θ𝑚𝑚𝑚𝑚 ,𝑑𝑑−𝑖𝑖

𝑚𝑚−1

𝑚𝑚=1
△𝑑𝑑−𝑖𝑖 𝑦𝑦𝑚𝑚𝑡𝑡 ] 

is obtained by projecting 𝑢𝑢l𝑡𝑡  onto leads and lags of 
{𝑢𝑢1𝑡𝑡 , … , 𝑢𝑢l −1,𝑡𝑡 }. 
Substituting the projection in the l𝑡𝑡ℎ  equation of the system (2), 
we obtain 

△𝑑𝑑−l+1 𝑦𝑦l𝑡𝑡 = ∑ ∑ θl𝑚𝑚 ,𝑑𝑑−𝑖𝑖

l−1

𝑖𝑖=𝑚𝑚

l−1

𝑚𝑚=1
△𝑑𝑑−𝑖𝑖 𝑦𝑦𝑚𝑚𝑡𝑡

+ ∑ 𝐷𝐷𝑚𝑚𝑡𝑡(𝐿𝐿) [△𝑑𝑑−𝑚𝑚+1 𝑦𝑦𝑚𝑚𝑡𝑡

l−1

𝑚𝑚=1

− ∑ ∑ θ𝑚𝑚𝑚𝑚 ,𝑑𝑑−𝑖𝑖

𝑚𝑚−1

𝑖𝑖=𝑚𝑚

𝑚𝑚−1

𝑚𝑚=1
△𝑑𝑑−𝑖𝑖 𝑦𝑦𝑚𝑚𝑡𝑡 ] + 𝑣𝑣l𝑡𝑡  (3) 

 
with 𝑣𝑣l𝑡𝑡  and △𝑑𝑑−𝑖𝑖 𝑦𝑦𝑚𝑚𝑡𝑡  being orthogonal for 𝑝𝑝 ∈ {1,2, … , l −
1}  ;   𝑖𝑖 ∈ {𝑝𝑝, … , l − 1} 
and 𝐷𝐷𝑙𝑙𝑚𝑚 (𝐿𝐿) = ∑ 𝑑𝑑𝑙𝑙𝑚𝑚,𝑚𝑚

𝑞𝑞
𝑚𝑚 =1 𝐿𝐿𝑚𝑚  for 𝑞𝑞 < ∞ and 𝑚𝑚 ∈ {1, … , 𝑙𝑙 − 1}. 

  

> Asymptotic Equivalence of OLS (GLS) and Maximum Likelihood using Cointegrated 
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After a final canonical transformation (see Sims, Stock and 
Watson (1992)), 
the system is rewritten in the following way: 
 

△𝑑𝑑−𝑙𝑙+1 𝑦𝑦𝑙𝑙𝑙𝑙 = (𝑥𝑥𝑙𝑙
′ ⊗ 𝐼𝐼𝑘𝑘𝑙𝑙)β𝑙𝑙 + 𝑣𝑣𝑖𝑖𝑙𝑙                    (4)  

 
with 𝑙𝑙 = 1,2, … . , 𝑑𝑑 + 1. The regressors in 𝑥𝑥𝑙𝑙  are linear combinations of 
 (𝑦𝑦𝑖𝑖𝑙𝑙 ,△ 𝑦𝑦𝑖𝑖𝑙𝑙 , … ,△𝑑𝑑−𝑙𝑙 𝑦𝑦𝑖𝑖𝑙𝑙 ) ,  𝑖𝑖 ∈ {1,2, … . , 𝑑𝑑 − 𝑙𝑙}  with fixed coefficients and 
partitioned as (𝑥𝑥0𝑙𝑙, 𝑥𝑥1𝑙𝑙, … . , 𝑥𝑥𝑑𝑑𝑙𝑙) such that   𝑥𝑥𝑘𝑘𝑙𝑙 ~𝐼𝐼(𝑘𝑘). β is the 
unconstrained coefficient vector composed 
of θ𝑙𝑙𝑙𝑙,𝑑𝑑−𝑖𝑖  ; 𝑗𝑗 ∈ {1, … , 𝑙𝑙 − 1} and 𝑑𝑑𝑙𝑙𝑙𝑙,𝑙𝑙 ,𝑚𝑚 ∈ {1, … , 𝑙𝑙 − 1, }, 𝑗𝑗 ∈ {1, … , 𝑞𝑞}. 
Let us recall the contemporaneous non-correlation among 𝑣𝑣𝑙𝑙𝑙𝑙 for 𝑙𝑙 ∈
{1,2,3, … , 𝑑𝑑 + 1} where 𝑣𝑣1𝑙𝑙 = 𝑢𝑢1𝑙𝑙  . 
Since the errors in (4) are not correlated with the regressors, 
either ordinary least squares or generalized least squares can be 
applied to obtain consistent estimates of the unknown parameters 
in β. We will not go into a detailed discussion of these estimators, 
referring the reader to the article by Stock and Watson (1993).  
 
We will show later that both the OLS and GLS estimators of the 
coefficients of variables integrated of order greater than or equal to 
1 are asymptotically equivalent to the maximum likelihood estimator 
developed below.  
 
The method consist in first to transform the triangular representation into 
an error correction model and then apply maximum likelihood to it. The 
procedure will be studied for the case in which the maximum order of 
integration is 2; however, the approach can be generalized without much 
difficulty to higher orders. 
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1 

3. Estimation by the maximum likelihood method 
 
Let us partition 𝑦𝑦𝑡𝑡  (with maximum order of integration 2) as 𝑦𝑦𝑡𝑡

′ =
(𝑦𝑦1𝑡𝑡

′ , 𝑦𝑦2𝑡𝑡
′ , 𝑦𝑦3𝑡𝑡

′ ) 
with 𝑦𝑦𝑖𝑖𝑡𝑡 (𝑛𝑛𝑖𝑖 × 1)  and ∑ 𝑛𝑛𝑖𝑖

3
𝑖𝑖=1 = 𝑛𝑛. For each 𝑖𝑖 ∈ {1, 2, 3}, we have 

△2 𝑦𝑦𝑖𝑖𝑡𝑡 = 𝐹𝐹𝑖𝑖 (𝐿𝐿)𝜖𝜖𝑡𝑡  
The Stock and Watson (1993) triangular representation for 𝑦𝑦𝑡𝑡  is 
 

{
△2 𝑦𝑦1𝑡𝑡 = 𝑢𝑢1𝑡𝑡                                                     (1)
△ 𝑦𝑦2𝑡𝑡 = 𝜃𝜃1 △ 𝑦𝑦1𝑡𝑡 + 𝑢𝑢2𝑡𝑡                                  (2)
𝑦𝑦3𝑡𝑡 = 𝜃𝜃2 𝑦𝑦2𝑡𝑡 + 𝜃𝜃3 𝑦𝑦1𝑡𝑡 + 𝜃𝜃4 △ 𝑦𝑦1𝑡𝑡 + 𝑢𝑢3𝑡𝑡      (3)

               

 
Where  𝑢𝑢𝑡𝑡

′ = (𝑢𝑢1𝑡𝑡
′ , 𝑢𝑢2𝑡𝑡

′ , 𝑢𝑢3𝑡𝑡
′ )  and 𝑢𝑢𝑖𝑖𝑡𝑡 = 𝐺𝐺𝑖𝑖 (𝐿𝐿)𝜖𝜖𝑡𝑡  with 𝑢𝑢𝑖𝑖𝑡𝑡  ,  𝑛𝑛𝑖𝑖 × 1  for 𝑖𝑖 =

1 , 2 , 3  
 
Note that the first equation signifies that 𝑦𝑦1𝑡𝑡  is 𝐼𝐼(2). Regarding  the second  
one,  we  see that if  𝜃𝜃1   is zero t hen △ 𝑦𝑦2𝑡𝑡 = 𝑢𝑢2𝑡𝑡 and hence 𝑦𝑦2𝑡𝑡 is 𝐼𝐼(1) whereas 
if 𝜃𝜃1  is not zero t hen 𝑦𝑦2𝑡𝑡  is 𝐼𝐼(2), 𝑦𝑦1𝑡𝑡  and 𝑦𝑦2𝑡𝑡 cointegrate to produce an 
𝐼𝐼(1)series, written as (𝑦𝑦1𝑡𝑡 , 𝑦𝑦2𝑡𝑡 )~𝐶𝐶𝐼𝐼(2 , 1). In the first case where 𝑦𝑦2𝑡𝑡  is 𝐼𝐼(1), 
equation  (3) indicates that  (𝑦𝑦1𝑡𝑡 , 𝑦𝑦2𝑡𝑡 )  is 𝐶𝐶𝐼𝐼(2,1) and  𝑦𝑦2𝑡𝑡  ,  △ 𝑦𝑦1𝑡𝑡  and  the 
couple (𝑦𝑦3𝑡𝑡, 𝑦𝑦1𝑡𝑡)  are 𝐶𝐶𝐼𝐼(1,1). When 𝜃𝜃1  is not zero, two interpretations are 
possible for the third equation. 
  
Either (𝑦𝑦3𝑡𝑡 , 𝑦𝑦2𝑡𝑡 , 𝑦𝑦1𝑡𝑡 )~𝐶𝐶𝐼𝐼(2,1)  and [(𝑦𝑦3𝑡𝑡 , 𝑦𝑦2𝑡𝑡 , 𝑦𝑦1𝑡𝑡),△ 𝑦𝑦1𝑡𝑡]~𝐶𝐶𝐼𝐼(1, 1). But 
(𝑦𝑦2𝑡𝑡 , 𝑦𝑦1𝑡𝑡)~𝐶𝐶𝐼𝐼(2,1) and  𝑦𝑦3𝑡𝑡  , △ 𝑦𝑦1𝑡𝑡 ,  the couple (𝑦𝑦2𝑡𝑡 ,  𝑦𝑦1𝑡𝑡 )  are 𝐶𝐶𝐼𝐼(1, 1).  
Note that if θ4 = 0  (when 𝜃𝜃1 is not zero), then the third equation 
implies that  (𝑦𝑦3𝑡𝑡 ,  𝑦𝑦2𝑡𝑡 ,  𝑦𝑦1𝑡𝑡)~𝐶𝐶𝐼𝐼(2, 2). 
 
We have 𝐹𝐹(𝐿𝐿)′ = [𝐹𝐹1(𝐿𝐿)′ , 𝐹𝐹2(𝐿𝐿)′, 𝐹𝐹3(𝐿𝐿)′]. In order for the second 
equation of (5) to hold when 𝜃𝜃1 is not zero in other words when △
𝑦𝑦2𝑡𝑡   and  △ 𝑦𝑦1𝑡𝑡  are  𝐶𝐶𝐼𝐼(1, 1) it is necessary that 𝐹𝐹2(1) = θ1𝐹𝐹1(1). 
This implies that the columns of  𝐹𝐹2(1) are linear combinations of those of 
𝐹𝐹1(1) (see  Stock & Watson (1993)). 
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1 

Using the orthogonal projections to eliminate correlations 
between regressors and errors the model becomes: 
 
△2 𝑦𝑦1𝑡𝑡 = 𝑣𝑣1𝑡𝑡 
 
△ 𝑦𝑦2𝑡𝑡 = 𝐷𝐷1(𝐿𝐿)△2 𝑦𝑦1𝑡𝑡 + θ1 △ 𝑦𝑦1𝑡𝑡 + 𝑣𝑣2𝑡𝑡                  (6)                                                                            
 
𝑦𝑦3𝑡𝑡 = 𝐷𝐷2(𝐿𝐿)△2 𝑦𝑦1𝑡𝑡 + 𝐷𝐷3(𝐿𝐿)(△ 𝑦𝑦2𝑡𝑡 − θ1 △ 𝑦𝑦1𝑡𝑡) + θ2𝑦𝑦2𝑡𝑡 + θ3𝑦𝑦1𝑡𝑡 + θ4

△ 𝑦𝑦1𝑡𝑡 + 𝑣𝑣3𝑡𝑡 
 
 
where 𝑣𝑣1𝑡𝑡 ,  𝑣𝑣2𝑡𝑡  and   𝑣𝑣3𝑡𝑡 are non-correlated by const ruction.  
 
Recall that  𝑣𝑣1𝑡𝑡 = 𝑢𝑢1𝑡𝑡   ;  𝑣𝑣2𝑡𝑡 = 𝑢𝑢2𝑡𝑡 − 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑢𝑢2𝑡𝑡/{𝑢𝑢1,𝑡𝑡−𝑗𝑗 }𝑗𝑗=0,1,2,…) 
and  𝑣𝑣3𝑡𝑡 = 𝑢𝑢3𝑡𝑡 − 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑢𝑢3𝑡𝑡/{𝑢𝑢1,𝑡𝑡−𝑗𝑗 , 𝑢𝑢2,𝑡𝑡−𝑗𝑗 }𝑗𝑗=0,1,2,…)  where   

 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 (𝑢𝑢2𝑡𝑡/{𝑢𝑢1,𝑡𝑡−𝑗𝑗𝑗𝑗) = 𝐷𝐷1(𝐿𝐿)𝑢𝑢1𝑡𝑡  and   𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝(𝑢𝑢3𝑡𝑡/{𝑢𝑢1,𝑡𝑡−𝑗𝑗 , 𝑢𝑢2,𝑡𝑡−𝑗𝑗 }𝑗𝑗) =
𝐷𝐷2(𝐿𝐿)𝑢𝑢1𝑡𝑡 + 𝐷𝐷3(𝐿𝐿)𝑢𝑢2𝑡𝑡  
are respectively the orthogonal projections of 𝑢𝑢2𝑡𝑡  on the space 
generated by {𝑢𝑢1,𝑡𝑡−𝑗𝑗 }𝑗𝑗=0,1,2,…  and of 𝑢𝑢3𝑡𝑡  on t he space generated by 
{𝑢𝑢1,𝑡𝑡−𝑗𝑗 }𝑗𝑗=0,1,2,..and {𝑢𝑢2,𝑡𝑡−𝑗𝑗 }𝑗𝑗=0,1,2,… . 
 
Now,  we t ransform the above system into an error correction 
model . In Annex 1, we descri be the derivation procedure which leads 
to the following error correction model: 
 
△2 𝑦𝑦𝑡𝑡 = 𝐴𝐴(𝐿𝐿) △2 𝑦𝑦𝑡𝑡−1 + 𝐽𝐽Θ′𝑥𝑥𝑡𝑡−1 + 𝑤𝑤𝑡𝑡         (7) 
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Which can be rewritten as: 
 
△2 𝑦𝑦𝑡𝑡 = 𝐴𝐴(𝐿𝐿) △2 𝑦𝑦𝑡𝑡 −1 + 𝐵𝐵 △ 𝑦𝑦𝑡𝑡−1 + 𝐶𝐶𝑦𝑦𝑡𝑡−2 + 𝑤𝑤𝑡𝑡       (8) 
 
With 
 

A(L) = (
0 0 0

𝐴𝐴1(𝐿𝐿) 0 0
𝐴𝐴2(𝐿𝐿) 𝐴𝐴3 (𝐿𝐿) 0

)  ; polynomial of order p. 

 
 

J =  (
0 0 0

𝐼𝐼𝑛𝑛2 0 0
0 𝐼𝐼𝑛𝑛3 𝐼𝐼𝑛𝑛3

) ; 

 
 

Θ′ =   (
θ1 −𝐼𝐼𝑛𝑛2 0
δ1 δ2 −2𝐼𝐼𝑛𝑛3
0 0 θ3

 0 0 0
 0 0 0

    θ3   θ2 −𝐼𝐼𝑛𝑛3

)  ; 

 
  
 
𝑥𝑥𝑡𝑡−1

′ = (△ 𝑦𝑦𝑡𝑡 −1
′      𝑦𝑦𝑡𝑡 −2

′ )  ; 
 
 

𝐵𝐵 = (
0 0 0

θ1 −𝐼𝐼𝑛𝑛2 0
δ1 δ2 −2𝐼𝐼𝑛𝑛2

)   ;   𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟(𝐵𝐵) = 𝑟𝑟2 + 𝑟𝑟3 < 𝑟𝑟 

 
 

𝐶𝐶 = (
0 0 0
0 −𝐼𝐼𝑛𝑛2 0

θ3 θ2 −𝐼𝐼𝑛𝑛3

)     ;    𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟(𝐶𝐶) = 𝑟𝑟3 < 𝑟𝑟 
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△2 𝑦𝑦𝑡𝑡
′ = (△2 𝑦𝑦1𝑡𝑡

′  ,   △2 𝑦𝑦2𝑡𝑡
′  ,    △2 𝑦𝑦3𝑡𝑡

′ );    
△2 𝑦𝑦𝑡𝑡−1

′ = (△2 𝑦𝑦1,𝑡𝑡−1
′  ,   △2 𝑦𝑦2,𝑡𝑡−1

′  ,    △2 𝑦𝑦3 ,𝑡𝑡−1
′ )   

 
△ 𝑦𝑦𝑡𝑡−1

′ = (△ 𝑦𝑦1,𝑡𝑡−1
′  ,   △ 𝑦𝑦2,𝑡𝑡−1

′ ,   △ 𝑦𝑦3,𝑡𝑡−1
′ );  

△ 𝑦𝑦𝑡𝑡−2
′ = (𝑦𝑦1,𝑡𝑡−2

′  ,   𝑦𝑦2,𝑡𝑡−2
′ ,   𝑦𝑦3,𝑡𝑡−2

′ ) 
 
and   𝑤𝑤𝑡𝑡

′ = (𝑤𝑤1𝑡𝑡
′ ,   𝑤𝑤2𝑡𝑡

′ ,   𝑤𝑤3𝑡𝑡
′ ) . 

 
At this point, let us note that our model is very similar to that of 
Johansen (1995) 
with the following correspondence between the two notations:                                                    
𝐴𝐴(𝐿𝐿) ≡ ⋀(𝐿𝐿)  , Γ ≡ 𝐵𝐵  , Π ≡ 𝐶𝐶  . 
However, our  approach differs both from the point of view of 
specification of the model and that of the method of estimation. 
The first difference is a fundamental one.  By starting from the 
triangular representation, we have already incorporated the 
cointegration restrictions in our model whereas Johansen's (1995) 
model specification is a general one where the same restrictions 
must be imposed.  
 
We will discuss the other point concerning the estimation method 
after presenting our method below. Before writing the likelihood 
function, we will rewrite our model (8) in a more convenient form.  
Let us note that: 
 

• 𝐴𝐴(𝐿𝐿) △2 𝑦𝑦𝑡𝑡 −1 = 𝐴𝐴𝜉𝜉𝑡𝑡 −1
′ = (𝜉𝜉𝑡𝑡 −1

′ ⊗ 𝐼𝐼𝑛𝑛)𝑣𝑣𝑣𝑣𝑣𝑣 (𝐴𝐴) 
 
with 𝐴𝐴(𝑛𝑛 × 𝑛𝑛𝑛𝑛) = [𝐴𝐴1  𝐴𝐴2 …  𝐴𝐴𝑛𝑛𝑛𝑛 ]  
 
and  𝜉𝜉𝑡𝑡 −1

′ (1 × 𝑛𝑛𝑛𝑛) = [△2 𝑦𝑦𝑡𝑡−1
′    △2 𝑦𝑦𝑡𝑡−2

′  …   △2 𝑦𝑦𝑡𝑡 −𝑛𝑛
′ ] 

 
• 𝐵𝐵 △ 𝑦𝑦𝑡𝑡 −1 = (△ 𝑦𝑦𝑡𝑡 −1

′ ⊗ 𝐼𝐼𝑛𝑛)𝑣𝑣𝑣𝑣𝑣𝑣(𝐵𝐵)  
 

• 𝐶𝐶𝑦𝑦𝑡𝑡−2 = (𝑦𝑦𝑡𝑡−2
′ ⊗ 𝐼𝐼𝑛𝑛)𝑣𝑣𝑣𝑣𝑣𝑣(𝐶𝐶)  
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Substituting these results in (8) , we obtain: 
 
△2 𝑦𝑦𝑡𝑡 = (ξ𝑡𝑡−1

′ ⊗ 𝐼𝐼𝑛𝑛)𝑣𝑣𝑣𝑣𝑣𝑣(𝐴𝐴) + (△ 𝑦𝑦𝑡𝑡 −1
′ ⊗ 𝐼𝐼𝑛𝑛)𝑣𝑣𝑣𝑣𝑣𝑣(𝐵𝐵) + (𝑦𝑦𝑡𝑡−2

′ ⊗
𝐼𝐼𝑛𝑛)𝑣𝑣𝑣𝑣𝑣𝑣(𝐶𝐶) + 𝑤𝑤𝑡𝑡            (9) 
 
Suppose we have T observations. Then piling them together, we 
can write: 
 
𝑣𝑣𝑣𝑣𝑣𝑣(△2 𝑌𝑌′) = (𝜉𝜉−1 ⊗ 𝐼𝐼𝑛𝑛)𝑣𝑣𝑣𝑣𝑣𝑣(𝐴𝐴) + (△ 𝑌𝑌−1 ⊗ 𝐼𝐼𝑛𝑛)𝑣𝑣𝑣𝑣𝑣𝑣(𝐵𝐵) + (𝑌𝑌−2 ⊗
𝐼𝐼𝑛𝑛)𝑣𝑣𝑣𝑣𝑣𝑣(𝐶𝐶) + 𝑣𝑣𝑣𝑣𝑣𝑣(𝑊𝑊′)     (10)   
 
 
where  △2 𝑌𝑌′ (𝑛𝑛 × 𝑇𝑇) = [△2 𝑦𝑦1   △2 𝑦𝑦2  ….  △ 𝑦𝑦𝑇𝑇 ] ; 
    𝜉𝜉−1

′ (𝑛𝑛𝑛𝑛 × 𝑇𝑇) = [𝜉𝜉0  𝜉𝜉1  …  𝜉𝜉𝑇𝑇−1] 
 
△ 𝑌𝑌−1

′ (𝑛𝑛 × 𝑇𝑇) = [△ 𝑦𝑦0   △ 𝑦𝑦1   …  △ 𝑦𝑦𝑇𝑇−1]  ;    
𝑌𝑌−2

′ (𝑛𝑛 × 𝑇𝑇) = [𝑦𝑦−1  𝑦𝑦0  ….  𝑦𝑦𝑇𝑇−2] 
 

𝑊𝑊′(𝑛𝑛 × 𝑇𝑇) = [𝑤𝑤1  𝑤𝑤2  … .   𝑤𝑤𝑇𝑇] 
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Assumption 1: 
 
The errors 𝑤𝑤𝑡𝑡  are independently and normally distributed as follows: 
 
𝑤𝑤𝑡𝑡 = 𝑁𝑁𝑁𝑁𝑁𝑁(0,   Ω) 
 
Thus  
 
𝑤𝑤 = 𝑣𝑣𝑣𝑣𝑣𝑣(𝑊𝑊′)~𝑁𝑁(0 ,   𝑁𝑁𝑇𝑇 ⊗ Ω) 
  
With this assumption, the log-likelihood is given by: 
 
𝐿𝐿(𝑣𝑣𝑣𝑣𝑣𝑣(𝐴𝐴), 𝑣𝑣𝑣𝑣𝑣𝑣(𝐵𝐵), 𝑣𝑣𝑣𝑣𝑣𝑣(𝐶𝐶),Ω) = − 𝑇𝑇𝑇𝑇

2 𝑙𝑙𝑙𝑙(2𝜋𝜋) + 𝑇𝑇
2 𝑙𝑙𝑙𝑙|Ω−1| − 1

2 𝑤𝑤′(𝑁𝑁𝑇𝑇 ⊗
Ω)−1𝑤𝑤               (11) 
 
=  − 𝑇𝑇𝑙𝑙

2 𝑙𝑙𝑙𝑙(2π) + 𝑇𝑇
2 𝑙𝑙𝑙𝑙 |Ω−1| 

 

− 1
2 [△2 𝑦𝑦𝑡𝑡 − (ξ𝑡𝑡−1

′ ⊗ 𝑁𝑁𝑇𝑇)𝑣𝑣𝑣𝑣𝑣𝑣(𝐴𝐴) − (△ 𝑦𝑦𝑡𝑡−1
′ ⊗ 𝑁𝑁𝑇𝑇)𝑣𝑣𝑣𝑣𝑣𝑣(𝐵𝐵)

− (𝑦𝑦𝑡𝑡 −2
′ ⊗ 𝑁𝑁𝑇𝑇)𝑣𝑣𝑣𝑣𝑣𝑣(𝐶𝐶)]′ 

 
(𝑁𝑁𝑇𝑇 ⊗ Ω) [△2 𝑦𝑦𝑡𝑡 − (ξ𝑡𝑡−1

′ ⊗ 𝑁𝑁𝑇𝑇)𝑣𝑣𝑣𝑣𝑣𝑣(𝐴𝐴) − (△ 𝑦𝑦𝑡𝑡−1
′ ⊗ 𝑁𝑁𝑇𝑇)𝑣𝑣𝑣𝑣𝑣𝑣(𝐵𝐵)

− (𝑦𝑦𝑡𝑡 −2
′ ⊗ 𝑁𝑁𝑇𝑇)𝑣𝑣𝑣𝑣𝑣𝑣(𝐶𝐶)] 

 
The procedure of maximizing L with respect to A, B, C and Ω will 
be decomposed into two  steps.   In the first step, we fix B, C, Ω and 
maximize with respect to A. 
Doing this result s in a SUR model of Johansen (1988) for the 
elements of  
△2 𝑦𝑦𝑡𝑡 − (△ 𝑦𝑦𝑡𝑡 −1

′ ⊗ 𝑁𝑁𝑇𝑇)𝑣𝑣𝑣𝑣𝑣𝑣(𝐵𝐵) − (𝑦𝑦𝑡𝑡 − 2
′ ⊗ 𝑁𝑁𝑇𝑇 )𝑣𝑣𝑣𝑣𝑣𝑣(𝐶𝐶) regressed on 

the explanatory variables ξ𝑡𝑡−1 . Hence, 𝑣𝑣𝑣𝑣𝑣𝑣(𝐴𝐴) can be estimated by 
ordinary least squares.  In the second stage, we substitute 𝑣𝑣𝑣𝑣𝑣𝑣(𝐴𝐴)  by 
its estimator 𝑣𝑣𝑣𝑣𝑣𝑣(𝐴𝐴) in the likelihood function and maximize   the 
concentrated likelihood with respect to the other parameters. 
Formally, in the first stage we get: 
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𝑣𝑣𝑣𝑣𝑣𝑣(𝐴𝐴) = [(ξ−1
′ ⊗ 𝐼𝐼𝑛𝑛 )(ξ− 1 ⊗ 𝐼𝐼𝑛𝑛 )]−1(ξ−1

′ ⊗ 𝐼𝐼𝑛𝑛) 
                   [𝑣𝑣𝑣𝑣𝑣𝑣(△2 𝑌𝑌′ ) − (△ 𝑌𝑌−1 ⊗ 𝐼𝐼𝑛𝑛 )𝑣𝑣𝑣𝑣𝑣𝑣(𝐵𝐵) − (𝑌𝑌−2 ⊗
𝐼𝐼𝑛𝑛)𝑣𝑣𝑣𝑣𝑣𝑣(𝐶𝐶)] 
              =[(ξ−1

′ ξ− 1)−1ξ−1
′ ⊗ 𝐼𝐼𝑛𝑛]𝑣𝑣𝑣𝑣𝑣𝑣(△2 𝑌𝑌′ ) − [((ξ−1

′ ξ−1)− 1ξ− 1
′ △

𝑌𝑌−1 ⊗ 𝐼𝐼𝑛𝑛]𝑣𝑣𝑣𝑣𝑣𝑣(𝐵𝐵) 
                  - [(ξ−1

′ ξ−1)−1ξ−1
′ △ 𝑌𝑌− 2 ⊗ 𝐼𝐼𝑛𝑛 ]𝑣𝑣𝑣𝑣𝑣𝑣(𝐶𝐶)                                                      

(12) 
 
In the second stage, substituting (12) in (10) and rearranging 
yields: 
 
𝑣𝑣𝑣𝑣𝑣𝑣(△2 𝑌𝑌′ ) − [𝜉𝜉−1(𝜉𝜉−1

′ 𝜉𝜉−1)−1𝜉𝜉−1
′ ⊗ 𝐼𝐼𝑛𝑛]𝑣𝑣𝑣𝑣𝑣𝑣(△2 𝑌𝑌′ ) 

 
= [△ 𝑌𝑌−1 ⊗ 𝐼𝐼𝑛𝑛 − 𝜉𝜉−1(𝜉𝜉−1

′ 𝜉𝜉−1)−1𝜉𝜉−1
′ △ 𝑌𝑌−1 ⊗ 𝐼𝐼𝑛𝑛]𝑣𝑣𝑣𝑣𝑣𝑣(𝐵𝐵) 

 
    + [𝑌𝑌−2 ⊗ 𝐼𝐼𝑛𝑛 − 𝜉𝜉−1(𝜉𝜉−1

′ 𝜉𝜉−1)−1𝜉𝜉−1
′ 𝑌𝑌−2 ⊗ 𝐼𝐼𝑛𝑛]𝑣𝑣𝑣𝑣𝑣𝑣(𝐶𝐶) + 𝑣𝑣𝑣𝑣𝑣𝑣(𝑊𝑊′) 

 
⟹ (𝑀𝑀𝜉𝜉 ⊗ 𝐼𝐼𝑛𝑛)𝑣𝑣𝑣𝑣𝑣𝑣(△2 𝑌𝑌′)

= (𝑀𝑀𝜉𝜉 △ 𝑌𝑌−1 ⊗ 𝐼𝐼𝑛𝑛)𝑣𝑣𝑣𝑣𝑣𝑣(𝐵𝐵) + (𝑀𝑀𝜉𝜉 𝑌𝑌−2 ⊗ 𝐼𝐼𝑛𝑛)𝑣𝑣𝑣𝑣𝑣𝑣(𝐶𝐶)
+ 𝑣𝑣𝑣𝑣𝑣𝑣(𝑊𝑊′) 

 
⟺ 𝑥𝑥 = 𝑋𝑋1𝑣𝑣𝑣𝑣𝑣𝑣(𝐵𝐵) + 𝑋𝑋2𝑣𝑣𝑣𝑣𝑣𝑣(𝐶𝐶) + 𝑤𝑤                                   (13) 
 
where  𝑥𝑥 = (𝑀𝑀𝜉𝜉 ⊗ 𝐼𝐼𝑛𝑛)𝑣𝑣𝑣𝑣𝑣𝑣(△2 𝑌𝑌′), 𝑋𝑋1 = 𝑀𝑀𝜉𝜉 △ 𝑌𝑌−1 ⊗ 𝐼𝐼𝑛𝑛,   𝑋𝑋2 =
𝑀𝑀𝜉𝜉 𝑌𝑌−2 ⊗ 𝐼𝐼𝑛𝑛 
with 𝑀𝑀𝜉𝜉 = 𝐼𝐼𝑇𝑇 − 𝜉𝜉−1(𝜉𝜉−1

′ 𝜉𝜉−1)− 1𝜉𝜉− 1
′ . 

 
Here it is useful to take into account any restrictions on the parameters B 
and C by writing them as (see Granger (1987)): 

𝑣𝑣𝑣𝑣𝑣𝑣(𝐵𝐵) = 𝑞𝑞1 + 𝑅𝑅1Π1              (14)  
where   𝑞𝑞1(𝑛𝑛2 × 1)    ;     𝑅𝑅1(𝑛𝑛2 × 𝑘𝑘1)     ;     Π1(𝑘𝑘1 × 1) 
 

𝑣𝑣𝑣𝑣𝑣𝑣(𝐶𝐶) = 𝑞𝑞2 + 𝑅𝑅2Π2             (15)  
where   𝑞𝑞2(𝑛𝑛2 × 1)    ;     𝑅𝑅2(𝑛𝑛2 × 𝑘𝑘2)     ;     Π2 (𝑘𝑘2 × 1) 
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(𝑞𝑞1 ,  𝑞𝑞2)   and  (𝑅𝑅1 ,  𝑅𝑅2)  are known vectors and matrices respectively 
and (Π1 , Π2) are unknown vectors to be estimated. 
Inserting (14) and (15) in (13), the model becomes  
 

𝑥𝑥 = 𝑋𝑋1(𝑞𝑞1 + 𝑅𝑅1Π1) + 𝑋𝑋2(𝑞𝑞2 + 𝑅𝑅2Π2) + 𝑤𝑤 
or 

𝑧𝑧 = 𝑍𝑍1Π1 + 𝑍𝑍2Π2 + 𝑤𝑤    (16)    
 
where  𝑧𝑧 = 𝑥𝑥 − 𝑋𝑋1𝑞𝑞1 − 𝑋𝑋2𝑞𝑞2   ,   𝑍𝑍1 = 𝑋𝑋1𝑅𝑅1   ,   𝑍𝑍2 = 𝑋𝑋2𝑅𝑅2.  The 
variables  𝑧𝑧,    𝑍𝑍1,   𝑍𝑍2 and 𝑤𝑤 are respectively (Tn × 1), (Tn × k1),
(Tn × k2 )  and  (Tn × 1). 
 
Replacing the expression of w from (16) in (11), we obtain the 
concentrated loglikelihood: 
 

𝐿𝐿𝑐𝑐 (Π1, Π2, Ω) = − 𝑇𝑇𝑇𝑇
2 𝑙𝑙𝑇𝑇(2𝜋𝜋) + 𝑇𝑇

2 𝑙𝑙𝑇𝑇|Ω−1| − 1
2 (𝑧𝑧 − 𝑍𝑍1Π1 − 𝑍𝑍2Π2)′(𝐼𝐼𝑇𝑇 ⊗ Ω) −1(𝑧𝑧 − 𝑍𝑍1Π1 − 𝑍𝑍2Π2) (17) 

 

Noting that: 

𝑑𝑑Π1 𝐿𝐿𝑐𝑐 = − 1
2 𝑡𝑡𝑡𝑡{2(𝑧𝑧 − 𝑍𝑍1 Π1 − 𝑍𝑍2 Π2 )′(𝐼𝐼𝑇𝑇 ⊗ Ω)−1 (−𝑍𝑍1 𝑑𝑑Π1 )} 

          = 𝑡𝑡𝑡𝑡{(𝑧𝑧 − 𝑍𝑍1 Π1 − 𝑍𝑍2 Π2 )′ (𝐼𝐼𝑇𝑇 ⊗ Ω)−1𝑍𝑍1 𝑑𝑑Π1 } 
 
𝑑𝑑Π2 𝐿𝐿𝑐𝑐 = 𝑡𝑡𝑡𝑡{(𝑧𝑧 − 𝑍𝑍1 Π1 − 𝑍𝑍2 Π2 )′ (𝐼𝐼𝑇𝑇 ⊗ Ω)−1𝑍𝑍2 𝑑𝑑Π2 } 
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the first order conditions for maximum are: 
 

∂𝐿𝐿𝑐𝑐
∂Π1

= 𝑍𝑍1′ (𝐼𝐼𝑇𝑇 ⊗ Ω)−1(𝑧𝑧 − 𝑍𝑍1Π1 − 𝑍𝑍2Π2) = 0 

∂𝐿𝐿𝑐𝑐
∂Π2

= 𝑍𝑍2′ (𝐼𝐼𝑇𝑇 ⊗ Ω)−1(𝑧𝑧 − 𝑍𝑍1Π1 − 𝑍𝑍2Π2) = 0 

 
 
 
Assuming Ω known for the moment, we can rewrite the system 
as: 
 

𝐴𝐴11Π1 + 𝐴𝐴12Π2 = 𝑏𝑏1 
 
𝐴𝐴21Π1 + 𝐴𝐴22Π2 = 𝑏𝑏2 
 

 
with   𝐴𝐴11 = 𝑍𝑍1′ (𝐼𝐼𝑇𝑇 ⊗Ω)−1𝑍𝑍1  
 
          𝐴𝐴12 = 𝑍𝑍1′ (𝐼𝐼𝑇𝑇 ⊗Ω)−1𝑍𝑍2 
 
          𝐴𝐴21 = 𝑍𝑍2′ (𝐼𝐼𝑇𝑇 ⊗Ω)−1𝑍𝑍1 
 
          𝐴𝐴22 = 𝑍𝑍2′ (𝐼𝐼𝑇𝑇 ⊗Ω)−1𝑍𝑍2 
 
          𝑏𝑏1 = 𝑍𝑍1′ (𝐼𝐼𝑇𝑇 ⊗ Ω)−1𝑧𝑧 
 
          𝑏𝑏2 = 𝑍𝑍2′ (𝐼𝐼𝑇𝑇 ⊗ Ω)−1𝑧𝑧 
 
Since 𝐴𝐴22 , (𝐴𝐴11 − 𝐴𝐴12𝐴𝐴22

−1𝐴𝐴21)  and  (𝐴𝐴22 − 𝐴𝐴21𝐴𝐴11
−1𝐴𝐴12)  are non-

singular, we can solve the above system to get: 
 
 

Π̂1 = (𝐴𝐴11 − 𝐴𝐴12𝐴𝐴22
−1𝐴𝐴21)−1(𝑏𝑏1 − 𝐴𝐴12𝐴𝐴22

−1𝑏𝑏2) (18) 
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Π̂2 = (𝐴𝐴22 − 𝐴𝐴21𝐴𝐴11
−1𝐴𝐴12)−1(𝑏𝑏2 − 𝐴𝐴21𝐴𝐴11

−1𝑏𝑏1) (19) 
 
  
Estimators for vec(B) and vec(C) are derived from Π̂1 and Π̂2  using 
(14) and (15): 
 
 

𝑣𝑣𝑣𝑣𝑣𝑣(�̂�𝐵) = 𝑞𝑞1 + 𝑅𝑅1Π̂1           𝑎𝑎𝑎𝑎𝑎𝑎       𝑣𝑣𝑣𝑣𝑣𝑣(𝐶𝐶) = 𝑞𝑞1 + 𝑅𝑅1Π̂2 (20) 
 
 
Now, let us derive the likelihood with respect to Ω: 
𝜕𝜕𝜕𝜕𝑐𝑐

𝜕𝜕Ω−1

= 𝑇𝑇
2

𝜕𝜕𝜕𝜕𝑎𝑎|Ω−1|
𝜕𝜕Ω−1

− 1
2

𝜕𝜕(𝑧𝑧 − 𝑍𝑍1 Π1 − 𝑍𝑍2 Π2 )′(𝐼𝐼𝑇𝑇 ⊗ Ω−1)(𝑧𝑧 − 𝑍𝑍1 Π1 − 𝑍𝑍2 Π2 )
𝜕𝜕Ω−1  

            = 𝑇𝑇
2 Ω −  1

2 ∑(𝑧𝑧𝑡𝑡 − 𝑍𝑍1𝑡𝑡
′ Π1 − 𝑍𝑍2𝑡𝑡

′ Π2 )(𝑧𝑧𝑡𝑡 − 𝑍𝑍1𝑡𝑡
′ Π1 − 𝑍𝑍2𝑡𝑡

′ Π2 )′
𝑇𝑇

𝑡𝑡 =1
 

Using various matrix derivate results. 
Setting it to zero leads to: 

Ω̂(Π̂1, Π̂2) = 1
𝑇𝑇 ∑(𝑧𝑧𝑡𝑡 − 𝑍𝑍1𝑡𝑡

′ Π̂1 − 𝑍𝑍2𝑡𝑡
′ Π̂2)(𝑧𝑧𝑡𝑡 − 𝑍𝑍1𝑡𝑡

′ Π̂1 − 𝑍𝑍2𝑡𝑡
′ Π̂2)′

𝑇𝑇

𝑡𝑡=1
 

or 

Ω̂ = 1
𝑇𝑇 ∑ �̂�𝑤𝑡𝑡 �̂�𝑤𝑡𝑡

′
𝑇𝑇

𝑡𝑡 =1
= 1

𝑇𝑇 𝑊𝑊 ′𝑊𝑊 (21)  

with   �̂�𝑤𝑡𝑡 = 𝑧𝑧𝑡𝑡 − 𝑍𝑍1𝑡𝑡
′ Π̂1 − 𝑍𝑍2𝑡𝑡

′ Π̂2    and    𝑊𝑊 ′ = [�̂�𝑤1   �̂�𝑤2 … �̂�𝑤𝑇𝑇 ] 
Noting that the solution for Ω̂ depends on Π̂1 , Π̂2    and vice versa , 
in practice, an 
iterative method must be adopted for a numerical solution, 
starting with say 
Ω0 = 𝐼𝐼 . 
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To sum up, we see that our estimation method consists of two 
stages: the first one estimating the coefficients of A( L)  given B and 
C and the second stage estimating B, C and Ω (by iteration) using 
the first stage estimator of A(L).  
 
Johansen (1995)' s method can be described in three stages: 
1. Estimation of A(L) given B and C (same as ours) 
2. Estimation of C given B and under the constraint 

𝐶𝐶 = 𝛼𝛼𝛽𝛽′  (termed as the I(1) model  by Johansen  (1995)). 
3. Estimation of B under the additional const raint α⊥

′ 𝐵𝐵β⊥ = ϕη′ 
named the 𝐼𝐼(2)  model. 

Thus Johansen (1995) successively introduces the cointegration 
const raints in each stage of the estimation method whereas we take 
account of them right upfront in the specification of the model.  
Further, in his model the possibility 𝐶𝐶𝐼𝐼(2 , 2) does not   exist except 
under additional complex constraints whereas in our model, both 
𝐶𝐶𝐼𝐼(2 , 2) and  𝐶𝐶𝐼𝐼(2 , 1) can be modelled easily. 
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4. Limiting Distributions 
 
Theorem 1: 
 

(
𝑇𝑇(Π̂1 − Π1)

𝑇𝑇2(Π̂2 − Π2)
)

𝐿𝐿
→ [ J × (∫ 𝑩𝑩(𝑟𝑟)𝑩𝑩(𝑟𝑟)′𝑑𝑑𝑟𝑟 ⊗ Ω−1

1

0
) × 𝐽𝐽′ ]−1  

 
                        × 𝐽𝐽 × (𝐼𝐼2𝑛𝑛 ⊗ Ω−1) × ∫ 𝑩𝑩(𝑟𝑟) ⊗ 𝑑𝑑𝐵𝐵0(𝑟𝑟)1

0  
 
 

where     𝐽𝐽 = (𝑅𝑅1
′ (𝐹𝐹(1) ⊗ 𝐼𝐼𝑛𝑛) 0

0 𝑅𝑅2
′ (𝐹𝐹(1) ⊗ 𝐼𝐼𝑛𝑛))  

 
 
𝑩𝑩(𝑟𝑟)′ = [𝐵𝐵(𝑟𝑟)′    �̅�𝐵(𝑟𝑟)′]    and  𝐵𝐵0  are independent Brownian motions. 
 
Proof: See Annex 2. 
 
Using the same arguments as developed by Phillips (1991) this 
asymptotic result can be expressed as a mixed normal dist ribution 
 

                    ( 𝑇𝑇(Π̂1 − Π1)
𝑇𝑇2(Π̂2 − Π2))

𝐿𝐿
→ ∫ 𝑁𝑁(0, [ 𝐽𝐽 (𝐺𝐺 ⊗ Ω−1) 𝐽𝐽′]−1)𝑑𝑑𝑑𝑑(𝐺𝐺)𝐺𝐺>0  

 
 
where 𝐺𝐺 = ∫ 𝑩𝑩(𝑟𝑟)𝑩𝑩(𝑟𝑟)′1

0 𝑑𝑑𝑟𝑟  and 𝑑𝑑 is a probability measure associated 
with 𝐺𝐺. 
For a given 𝐺𝐺 we have 𝑑𝑑(𝐺𝐺) = 1 and the asymptotic variance is written as  
 

𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝑟𝑟(Π̂1, Π̂2) = (𝑇𝑇 0
0 𝑇𝑇2)

−1
[ 𝐽𝐽(𝐺𝐺 ⊗ Ω−1)𝐽𝐽′ ]−1 (𝑇𝑇 0

0 𝑇𝑇2)
−1

 

This can be estimated by 
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𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴̂ (Π̂1, Π̂2) = (𝑇𝑇 0
0 𝑇𝑇2)

−1
[ 𝐽𝐽(�̂�𝐺 ⊗ Ω−1)𝐽𝐽′ ]−1 (𝑇𝑇 0

0 𝑇𝑇2)
−1

= (�̃�𝑍1
′ 𝑍𝑍1 �̃�𝑍1

′ �̃�𝑍2
�̃�𝑍2

′ 𝑍𝑍1 �̃�𝑍2
′ �̃�𝑍2

) 

Thus  
𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴̂ (Π̂1) = (�̃�𝑍1

′ �̃�𝑀2�̃�𝑍1)−1                       (22)  

𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴̂ (Π̂2) = (�̃�𝑍2
′ �̃�𝑀1�̃�𝑍2)−1                       (23)  
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5. Asymptotic comparison between least squares 
and maximum likelihood estimators 

 
In this section we compare the asymptotic convergences of 
ordinary least squares and maximum likelihood estimators from 
the error correction model. Then we demonstrate the asymptotic 
equivalence between the two methods using the integrated higher 
order variables. In order to arrive at this result, we first need to 
obtain the asymptotic convergence of the least squares estimator 
of Stock and Watson (1993).   
 
As OLS or GLS is applied block by block by Stock and Watson 
(1993), we will consider the estimation of the last block in which 
the parameters of the other equat ions are already substituted by 
their estimates. More specifically, in our case, it amounts to 
estimating the third set of equations knowing θ1. 
 
After a few transformations (see Annex 3), the estimating equation can  
be writ ten as: 
 

𝑦𝑦3𝑡𝑡 = Θ0𝑧𝑧0𝑡𝑡 + Θ1𝑧𝑧1𝑡𝑡 + Θ2𝑧𝑧2𝑡𝑡 + 𝑤𝑤3𝑡𝑡 = Θ𝑧𝑧𝑡𝑡 + 𝑤𝑤3𝑡𝑡         (24}  
Where 

1. Θ0 = [𝐴𝐴30   𝐴𝐴31 …  𝐴𝐴3𝑞𝑞]  with 𝑞𝑞 a finite positive number. 
𝑧𝑧0𝑡𝑡

′ = [△2 𝑦𝑦1,𝑡𝑡−1
′   △2 𝑦𝑦1 ,𝑡𝑡−2

′ , … ,  △2 𝑦𝑦1 ,𝑡𝑡−1+𝑞𝑞
′ ]   and   𝑧𝑧0𝑡𝑡~𝐼𝐼(0) 

2. Θ1 = 𝛿𝛿  ,  𝑧𝑧1𝑡𝑡
′ =△ 𝑦𝑦1 ,𝑡𝑡−1

′    and   𝑧𝑧1𝑡𝑡~𝐼𝐼(1) 
3. Θ2 = [θ3  θ2]  ;   𝑧𝑧2𝑡𝑡

′ = (𝑦𝑦1,𝑡𝑡−2
′     𝑦𝑦2 ,𝑡𝑡−2

′ )   and   𝑧𝑧2𝑡𝑡~𝐼𝐼(1) 
Let us write Θ = [Θ0   Θ1   Θ2]  and 𝑧𝑧𝑡𝑡

′ = (𝑧𝑧0𝑡𝑡   
′ 𝑧𝑧1𝑡𝑡

′    𝑧𝑧2𝑡𝑡
′ ). We have 𝑦𝑦3𝑡𝑡  ,   𝑧𝑧𝑖𝑖𝑡𝑡 

and  𝑤𝑤3𝑡𝑡   
(𝑛𝑛3 × 1) ,  (𝑘𝑘1 × 1)    and   (𝑛𝑛3 × 1) respectively and hence Θ is (𝑛𝑛3 × 𝑘𝑘) 
and 𝑧𝑧1(𝑘𝑘 × 1)  
where 𝑘𝑘 = ∑ 𝑘𝑘𝑖𝑖

2
𝑖𝑖=0 . Writing Θ𝑧𝑧𝑡𝑡 = 𝑣𝑣𝑣𝑣𝑣𝑣(Θ𝑧𝑧𝑡𝑡) = (𝑧𝑧𝑡𝑡

′ ⊗ 𝐼𝐼𝑛𝑛3 )𝑣𝑣𝑣𝑣𝑣𝑣(Θ) we 
have  
        𝑦𝑦3𝑡𝑡 = (𝑧𝑧𝑡𝑡

′ ⊗ 𝐼𝐼𝑛𝑛3 )𝑣𝑣𝑣𝑣𝑣𝑣(Θ) + 𝑤𝑤3𝑡𝑡  
with  𝑣𝑣𝑣𝑣𝑣𝑣(Θ′) = [𝑣𝑣𝑣𝑣𝑣𝑣(Θ0

′ )   𝑣𝑣𝑣𝑣𝑣𝑣(Θ1
′ )  𝑣𝑣𝑣𝑣𝑣𝑣(Θ2

′ )] . 
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Piling together the T observations, the model becomes 
𝑣𝑣𝑣𝑣𝑣𝑣(𝑌𝑌3

′ ) = (𝑍𝑍 ⊗ 𝐼𝐼𝑛𝑛3 )𝑣𝑣𝑣𝑣𝑣𝑣(Θ) + 𝑣𝑣𝑣𝑣𝑣𝑣(𝑊𝑊3
′)                   (25)  

with  𝑌𝑌3
′ = (𝑦𝑦31   𝑦𝑦32 … .  𝑦𝑦3𝑇𝑇 )   ,   𝑍𝑍′ = (𝑧𝑧1   𝑧𝑧2 …   𝑧𝑧𝑇𝑇 )   ,  

 𝑊𝑊3
′ = (𝑤𝑤31  𝑤𝑤32 …  𝑤𝑤3𝑇𝑇 ) .  

 
 
At this stage, we note that given our assumption 1, it can be shown 
that OLS and GLS are equivalent2. Hence, we will only compare 
OLS and ML estimators here.  
Applying ordinary least squares, 

𝑣𝑣𝑣𝑣𝑣𝑣(Θ̂𝑜𝑜𝑜𝑜𝑜𝑜 ) = [∑ 𝑧𝑧𝑡𝑡 𝑧𝑧𝑡𝑡
′ ⊗ 𝐼𝐼𝑛𝑛3 ]−1

𝑇𝑇

𝑡𝑡 =1
∑(𝑧𝑧𝑡𝑡 ⊗ 𝐼𝐼𝑛𝑛3 )𝑦𝑦3𝑡𝑡

𝑇𝑇

𝑡𝑡 = 1
(26) 

or substituting for 𝑦𝑦3𝑡𝑡 , we have: 

𝑣𝑣𝑣𝑣𝑣𝑣(Θ̂𝑜𝑜𝑜𝑜𝑜𝑜 ) − 𝑣𝑣𝑣𝑣𝑣𝑣(Θ) = [∑ 𝑧𝑧𝑡𝑡𝑧𝑧𝑡𝑡
′ ⊗ 𝐼𝐼𝑛𝑛3 ]−1

𝑇𝑇

𝑡𝑡 =1
∑ 𝑧𝑧𝑡𝑡 ⊗ 𝑤𝑤3𝑡𝑡

𝑇𝑇

𝑡𝑡 = 1
(27) 

The normalizing factors for these coefficients is given by the 
matrix 
 

Γ𝑇𝑇 = (
𝑇𝑇1

2𝐼𝐼𝑘𝑘0 0 0
0 𝑇𝑇𝐼𝐼𝑘𝑘1 0
0 0 𝑇𝑇2𝐼𝐼𝑘𝑘2

) 

 
 
Remultiplying by Γ𝑇𝑇 ⊗ 𝐼𝐼𝑛𝑛1, equation (27) becomes 
   

(Γ𝑇𝑇 ⊗ 𝐼𝐼𝑛𝑛3 )[𝑣𝑣𝑣𝑣𝑣𝑣(Θ𝑜𝑜𝑜𝑜𝑜𝑜 ) − 𝑣𝑣𝑣𝑣𝑣𝑣(Θ)] = [𝑄𝑄𝑇𝑇 ⊗ 𝐼𝐼𝑛𝑛3 ]−1φ𝑇𝑇  
 
where 𝑄𝑄𝑇𝑇 = Γ𝑇𝑇

−1(∑ 𝑧𝑧𝑡𝑡 𝑧𝑧𝑡𝑡
′)𝑇𝑇

𝑡𝑡 =1 Γ𝑇𝑇
−1    and  φ𝑇𝑇 = ∑ Γ−1

𝑇𝑇 𝑧𝑧𝑡𝑡 ⊗ 𝑣𝑣3𝑡𝑡
𝑇𝑇
𝑡𝑡 =1  

 

 
2 Even if we assume serially dependent 𝑤𝑤𝑡𝑡 , it can be shown that OLS and GLS 
estimators of coefficients of non-stationnary variables are asymptotically equivalent. 
This result is an extension of Phillips and Park (1988) in the higher order case. 
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Theorem 2: 
 
 

(
𝑇𝑇 (𝑣𝑣𝑣𝑣𝑣𝑣(Θ1,𝑜𝑜𝑜𝑜𝑜𝑜 ) − 𝑣𝑣𝑣𝑣𝑣𝑣(Θ1))

𝑇𝑇2 (𝑣𝑣𝑣𝑣𝑣𝑣(Θ2 ,𝑜𝑜𝑜𝑜𝑜𝑜 ) − 𝑣𝑣𝑣𝑣𝑣𝑣(Θ2 ))
)

𝐿𝐿
→ [(𝑄𝑄11 𝑄𝑄12

𝑄𝑄21 𝑄𝑄22
)

−1

⊗ 𝐼𝐼𝑛𝑛3] (φ1∗
φ2 ∗

) 

 
Where 
 

1. 𝑄𝑄11 ≡ 𝐹𝐹1(1) ∫ 𝐵𝐵(𝑟𝑟)𝐵𝐵(𝑟𝑟)′𝑑𝑑𝑟𝑟1
0 𝐹𝐹1(1)′ 

2. 𝑄𝑄12 = 𝑄𝑄21
′ ≡ 𝐹𝐹1(1) ∫ 𝐵𝐵(𝑟𝑟)𝐵𝐵(𝑟𝑟)′𝑑𝑑𝑟𝑟1

0 𝐹𝐹∗(1)′ 

3. 𝑄𝑄22 ≡ 𝐹𝐹∗(1) ∫ 𝐵𝐵(𝑟𝑟)𝐵𝐵(𝑟𝑟)′𝑑𝑑𝑟𝑟1
0 𝐹𝐹∗(1) ′ 

4. φ1∗ ≡ [𝐹𝐹1 ⊗ 𝐼𝐼𝑛𝑛3 ] ∫ 𝐵𝐵(𝑟𝑟)1
0 ⊗ 𝑑𝑑𝐵𝐵03(𝑟𝑟) 

5. φ2 ∗ ≡ [𝐹𝐹∗ ⊗ 𝐼𝐼𝑛𝑛3] ∫ 𝐵𝐵(𝑟𝑟)1
0 ⊗ 𝑑𝑑𝐵𝐵03(𝑟𝑟)  

with  
 

• 𝐹𝐹∗
′ = [𝐹𝐹1(1)′   𝐹𝐹2(1)′] 

• 𝐵𝐵(𝑟𝑟)  is a Brownian motion and 𝐵𝐵(r) = ∫ B(s)dsr
0  

 
Proof: See Annex 4. 
 
In order to compare this distribution with that of the maximum 
likelihood estimators, we need to get the ML estimator of the third 
equation of the triangular representation (5). This equation can be 
written as: 
 
△ 2 𝑦𝑦3𝑡𝑡 = 𝐴𝐴2∗ (𝐿𝐿) △ 2 𝑦𝑦1 ,𝑡𝑡−1 + 𝛿𝛿 △ 𝑦𝑦1 ,𝑡𝑡−1 − 2 △ 𝑦𝑦3 ,𝑡𝑡−1 + 𝜃𝜃3 𝑦𝑦1 ,𝑡𝑡−2 + 𝜃𝜃2 𝑦𝑦2 ,𝑡𝑡−2 − 𝑦𝑦3 ,𝑡𝑡−2 + 𝑤𝑤3𝑡𝑡  

= 𝐴𝐴∗(𝐿𝐿)𝜉𝜉𝑡𝑡−1 + 𝐵𝐵∗ △ 𝑦𝑦𝑡𝑡 −1 + 𝐶𝐶∗𝑦𝑦𝑡𝑡−2 + 𝑤𝑤3𝑡𝑡 (28)  

where 
1. 𝐴𝐴∗(𝐿𝐿) = [𝐴𝐴3∗(𝐿𝐿)  0   0] 
2. 𝐵𝐵∗ = [δ  0 − 2𝐼𝐼𝑛𝑛3 ] 

El Hadji GUEYE



REVUE CEDRES-ETUDES - N°70 Séries économie – 2ie Semestre 2020

- 153 -
 

 

3. 𝐶𝐶∗ = [θ3   θ2  − 𝐼𝐼𝑛𝑛3 ] 
 

• 𝑣𝑣𝑣𝑣𝑣𝑣(𝐵𝐵∗) = (
0
0

−2𝑣𝑣𝑣𝑣𝑣𝑣(𝐼𝐼𝑛𝑛3

) = (
0
0

−2𝑣𝑣𝑣𝑣𝑣𝑣(𝐼𝐼𝑛𝑛3 )
) + (

𝐼𝐼𝑛𝑛1 𝑛𝑛2
0
0

) 𝑣𝑣𝑣𝑣𝑣𝑣(δ) 

 
                = 𝑞𝑞1∗ + 𝑅𝑅1∗Π1 ∗  
 

with  
 

𝑞𝑞1∗ = (
0
0

−2𝑣𝑣𝑣𝑣𝑣𝑣(𝐼𝐼𝑛𝑛3

)   ;    𝑅𝑅1∗ = (
𝐼𝐼𝑛𝑛1 𝑛𝑛3

0
0

) = (
𝐼𝐼𝑛𝑛1
0
0

) ⊗ 𝐼𝐼𝑛𝑛3    ;  Π1∗ =

𝑣𝑣𝑣𝑣𝑣𝑣(δ) 
 
 

• 𝑣𝑣𝑣𝑣𝑣𝑣(𝐶𝐶∗) = (
𝑣𝑣𝑣𝑣𝑣𝑣(θ3)
𝑣𝑣𝑣𝑣𝑣𝑣(θ2)

−𝑣𝑣𝑣𝑣𝑣𝑣(𝐼𝐼𝑛𝑛3

) = (
0
0

−𝑣𝑣𝑣𝑣𝑣𝑣(𝐼𝐼𝑛𝑛3 )
) +

(
𝐼𝐼𝑛𝑛1 𝑛𝑛3 0

0 𝐼𝐼𝑛𝑛2 𝑛𝑛3
0 0

) (𝑣𝑣𝑣𝑣𝑣𝑣(θ3)
𝑣𝑣𝑣𝑣𝑣𝑣(θ2)) 

 
                   = 𝑞𝑞2∗ + 𝑅𝑅2∗ Π2∗ 
 
with 
 

𝑞𝑞2∗ = (
0
0

−𝑣𝑣𝑣𝑣𝑣𝑣(𝐼𝐼𝑛𝑛3

)   ;    𝑅𝑅2∗ = (
𝐼𝐼𝑛𝑛1 𝑛𝑛3 0

0 𝐼𝐼𝑛𝑛2 𝑛𝑛3
0 0

) = (
𝐼𝐼𝑛𝑛1 0
0 𝐼𝐼𝑛𝑛2
0 0

) ⊗

𝐼𝐼𝑛𝑛3   ;  
 

Π2∗ = (𝑣𝑣𝑣𝑣𝑣𝑣(θ3)
𝑣𝑣𝑣𝑣𝑣𝑣(θ2)) 
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Applying ML to (28), we obtain 
 

Π̂1∗ = (�̃�𝑍1∗
′ �̃�𝑀2∗ �̃�𝑍1∗ )−1�̃�𝑍1∗

′ �̃�𝑀2∗𝑧𝑧∗  

Π̂2∗ = (�̃�𝑍2∗
′ �̃�𝑀1∗�̃�𝑍2∗ )−1�̃�𝑍2∗

′ �̃�𝑀1∗𝑧𝑧∗ 

where  𝑍𝑍1∗ = (𝑀𝑀ξ △ 𝑌𝑌−1 ⊗ 𝐼𝐼𝑛𝑛3 )𝑅𝑅1∗    ,    𝑍𝑍2∗ = (𝑀𝑀ξ △ 𝑌𝑌−2 ⊗ 𝐼𝐼𝑛𝑛3 )𝑅𝑅2∗ 
 
and  𝑧𝑧∗ = (𝑀𝑀ξ ⊗ 𝐼𝐼𝑛𝑛3 )𝑣𝑣𝑣𝑣𝑣𝑣(△2 𝑌𝑌3

′ ) − (𝑀𝑀ξ △ 𝑌𝑌−1 ⊗ 𝐼𝐼𝑛𝑛3 )𝑞𝑞1∗ +
(𝑀𝑀ξ △ 𝑌𝑌−2 ⊗ 𝐼𝐼𝑛𝑛3 )𝑞𝑞2∗ 
 
with    �̃�𝑀1∗ = 𝐼𝐼𝑇𝑇𝑛𝑛3 − �̃�𝑍1∗(�̃�𝑍1∗

′ �̃�𝑍1∗)−1�̃�𝑍1∗
′  

 
and      �̃�𝑀2∗ = 𝐼𝐼𝑇𝑇𝑛𝑛3 − �̃�𝑍2∗(𝑍𝑍2∗

′ �̃�𝑍2∗)−1�̃�𝑍2∗
′  

 

Note That   Π̂1∗ = 𝑣𝑣𝑣𝑣𝑣𝑣(δ̂𝑚𝑚𝑚𝑚 )      and    Π̂2∗ = (𝑣𝑣𝑣𝑣𝑣𝑣(θ̂3,𝑚𝑚𝑚𝑚 )
𝑣𝑣𝑣𝑣𝑣𝑣(θ̂2,𝑚𝑚𝑚𝑚 )) 

 
Applying the result  of Annex 2 (A2.1,  A2.2,  A2.3 in particular) to the 
ML estimator, we can obtain their asymptotic convergence as follows: 

1. 𝑇𝑇 (Π̂1∗ − Π1∗)
𝐿𝐿 
→  Ψ1∗ 

−1 𝜌𝜌1∗ 

2. 𝑇𝑇−2  (Π̂2∗ − Π2∗)
𝐿𝐿 
→  Ψ2∗ 

−1 𝜌𝜌2∗ 
where 
• Ψ1∗ = 𝑅𝑅1∗

′ Ψ11 ∗𝑅𝑅1∗ − 𝑅𝑅1∗
′ Ψ12 ∗ 𝑅𝑅2∗ [𝑅𝑅2∗

′ Ψ22 ∗𝑅𝑅2∗]−1𝑅𝑅2∗
′ Ψ21 ∗𝑅𝑅1∗  

• ρ1∗ = 𝑅𝑅1∗
′ ρ11∗ − 𝑅𝑅1∗

′ Ψ12 ∗𝑅𝑅2∗[𝑅𝑅2∗
′ Ψ22 ∗ 𝑅𝑅2∗ ]−1𝑅𝑅2∗

′ ρ22 ∗ 
• Ψ2 ∗ = 𝑅𝑅2∗

′ Ψ22 ∗ 𝑅𝑅2∗ − 𝑅𝑅2∗
′ Ψ21 ∗𝑅𝑅1∗ [𝑅𝑅1∗

′ Ψ11 ∗ 𝑅𝑅1∗]−1𝑅𝑅1∗
′ Ψ12 ∗𝑅𝑅2∗ 

• ρ2∗ = 𝑅𝑅2∗
′ ρ22∗ − 𝑅𝑅2∗

′ Ψ21 ∗𝑅𝑅1∗ [𝑅𝑅1∗
′ Ψ11 ∗ 𝑅𝑅1∗]−1𝑅𝑅2∗

1 ρ11 ∗ 
1. Ψ11 ∗ = 𝐹𝐹(1) ∫ 𝐵𝐵(𝑟𝑟)𝐵𝐵(𝑟𝑟) ′𝑑𝑑𝑟𝑟1

0 𝐹𝐹(1)′ ⊗ Ω3
−1  

⟹ 𝑅𝑅1∗
′ Ψ11∗𝑅𝑅1∗ = 𝐹𝐹1(1) ∫ 𝐵𝐵(𝑟𝑟)𝐵𝐵(𝑟𝑟)′𝑑𝑑𝑟𝑟

1

0
𝐹𝐹1(1)′ ⊗ Ω3

−1

= 𝑄𝑄11 ⊗ Ω3
−1 

2. Ψ12 ∗ = 𝐹𝐹(1) ∫ 𝐵𝐵(𝑟𝑟)𝐵𝐵(𝑟𝑟) ′𝑑𝑑𝑟𝑟1
0 𝐹𝐹(1)′ ⊗ Ω3

−1  
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⟹ 𝑅𝑅1∗
′ Ψ12∗𝑅𝑅2∗ = 𝐹𝐹1(1) ∫ 𝐵𝐵(𝑟𝑟)�̅�𝐵(𝑟𝑟)′𝑑𝑑𝑟𝑟

1

0
𝐹𝐹∗(1)′ ⊗ Ω3

−1

= 𝑄𝑄12 ⊗ Ω3
−1 

3. Ψ22 ∗ = 𝐹𝐹(1) ∫ 𝐵𝐵(𝑟𝑟)𝐵𝐵(𝑟𝑟)′𝑑𝑑𝑟𝑟1
0 𝐹𝐹(1)′ ⊗ Ω3

− 1 

⟹ 𝑅𝑅2∗
′ Ψ22∗𝑅𝑅2∗ = 𝐹𝐹∗(1) ∫ �̅�𝐵(𝑟𝑟)�̅�𝐵(𝑟𝑟)′𝑑𝑑𝑟𝑟

1

0
𝐹𝐹∗(1)′ ⊗ Ω3

−1

= 𝑄𝑄22 ⊗ Ω3
−1 

4. Ψ21 ∗ = 𝐹𝐹(1) ∫ 𝐵𝐵(𝑟𝑟)𝐵𝐵(𝑟𝑟)′𝑑𝑑𝑟𝑟1
0 𝐹𝐹(1)′ ⊗ Ω3

− 1 

⟹ 𝑅𝑅2∗
′ Ψ21∗𝑅𝑅1∗ = 𝐹𝐹1(1) ∫ �̅�𝐵(𝑟𝑟)𝐵𝐵(𝑟𝑟)′𝑑𝑑𝑟𝑟

1

0
𝐹𝐹∗(1)′ ⊗ Ω3

−1

= 𝑄𝑄21 ⊗ Ω3
−1 

5. ρ11∗ = [𝐹𝐹(1) ⊗ Ω3
− 1] ∫ 𝐵𝐵(𝑟𝑟)1

0 ⊗ 𝑑𝑑𝐵𝐵03(𝑟𝑟)′ 

⟹ 𝑅𝑅1∗
′ ρ11∗ = [𝐹𝐹1(1) ⊗ Ω3

−1] ∫ 𝐵𝐵(𝑟𝑟)
1

0
⊗ 𝑑𝑑𝐵𝐵03 (𝑟𝑟) 

Hence 
𝑅𝑅1∗

′ ρ11∗ = (𝐼𝐼𝑛𝑛1 ⊗ Ω3
−1)[𝐹𝐹1(1) ⊗ 𝐼𝐼𝑛𝑛3 ] ∫ 𝐵𝐵(𝑟𝑟)1

0 ⊗ 𝑑𝑑𝐵𝐵03(𝑟𝑟) =
(𝐼𝐼𝑛𝑛1 ⊗ Ω3

−1) φ1∗ 

6. ρ22 ∗ = [𝐹𝐹(1) ⊗ Ω3
−1] ∫ 𝐵𝐵(𝑟𝑟)1

0 ⊗ 𝑑𝑑𝐵𝐵03 (𝑟𝑟) 

⟹ 𝑅𝑅2∗
′ ρ22∗ = [𝐹𝐹∗(1) ⊗ Ω3

−1] ∫ �̅�𝐵(𝑟𝑟)
1

0
⊗ 𝑑𝑑𝐵𝐵03 (𝑟𝑟) 

                   = (𝐼𝐼𝑛𝑛1+𝑛𝑛2 ⊗ Ω3
−1)[𝐹𝐹∗(1) ⊗ 𝐼𝐼𝑛𝑛3 ]∫ �̅�𝐵(𝑟𝑟)1

0 ⊗ 𝑑𝑑𝐵𝐵03(𝑟𝑟) 
                   = (𝐼𝐼𝑛𝑛1+𝑛𝑛2 ⊗ Ω3

−1)𝜑𝜑2∗ 
Ψ1∗ = 𝑄𝑄11 ⨂ Ω3

−1 − (𝑄𝑄12 ⨂ Ω3
−1)(𝑄𝑄22 ⨂ Ω3

−1)−1(𝑄𝑄21 ⨂ Ω3
−1)

= (𝑄𝑄11 − 𝑄𝑄12  𝑄𝑄22
−1𝑄𝑄21) ⊗ Ω3

−1

ρ1∗ = (𝐼𝐼𝑛𝑛1 ⊗ Ω3
−1)φ1∗ − (𝑄𝑄12 ⊗ Ω3

−1)(𝑄𝑄22 ⊗ Ω3
−1)−1(𝐼𝐼𝑛𝑛1+𝑛𝑛2 ⊗

Ω3
−1)φ2∗

(𝐼𝐼𝑛𝑛1 ⊗ Ω3
−1)φ1 − (𝑄𝑄12𝑄𝑄22

−1 ⊗ Ω3
−1)φ2∗

 Ψ1∗
−1𝜌𝜌1∗ = [(𝑄𝑄11 − 𝑄𝑄12𝑄𝑄22

−1𝑄𝑄21)−1 ⊗ Ω3][(𝐼𝐼𝑛𝑛1 ⊗ Ω3
−1)φ1∗ −

(𝑄𝑄12𝑄𝑄22
−1 ⊗ Ω3

−1)φ2∗]
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= [(𝑄𝑄11 − 𝑄𝑄12𝑄𝑄22
−1𝑄𝑄21)−1 ⊗ 𝐼𝐼𝑛𝑛3 ]φ1∗

− [(𝑄𝑄11 − 𝑄𝑄12𝑄𝑄22
−1𝑄𝑄21)−1Q12Q22

−1 ⊗ 𝐼𝐼𝑛𝑛3 ]φ2∗

⟹ 𝑇𝑇(Π̂1∗ − Π1∗)
𝐿𝐿
→ [(𝑄𝑄11 − 𝑄𝑄12𝑄𝑄22

−1𝑄𝑄21)−1 ⊗ 𝐼𝐼𝑛𝑛3 ][φ1∗

− (Q12Q22
−1 ⊗ 𝐼𝐼𝑛𝑛3 )φ2∗]

(A4.3)

𝑇𝑇(Π̂1∗ − Π1∗) ≃𝑎𝑎𝑎𝑎 𝑇𝑇 (𝑣𝑣𝑣𝑣𝑣𝑣(Θ̂1,𝑜𝑜𝑜𝑜𝑎𝑎) − 𝑣𝑣𝑣𝑣𝑣𝑣(Θ1)) (29)

(d) Ψ2∗ = 𝑄𝑄22 ⨂ Ω3
−1 − (𝑄𝑄21 ⨂ Ω3

−1)(𝑄𝑄11 ⨂ Ω3
−1)−1(𝑄𝑄12 ⨂ Ω3

−1) 
 = (𝑄𝑄22 − 𝑄𝑄21  𝑄𝑄11

−1𝑄𝑄12) ⊗ Ω3
−1 

(e) ρ2∗ = (𝐼𝐼𝑛𝑛1+𝑛𝑛2 ⊗ Ω3
−1)φ2∗ − (𝑄𝑄21 ⊗ Ω3

−1)(𝑄𝑄11 ⊗ Ω3
−1)−1(𝐼𝐼𝑛𝑛1 ⊗

Ω3
−1)φ1∗ 

= (𝐼𝐼𝑛𝑛1+𝑛𝑛2 ⊗ Ω3
−1)φ2∗ − (𝑄𝑄21 𝑄𝑄11

−1 ⊗ Ω3
−1)φ1∗ 

(f) Ψ2∗
−1𝜌𝜌2∗ = [(𝑄𝑄22 − 𝑄𝑄21 𝑄𝑄11

−1𝑄𝑄12)−1 ⊗ Ω3][(𝐼𝐼𝑛𝑛1+𝑛𝑛2 ⊗ Ω3
−1)φ2∗ −

(𝑄𝑄21𝑄𝑄11
−1 ⊗ Ω3

−1)φ1∗] 
= [(𝑄𝑄22 − 𝑄𝑄21𝑄𝑄11

−1𝑄𝑄12)−1 ⊗ 𝐼𝐼𝑛𝑛3]φ2∗
− [(𝑄𝑄22 − 𝑄𝑄21𝑄𝑄11

−1𝑄𝑄12)−1Q21Q11
−1 ⊗ 𝐼𝐼𝑛𝑛3 ]φ1∗ 

 
⟹ 𝑇𝑇2(Π̂2∗ − Π2∗)

𝐿𝐿
→ [(𝑄𝑄22 − 𝑄𝑄21𝑄𝑄11

−1𝑄𝑄12)−1 ⊗ 𝐼𝐼𝑛𝑛3 ][φ2∗
− (Q21Q11

−1 ⊗ 𝐼𝐼𝑛𝑛3 )φ1∗] 
 
Once again comparing the above with (𝐴𝐴4.4) in Annex 4 , we can 
write : 

𝑇𝑇2(Π̂2∗ − Π2∗) ≃𝑎𝑎𝑎𝑎 𝑇𝑇2 (𝑣𝑣𝑣𝑣𝑣𝑣(Θ̂2,𝑜𝑜𝑜𝑜𝑎𝑎 ) − 𝑣𝑣𝑣𝑣𝑣𝑣(Θ2)) (30) 
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Θ1 = 𝛿𝛿 Θ2 = [θ3  θ2]  ; Π1∗ = 𝑣𝑣𝑣𝑣𝑣𝑣(𝛿𝛿𝑚𝑚𝑚𝑚 )

 Π2∗ = (𝑣𝑣𝑣𝑣𝑣𝑣(𝜃𝜃3,𝑚𝑚𝑚𝑚 )
𝑣𝑣𝑣𝑣𝑣𝑣(𝜃𝜃2,𝑚𝑚𝑚𝑚 ))

 
• 𝑇𝑇 (𝑣𝑣𝑣𝑣𝑣𝑣(𝛿𝛿𝑚𝑚𝑚𝑚 ) − 𝑣𝑣𝑣𝑣𝑣𝑣(𝛿𝛿)) ≃𝑎𝑎𝑎𝑎 𝑇𝑇 (𝑣𝑣𝑣𝑣𝑣𝑣(𝛿𝛿𝑜𝑜𝑚𝑚𝑎𝑎 ) − 𝑣𝑣𝑣𝑣𝑣𝑣(𝛿𝛿)) 

 
• 𝑇𝑇2 (𝑣𝑣𝑣𝑣𝑣𝑣(θ̂3,𝑚𝑚𝑚𝑚 ) − 𝑣𝑣𝑣𝑣𝑣𝑣(θ3)) ≃𝑎𝑎𝑎𝑎 𝑇𝑇2 (𝑣𝑣𝑣𝑣𝑣𝑣(θ̂3,𝑜𝑜𝑚𝑚𝑎𝑎) − 𝑣𝑣𝑣𝑣𝑣𝑣(θ3)) 

 
• 𝑇𝑇2 (𝑣𝑣𝑣𝑣𝑣𝑣(�̂�𝜃2,𝑚𝑚𝑚𝑚 ) − 𝑣𝑣𝑣𝑣𝑣𝑣(𝜃𝜃2)) ≃𝑎𝑎𝑎𝑎 𝑇𝑇2 (𝑣𝑣𝑣𝑣𝑣𝑣(�̂�𝜃2,𝑜𝑜𝑚𝑚𝑎𝑎) − 𝑣𝑣𝑣𝑣𝑣𝑣(𝜃𝜃2)) 
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6. Conclusion 

we would like to point out that our approach of deriving an error 
correction model starting from the triangular representation of Stock 
and Watson (1993) for higher order (co)integrated systems, already 
incorporates the cointegration restrictions that need to be 
separately imposed in Johansen 's (1995) specification. We apply 
the maximum likelihood method to the model obtained in this way 
and compare the asymptotic properties of the resulting estimators 
with those of the least squares estimators of Stock and Watson 
(1993) proving their equivalence as far as the coefficients of non-
stationary variables are concerned. It can be added that our method 
can be easily implemented for any practical application as explicit  
solutions are given. Moreover, extension to cointegrated systems of 
any higher order can be achieved without much difficulty. 

 
  

El Hadji GUEYE



REVUE CEDRES-ETUDES - N°70 Séries économie – 2ie Semestre 2020

- 159 -
 

 

References:  

Engle R.F and C.W.J.Granger (1987):  "Cointegration and Error 
Correction: Representation, Estimation and Testing", Econometrica, Vol. 
55, pp. 251-276.  

Engle R.F And B.S Yoo (1987): " Forecasting and Testing and in 
Cointegrated Systems", Journal of Econometrics, Vol. 35, pp. 143-159.  

Haldrup N. and M. Salmon (1998): «Representation of I(2) Cointegrated 
Systems using the Smith-Mc Millan Form", Journal of Econometrics, Vol. 
84 pp. 303-325.  

Hsiao C. (1997): "Cointegration and Dynamic Simultaneous Equations 
Models", Econometrica, vol. 65, No.3, pp 647-670.  

Johansen S. (1988): " Statistical Analysis of Cointegration Vectors", 
Journal of Economic Dynamics and Control, Vol. 12, pp. 231-254. 

Johansen S. and J. Juselius (1990): "Maximum Likelihood Estimation 
and Inference on Cointegration - With Applications to the Demand for 
Money", Oxford Bulletin of Economics and Statistics, Vol. 52, pp. 169-
210.  

Johansen S. (1991): "Estimation and Hypothesis Testing of Cointegration 
Vectors in Gaussian Vector Autoregressive Models", Econometrica, Vol. 
59, pp. 1551-1580.  

Johansen S. (1992): "A Representation of Vector Autoregressive 
Processes Integrated of Order 1", Econometric Theory, Vol. 8, pp. 188-
202. 

Johansen S. (1995): "A Statistical Analysis of Cointegration for I(2) 
Variables",  Econometric Theory, Vol. 11, pp. 25-59.  

King R., C. Plosser, J. H. Stock and M.W. Watson (1991):  "Stochastic 
Trends and Economic Fluctuations", American Economic Review, Vol.81., 
pp. 819-840. 

> Asymptotic Equivalence of OLS (GLS) and Maximum Likelihood using Cointegrated 
Systems with Higher Order Integrated Variables 



REVUE CEDRES-ETUDES - N°70 Séries économie – 2ie Semestre 2020

- 160 -
 

 

Kitamura Y. (1995): "Estimation of Cointegration Systems with I(2) 
Processes", Econometric Theory, Vol. 11, pp. 1-24. 

Park J. Y. and P.C. B. Phillips (1988): "Statistical Inference in 
Regressions with Integrated Processes: Part 1 ", Econometric Theory, Vol. 
4, pp. 468-497.  

Park J.Y. and P.C.B. Phillips (1989): "Statistical Inference in 
Regressions with Integrated Processes: Part 2", Econometric Theory, 
Vol.5, pp. 95-131.  

Phillips P.C.B. (1988):  "Weak Convergence of Sample Covariance 
Matrices to Stochastic Integrals via Martingale Approximations", 
Econometric Theory, Vol. 4. pp. 528-533. 

Phillips P.C.B. (1991):  "Optimal Inference System in Cointegrated 
Systems", Econometrica, Vol. 59, pp. 283-306. 

Phillips P.C.B. and S.N. Durlauf (1986): " Multiple Time Series 
Regression with Integrated Processes, Review of Economic Studies, Vol. 
53, pp. 473-496.  

Phillips P.C.B. and B.E. Hansen (1990): "Statistical Inference in 
Instrumental Variables Regression with I(1) Processes", Review of 
Economic Studies, Vol. 57, pp. 99-125.  

Phillips P.C.B. and S. Ouliaris (1990):  "Asymptotic Properties of 
Residual Based Tests for Cointegration", Econometrica, vol. 58, p.165-
193.  

Phillips P.C.B and J.Y. Park (1988): "Asymptotic Equivalence of 
Ordinary Least Squares and Generalized Least Squares in Regressions 
With Integrated Regressors", Journal of the American Statistical 
Association, Vol. 83, No. 401, pp. 11-115.   

Saikkonen P. (1991): "Asymptotically Efficient Estimation of 
Cointegration Regressions", Econometric Theory, Vol.7, pp. 1-21.  

El Hadji GUEYE



REVUE CEDRES-ETUDES - N°70 Séries économie – 2ie Semestre 2020

- 161 -
 

 

Sims C.A, J.H. Stock and M.W Watson (1990): "Inference in Linear 
Time Series Models with Some Unit Roots", Econometrica, Vol. 58, pp. 
113-144.  

Stock J. H. (1987): "Asymptotic Properties of Least Squares Estimators 
of Cointegrating Vectors", Econometrica, Vol. 55, pp. 1035-1056.  

Stock J.H. and M. W. Watson (1993): "A Simple Estimator of 
Cointegrating Vector in Higher Order Integrated Systems", Econometrica, 
Vol. 61, pp. 783-820.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

> Asymptotic Equivalence of OLS (GLS) and Maximum Likelihood using Cointegrated 
Systems with Higher Order Integrated Variables 



REVUE CEDRES-ETUDES - N°70 Séries économie – 2ie Semestre 2020

- 162 -
 

 

Annex 1 : Derivation of the error correction 
model 

 

{ 
 
  

∆2 𝑦𝑦1𝑡𝑡 = 𝑣𝑣1𝑡𝑡
∆ 𝑦𝑦2𝑡𝑡 =   𝐷𝐷1 (𝐿𝐿)∆2 𝑦𝑦1𝑡𝑡 + 𝜃𝜃1 +   Δ 𝑦𝑦1𝑡𝑡 + 𝑣𝑣2𝑡𝑡

𝑦𝑦3𝑡𝑡 =  𝐷𝐷2 (𝐿𝐿)Δ 2𝑦𝑦1𝑡𝑡 + 𝐷𝐷3 (𝐿𝐿)(Δ 𝑦𝑦2𝑡𝑡 − 𝜃𝜃1 Δ 𝑦𝑦1𝑡𝑡) + 𝜃𝜃2 𝑦𝑦2𝑡𝑡 + 𝜃𝜃3 𝑦𝑦1𝑡𝑡
+ 𝜃𝜃4 Δ 𝑦𝑦1𝑡𝑡 +  𝑣𝑣3𝑡𝑡

△2 𝑦𝑦1𝑡𝑡 = 𝑣𝑣1𝑡𝑡

Δ2 𝑦𝑦2𝑡𝑡 = 𝐷𝐷1  (𝐿𝐿)∆3 𝑦𝑦1𝑡𝑡 + 𝜃𝜃1  ∆2𝑦𝑦1𝑡𝑡+  ∆ 𝑣𝑣2𝑡𝑡
= 𝐷𝐷1 (𝐿𝐿)(∆2  𝑦𝑦1𝑡𝑡 − ∆2 𝑦𝑦1,𝑡𝑡−1)+ 𝜃𝜃1𝑣𝑣1𝑡𝑡 + (𝑣𝑣2𝑡𝑡 + 𝑣𝑣2,𝑡𝑡−1)
= 𝐷𝐷1(𝐿𝐿)(∆2 𝑦𝑦1𝑡𝑡 − ∆2 − 𝑦𝑦1,𝑡𝑡−1) + 𝜃𝜃1𝑣𝑣1𝑡𝑡 + 𝑣𝑣2𝑡𝑡 − (∆𝑦𝑦2,𝑡𝑡−1 − 𝐷𝐷1 (𝐿𝐿)∆2𝑦𝑦2,𝑡𝑡−1 − 𝜃𝜃1∆𝑦𝑦1,𝑡𝑡−1)

= 𝐷𝐷1(𝐿𝐿)𝑣𝑣1𝑡𝑡 + 𝜃𝜃1 𝑣𝑣1𝑡𝑡 + 𝑣𝑣2𝑡𝑡 − (∆𝑦𝑦2,𝑡𝑡−1 − 𝜃𝜃1∆𝑦𝑦2,𝑡𝑡−1 − 𝜃𝜃1∆𝑦𝑦1,𝑡𝑡−1) 

= 𝑑𝑑10 𝑣𝑣1𝑦𝑦 + 𝐷𝐷11(𝐿𝐿)𝑣𝑣1,𝑡𝑡−1 + 𝜃𝜃1𝑣𝑣1𝑡𝑡 + 𝑣𝑣2𝑡𝑡 − (∆𝑦𝑦2,𝑡𝑡−1 − 𝜃𝜃1 ∆𝑦𝑦1,𝑡𝑡−1) 

⟹ ∆2 𝑦𝑦2𝑡𝑡 = 𝐷𝐷11 (𝐿𝐿)∆2  𝑦𝑦1,𝑡𝑡−1 − (∆ 𝑦𝑦2,𝑡𝑡−1 − 𝜃𝜃1 ∆ 𝑦𝑦1,𝑡𝑡−1)
+ (𝑑𝑑10 +  𝜃𝜃1) 𝑣𝑣1𝑡𝑡 + 𝑣𝑣2𝑡𝑡  

𝐷𝐷1(𝐿𝐿) = 𝑑𝑑10 + 𝐿𝐿𝐷𝐷11(𝐿𝐿)

𝐷𝐷2 𝑦𝑦3𝑡𝑡 = 𝐷𝐷2 (𝐿𝐿) ∆4 𝑦𝑦1𝑡𝑡 + 𝐷𝐷3 (𝐿𝐿)(∆3 𝑦𝑦2𝑡𝑡 − 𝜃𝜃1 ∆3 𝑦𝑦1𝑡𝑡  ) + 𝜃𝜃2 ∆2 𝑦𝑦2𝑡𝑡  +
 𝜃𝜃3 ∆2  𝑦𝑦1𝑡𝑡 + 𝜃𝜃4 ∆3 𝑦𝑦1𝑡𝑡 + ∆2 𝑣𝑣3𝑡𝑡  

 𝐷𝐷2 (𝐿𝐿)∆4 𝑦𝑦1𝑡𝑡 =  𝐷𝐷2 (𝐿𝐿) ∆2 𝑦𝑦1𝑡𝑡 − 2 𝐷𝐷2 (𝐿𝐿) ∆3 𝑦𝑦1,𝑡𝑡−1 −
 𝐷𝐷2 (𝐿𝐿) ∆2  𝑦𝑦1,𝑡𝑡−2

 𝐷𝐷3(𝐿𝐿)(∆3 𝑦𝑦2𝑡𝑡 − 𝜃𝜃1𝑡𝑡 ) = 𝐷𝐷3 (𝐿𝐿)(∆ 𝑦𝑦2𝑡𝑡 − 𝜃𝜃1  ∆ 𝑦𝑦1𝑡𝑡 ) −
2𝐷𝐷3 (𝐿𝐿)(∆ 𝑦𝑦2,𝑡𝑡−1 𝜃𝜃1 ∆ 𝑦𝑦1,𝑡𝑡−1) − 𝐷𝐷3 (𝐿𝐿)(∆𝑦𝑦2,𝑡𝑡−2 − 𝜃𝜃1 ∆𝑦𝑦1,𝑡𝑡−2)
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 𝜃𝜃2 ∆2𝑦𝑦2𝑡𝑡 = 𝜃𝜃2 [𝐷𝐷11(𝐿𝐿)∆2𝑦𝑦1,𝑡𝑡−1  − (∆ 𝑦𝑦2,𝑡𝑡−1 − 𝜃𝜃1 ∆ 𝑦𝑦1,𝑡𝑡−1) +
( 𝑑𝑑10 + 𝜃𝜃1)𝑣𝑣1𝑡𝑡 𝑣𝑣2𝑡𝑡 ]

 𝜃𝜃3 ∆2 𝑦𝑦1𝑡𝑡 =  𝜃𝜃3 𝑣𝑣1𝑡𝑡 
 𝜃𝜃4 ∆3 𝑦𝑦1𝑡𝑡 =  𝜃𝜃4 (∆2 𝑦𝑦1𝑡𝑡 − ∆2  𝑦𝑦1,𝑡𝑡−1) =  𝜃𝜃4 𝑣𝑣1𝑡𝑡 − 𝜃𝜃4 ∆2  𝑦𝑦1,𝑡𝑡−1
 ∆2 𝑣𝑣3𝑡𝑡 =  𝑣𝑣3𝑡𝑡 − 2 ∆ 𝑣𝑣3,𝑡𝑡−1 − 𝑣𝑣3,𝑡𝑡−  2
= 𝑣𝑣3𝑡𝑡 − 2[∆ 𝑦𝑦3,𝑡𝑡−1 − 𝐷𝐷2  (𝐿𝐿)∆3  𝑦𝑦1,𝑡𝑡−1 

− 𝐷𝐷3  (𝐿𝐿)( ∆2 𝑦𝑦2,𝑡𝑡−1 − 𝜃𝜃1  ∆2 𝑦𝑦1,𝑡𝑡−1 )
− 𝜃𝜃2  ∆ 𝑦𝑦2,𝑡𝑡−1 − 𝜃𝜃3  ∆ 𝑦𝑦1,𝑡𝑡−1 − 𝜃𝜃4 ∆2  𝑦𝑦1,𝑡𝑡−1]
− [𝑦𝑦3,𝑡𝑡−2 − 𝐷𝐷2 (𝐿𝐿)∆2 𝑦𝑦1,𝑡𝑡−2
− 𝐷𝐷3 (𝐿𝐿)(∆ 𝑦𝑦2,𝑡𝑡−2 − 𝜃𝜃1 ∆ 𝑦𝑦 1,𝑡𝑡−2) − 𝜃𝜃2 𝑦𝑦2,𝑡𝑡−2 
− 𝜃𝜃3 𝑦𝑦1,𝑡𝑡−2 − 𝜃𝜃4 ∆𝑦𝑦1,𝑡𝑡−2]

⟹ ∆2 𝑦𝑦3𝑡𝑡 = 𝐷𝐷2  ( 𝐿𝐿)∆2 𝑦𝑦1𝑡𝑡 + 𝐷𝐷3 (𝐿𝐿)(∆𝑦𝑦2𝑡𝑡 − 𝜃𝜃1 𝑦𝑦1𝑡𝑡 )

− 𝜃𝜃2  (∆ 𝑦𝑦2,𝑡𝑡−1 − 𝜃𝜃1  ∆ 𝑦𝑦1 ,𝑡𝑡−1) + 𝜃𝜃2   𝜃𝜃1 𝑣𝑣1𝑡𝑡 +  𝜃𝜃2 𝑣𝑣2𝑡𝑡

+ 𝜃𝜃3𝑣𝑣1𝑡𝑡 +  𝜃𝜃4 𝑣𝑣1𝑡𝑡 − 𝜃𝜃4 ∆2 𝑦𝑦1,𝑡𝑡−1 

+𝑣𝑣3𝑡𝑡 − 2(∆𝑦𝑦3 ,𝑡𝑡−1 − 𝜃𝜃2  ∆𝑦𝑦2 ,𝑡𝑡−1 − 𝜃𝜃3 ∆𝑦𝑦1 ,𝑡𝑡−1 − 𝜃𝜃3 ∆𝑦𝑦1 ,𝑡𝑡−1 − 𝜃𝜃4 ∆2 𝑦𝑦2,𝑡𝑡−1
− 𝜃𝜃4 ∆2 𝑦𝑦1,𝑡𝑡−1)

−(𝑦𝑦3,𝑡𝑡−2 − 𝜃𝜃2  𝑦𝑦2 ,𝑡𝑡−2 − 𝜃𝜃3 𝑦𝑦1 ,𝑡𝑡−2 − 𝜃𝜃4 ∆𝑦𝑦1,𝑡𝑡−2)

 𝐷𝐷2 (𝐿𝐿) 𝐷𝐷2 𝑦𝑦1𝑡𝑡 =  𝑑𝑑20 ∆2 𝑦𝑦1𝑡𝑡 +  𝐷𝐷21 ( 𝐿𝐿)∆2 𝑦𝑦1,𝑡𝑡−1  =
 𝑑𝑑20 𝑣𝑣1𝑡𝑡 +  𝐷𝐷21 (𝐿𝐿) ∆2  𝑦𝑦1,𝑡𝑡−1

𝐷𝐷2  (𝐿𝐿) =  𝑑𝑑20 + 𝐿𝐿𝐷𝐷21  (𝐿𝐿)

 𝐷𝐷3  (𝐿𝐿)(∆ 𝑦𝑦2𝑡𝑡  − 𝜃𝜃1 ∆ 𝑦𝑦1𝑡𝑡 ) =  𝐷𝐷3 (𝐿𝐿) ∆ 𝑦𝑦2𝑡𝑡  − 𝐷𝐷3  (𝐿𝐿) 𝜃𝜃1 ∆ 𝑦𝑦1𝑡𝑡 
=  𝐷𝐷3  (1)∆ 𝑦𝑦2,𝑡𝑡−1 +  𝐷𝐷3 

∗∗ (𝐿𝐿) ∆2 𝑦𝑦2𝑡𝑡 −  𝐷𝐷3  (1) 𝜃𝜃1 ∆ 𝑦𝑦1,𝑡𝑡−1
− 𝐷𝐷3

∗∗  (𝐿𝐿)𝜃𝜃1  ∆2 𝑦𝑦1𝑡𝑡

𝐷𝐷3 (𝐿𝐿) = 𝐿𝐿𝐷𝐷3 (1) + (1) + (1 − 𝐿𝐿)𝐷𝐷3 
∗∗(𝐿𝐿)

𝐷𝐷3 
∗∗ (𝐿𝐿) =  𝐷𝐷30 

∗∗  (𝐿𝐿) 𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 𝑢𝑢𝑒𝑒 𝑡𝑡𝑡𝑡 𝑤𝑤𝑤𝑤𝑤𝑤𝑡𝑡𝑒𝑒 ∶

𝐷𝐷3
∗∗ (𝐿𝐿) ∆2 𝑦𝑦2𝑡𝑡 =  𝑑𝑑30 

∗∗  ∆2 𝑦𝑦2𝑡𝑡 + 𝐷𝐷31
∗∗ (𝐿𝐿) ∆2  𝑦𝑦2,𝑡𝑡−1

= 𝑑𝑑30  
∗∗ [𝐷𝐷11 (𝐿𝐿)∆2 𝑦𝑦1,𝑡𝑡−1 + 𝜃𝜃1 ∆𝑦𝑦2,𝑡𝑡−1 + (𝑑𝑑10 + 𝜃𝜃1)𝑣𝑣1𝑡𝑡 + 𝑣𝑣2𝑡𝑡 ]

+ 𝐷𝐷31 
∗∗  (𝐿𝐿) ∆2  𝑦𝑦2,𝑡𝑡−1 
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=  𝑑𝑑30 
∗∗  𝐷𝐷11  (𝐿𝐿)∆2 𝑦𝑦1,𝑡𝑡−1 + 𝐷𝐷31  

∗∗  (𝐿𝐿)∆2  𝑦𝑦2,𝑡𝑡−1 + 𝑑𝑑30 
∗∗  𝜃𝜃1  ∆ 𝑦𝑦1,𝑡𝑡−1

− 𝑑𝑑30 
∗∗  ∆ 𝑦𝑦2,𝑡𝑡−1 + 𝑑𝑑30 

∗∗  (𝑑𝑑10 + 𝜃𝜃1 )𝑣𝑣1𝑡𝑡 + 𝑑𝑑 30 
∗∗  𝑣𝑣2𝑡𝑡  

𝐷𝐷3
∗∗ ( 𝐿𝐿) 𝜃𝜃1 ∆2 𝑦𝑦1𝑡𝑡 =  𝑑𝑑30   

∗∗ 𝜃𝜃1 𝑣𝑣1𝑡𝑡 + 𝐷𝐷31  
∗∗ (𝐿𝐿)𝜃𝜃1  ∆2  𝑦𝑦1,𝑡𝑡−1

𝐷𝐷3  (𝐿𝐿)(∆ 𝑦𝑦2𝑡𝑡  − 𝜃𝜃1 ∆ 𝑦𝑦1𝑡𝑡 ) [𝑑𝑑30 
∗∗  𝐷𝐷11 (𝐿𝐿) − 𝐷𝐷31 

∗∗   (𝐿𝐿) 𝜃𝜃1 ]∆2 𝑦𝑦1,,𝑡𝑡−1
+ 𝐷𝐷31

∗∗  (𝐿𝐿) ∆2  𝑦𝑦2,𝑡𝑡−1 +  [𝑑𝑑30
∗∗  𝜃𝜃1  − 𝐷𝐷3 (1)𝜃𝜃1]∆ 𝑦𝑦1,𝑡𝑡−1 

+ [𝐷𝐷3  ( 1) −  𝑑𝑑30
∗∗ ]∆ 𝑦𝑦2,𝑡𝑡−1 + 𝑑𝑑30 

∗∗  𝑑𝑑10 𝑣𝑣1𝑡𝑡 + 𝑑𝑑30 
∗∗ 𝑣𝑣2𝑡𝑡 

∆2 𝑦𝑦3𝑡𝑡 

∆2 𝑦𝑦3𝑡𝑡  =   [𝐷𝐷21  (𝐿𝐿) + 𝑑𝑑30 
∗∗  𝐷𝐷11  (𝐿𝐿)  −  𝐷𝐷31

∗∗  (𝐿𝐿) 𝜃𝜃2  𝐷𝐷11  (𝐿𝐿)]∆2 𝑦𝑦1,𝑡𝑡−1
+ 𝐷𝐷31 

∗∗  (𝐿𝐿) ∆2 𝑦𝑦2,𝑡𝑡−1

+ [𝑑𝑑30 
∗∗ 𝜃𝜃1 − 𝐷𝐷3  (1) 𝜃𝜃1 + 𝜃𝜃2 𝜃𝜃1 + 2 𝜃𝜃3 + 𝜃𝜃4]∆ 𝑦𝑦1,𝑡𝑡−1

+ [𝐷𝐷3 (1) −  𝑑𝑑30 
∗∗ + 𝜃𝜃2 ]∆ 𝑦𝑦2,𝑡𝑡−1 − 2 ∆ 𝑦𝑦3,𝑡𝑡−1 + 𝜃𝜃3 𝑦𝑦1,𝑡𝑡−2 

+ 𝜃𝜃2 𝑦𝑦2,𝑡𝑡−2 − 𝑦𝑦3,𝑡𝑡−2

+(𝑑𝑑20 + 𝑑𝑑30 
∗∗  𝑑𝑑10 + 𝜃𝜃2 𝑑𝑑10 + 𝜃𝜃2 𝜃𝜃1 + 𝜃𝜃3 + 𝜃𝜃4)𝑣𝑣1𝑡𝑡 + ( 𝑑𝑑30 

∗∗ + 𝜃𝜃2 )𝑣𝑣2𝑡𝑡 
+ 𝑣𝑣3𝑡𝑡

 ∆2 𝑦𝑦2𝑡𝑡 =  𝑣𝑣1𝑡𝑡 =  𝑤𝑤1𝑡𝑡 
 ∆2 𝑦𝑦2𝑡𝑡 =  𝐴𝐴1  (𝐿𝐿) ∆2 𝑦𝑦1,𝑡𝑡−1 + 𝜃𝜃1 𝑦𝑦1,𝑡𝑡−1 − ∆ 𝑦𝑦2,𝑡𝑡−1 +  𝑤𝑤2𝑡𝑡

𝐴𝐴1 (𝐿𝐿) = 𝐷𝐷11 (𝐿𝐿) 𝑤𝑤2𝑡𝑡  = (𝑑𝑑10 + 𝜃𝜃1 )𝑣𝑣1𝑡𝑡 + 𝑣𝑣2𝑡𝑡

  ∆2 𝑦𝑦3𝑡𝑡 =  𝐴𝐴2 (𝐿𝐿)∆2 𝑦𝑦1,𝑡𝑡−1 + 𝐴𝐴3  (𝐿𝐿)∆2 𝑦𝑦2,𝑡𝑡−1
+  𝛿𝛿1  ∆ 𝑦𝑦1,𝑡𝑡−1 𝛿𝛿2 ∆ 𝑦𝑦2,𝑡𝑡−1 − 2 ∆ 𝑦𝑦3,𝑡𝑡−1

+ 𝜃𝜃3  𝑦𝑦1,𝑡𝑡−2 + 𝜃𝜃2  𝑦𝑦2,𝑡𝑡−2 − 𝑦𝑦3,𝑡𝑡−2 + 𝑤𝑤3𝑡𝑡

𝐴𝐴2 (𝐿𝐿) = 𝐷𝐷21 (𝐿𝐿) + 𝑑𝑑30 
∗∗ 𝐷𝐷11 (𝐿𝐿) − 𝐷𝐷31 

∗∗ (𝑙𝑙)𝜃𝜃1 + 𝜃𝜃2 𝐷𝐷11 (𝐿𝐿)

𝐴𝐴3  (𝐿𝐿) =  𝐷𝐷31 
∗∗  (𝐿𝐿)

𝛿𝛿1 =  𝑑𝑑30 
∗∗ 𝜃𝜃1 − 𝐷𝐷3 (1)𝜃𝜃1 + 𝜃𝜃2 𝜃𝜃1 + 2 𝜃𝜃3 + 𝜃𝜃4
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𝛿𝛿2 = 𝐷𝐷3 (1) − 𝑑𝑑30 
∗∗ + 𝜃𝜃2 

𝑤𝑤3𝑡𝑡 = (𝐷𝐷20  + 𝑑𝑑30 
∗∗  𝑑𝑑10 +  𝜃𝜃2 𝑑𝑑10 + 𝜃𝜃2 𝜃𝜃1 + 𝜃𝜃3 + 𝜃𝜃4)𝑣𝑣1𝑡𝑡 

+ (𝑑𝑑30 
∗∗ + 𝜃𝜃2 )𝑣𝑣2𝑡𝑡 +  𝑣𝑣3𝑡𝑡

Δ A(L) Δ Θ’ +ω

(
0 0 0

𝐴𝐴1(𝐿𝐿) 0 0
𝐴𝐴2(𝐿𝐿) 𝐴𝐴3(𝐿𝐿) 0

)

(
0 0 0

𝐼𝐼𝑛𝑛3 0 0
0 𝐼𝐼𝑛𝑛3 𝐼𝐼𝑛𝑛3

)

Θ′ = (
𝜃𝜃1 −𝐼𝐼𝑛𝑛2 0
𝛿𝛿1 𝛿𝛿2 −2𝐼𝐼𝑛𝑛3
0 0 0

     
0 0 0
0 0 0
𝜃𝜃3 𝜃𝜃2 −𝐼𝐼𝑛𝑛3

)

∆2𝑦𝑦𝑡𝑡
′ = (∆2𝑦𝑦1𝑡𝑡

′  , ∆2𝑦𝑦2𝑡𝑡
′  , ∆2𝑦𝑦3𝑡𝑡

′ );  ∆2𝑦𝑦𝑡𝑡 −1
′ = (∆2𝑦𝑦1 ,𝑡𝑡−1

′  , ∆2𝑦𝑦2,𝑡𝑡−1
′  , ∆2𝑦𝑦3,𝑡𝑡−1

′ )

∆𝑦𝑦𝑡𝑡 −1
′ = (∆𝑦𝑦1,𝑡𝑡−1

′  , ∆𝑦𝑦2 ,𝑡𝑡−1
′  , ∆𝑦𝑦3,𝑡𝑡−1

′ );    𝑦𝑦𝑡𝑡 −2
′

= (𝑦𝑦1,𝑡𝑡−2,
′  𝑦𝑦2,𝑡𝑡−2

′ ,  𝑦𝑦3,𝑡𝑡−2
′ )         

𝑥𝑥𝑡𝑡−1 = (∆𝑦𝑦𝑡𝑡−1, 𝑦𝑦𝑡𝑡−2)   𝑎𝑎𝑎𝑎𝑑𝑑  𝑤𝑤𝑡𝑡
′

= (𝜔𝜔1𝑡𝑡
′ ,  𝜔𝜔2𝑡𝑡

′ ,  𝜔𝜔3𝑡𝑡
′ )                                           
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Annex 2 : asymptotic properties of ML estimators 

∏̂ 1 𝑎𝑎𝑎𝑎𝑎𝑎 ∏̂ 2 𝑍𝑍1 𝑎𝑎𝑎𝑎𝑎𝑎 𝑍𝑍2.

• 𝐴𝐴11 − 𝐴𝐴12𝐴𝐴22
−1𝐴𝐴21 = �̃�𝑍1

′ �̃�𝑍1 − �̃�𝑍1
′ �̃�𝑍2

′ (�̃�𝑍2
′ �̃�𝑍2)−1�̃�𝑍2

′ 𝑍𝑍1

          = 𝑍𝑍1
′ [𝐼𝐼𝑇𝑇𝑇𝑇 − �̃�𝑍2(�̃�𝑍2

′ �̃�𝑍2)−1�̃�𝑍2
′ ] �̃�𝑍1 = �̃�𝑍1

′ �̃�𝑀2�̃�𝑍1           

  �̃�𝑍1 = (𝐼𝐼𝑇𝑇 ⊗ Ω−1
2)𝑍𝑍1 = (𝑀𝑀𝜉𝜉 Δ𝑌𝑌−1 ⊗ Ω−1

2) 𝑅𝑅1

 �̃�𝑍2 = (𝐼𝐼𝑇𝑇 ⊗ Ω−1
2) 𝑍𝑍2 = (𝑀𝑀𝜉𝜉 Δ𝑌𝑌2 ⊗ Ω−1

2) 𝑅𝑅2                

�̃�𝑀2 = 𝐼𝐼𝑇𝑇𝑇𝑇 − �̃�𝑍2(�̃�𝑍2
′ �̃�𝑍2)−1𝑍𝑍2

′

�̃�𝑍1 𝑍𝑍2 𝑎𝑎𝑎𝑎𝑎𝑎 𝑎𝑎𝑎𝑎𝑟𝑟𝑟𝑟𝑎𝑎𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑎𝑎𝑟𝑟𝑟𝑟 (𝑇𝑇𝑎𝑎 × 𝑘𝑘1) 𝑎𝑎𝑎𝑎𝑎𝑎 (𝑇𝑇𝑎𝑎 ×
 𝑘𝑘2) 𝑎𝑎𝑎𝑎𝑎𝑎 𝑜𝑜𝑜𝑜 𝑜𝑜𝑓𝑓𝑟𝑟𝑟𝑟 𝑎𝑎𝑎𝑎𝑎𝑎𝑘𝑘 𝑘𝑘1 𝑎𝑎𝑎𝑎𝑎𝑎 𝑘𝑘2. �̃�𝑀2 𝑟𝑟𝑟𝑟 𝑟𝑟𝑎𝑎𝑎𝑎𝑖𝑖𝑟𝑟𝑜𝑜𝑟𝑟𝑎𝑎𝑎𝑎𝑟𝑟 𝑤𝑤𝑟𝑟𝑟𝑟ℎ

(�̃�𝑀2) = 𝑟𝑟𝑎𝑎 [𝐼𝐼𝑇𝑇𝑇𝑇 − �̃�𝑍2(�̃�𝑍2
′ �̃�𝑍2)−1𝑍𝑍2

′ ] = 𝑟𝑟𝑎𝑎(𝐼𝐼𝑇𝑇𝑇𝑇) − 𝑟𝑟𝑎𝑎[(�̃�𝑧2
′ �̃�𝑧2)(�̃�𝑧2

′ 𝑧𝑧2)−1]

= 𝑇𝑇𝑎𝑎 − 𝑟𝑟𝑎𝑎(𝐼𝐼𝑘𝑘2 ) = 𝑇𝑇𝑎𝑎 − 𝑘𝑘2            

�̃�𝑍1
′ �̃�𝑀2𝑍𝑍1 𝑟𝑟𝑟𝑟 𝑎𝑎 𝑟𝑟𝑜𝑜𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑎𝑎 𝑎𝑎𝑎𝑎𝑜𝑜𝑟𝑟𝑎𝑎𝑟𝑟𝑟𝑟𝑎𝑎 𝑖𝑖𝑎𝑎𝑟𝑟𝑎𝑎𝑟𝑟𝑚𝑚 (𝑘𝑘1 × 𝑘𝑘1).

(𝐴𝐴11 − 𝐴𝐴12𝐴𝐴22
−1𝐴𝐴21) 

• 𝑏𝑏1 − 𝐴𝐴11𝐴𝐴22
−1𝑏𝑏2 = 𝑍𝑍 ̃1

′ (𝐼𝐼𝑇𝑇 ⊗ Ω−1
2) 𝑧𝑧 −

𝑍𝑍 ̃1
′ 𝑍𝑍 ̃2(𝑍𝑍 ̃2

′ 𝑍𝑍 ̃2)−1𝑍𝑍 ̃2
′ (𝐼𝐼𝑇𝑇 ⊗ Ω−1

2)

                             = [𝑍𝑍 ̃1′ − 𝑍𝑍 ̃2′ 𝑍𝑍 ̃2(𝑍𝑍 ̃2′ 𝑍𝑍 ̃2)−1𝑍𝑍2
′ ] (𝐼𝐼𝑇𝑇 ⊗ Ω−1

2) 𝑧𝑧          

= (𝑍𝑍 ̃1′ − 𝑍𝑍 ̃ 1
′

+ �̃�𝑍1
′ �̃�𝑀2)(𝐼𝐼𝑇𝑇 ⊗ Ω−1

2) 𝑧𝑧         
= 𝑍𝑍 ̃1′ �̃�𝑀2�̃�𝑧

𝑤𝑤𝑟𝑟𝑟𝑟ℎ 𝑧𝑧 ̃ = (𝐼𝐼𝑇𝑇 ⊗ Ω−1
2) 𝑧𝑧                                                                          

Π̂1 𝑟𝑟𝑎𝑎𝑎𝑎 𝑏𝑏𝑎𝑎 𝑎𝑎𝑎𝑎𝑤𝑤𝑎𝑎𝑟𝑟𝑟𝑟𝑟𝑟𝑎𝑎𝑎𝑎 𝑎𝑎𝑟𝑟 ∶
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Π̂1 = (𝑍𝑍 ̃1′ �̃�𝑀2𝑍𝑍 ̃1)−1𝑍𝑍 ̃1′ �̃�𝑀2𝑧𝑧 ̃

Π̂2 = (𝑍𝑍 ̃2′ �̃�𝑀2𝑍𝑍 ̃2)−1𝑍𝑍 ̃2′ �̃�𝑀1𝑧𝑧 ̃
�̃�𝑀1 = 𝐼𝐼𝑇𝑇𝑇𝑇 − �̃�𝑍1(�̃�𝑍1

′ �̃�𝑍1)−1�̃�𝑍1
′

𝑇𝑇𝑇𝑇 − 𝑘𝑘1
Π̂1 − Π1 Π̂2 − Π2

𝑤𝑤 = 𝑧𝑧 − 𝑍𝑍1Π1 − 𝑍𝑍2 Π2
(𝐼𝐼𝑇𝑇 ⊗ Ω−1/2)
�̃�𝑤 = (𝐼𝐼𝑇𝑇 ⊗ Ω−1

2) 𝑤𝑤

= (𝐼𝐼𝑇𝑇 ⊗ Ω−1
2) 𝑧𝑧 − (𝐼𝐼𝑇𝑇 ⊗ Ω−1

2) 𝑍𝑍1Π1 − (𝐼𝐼𝑇𝑇 ⊗ Ω−1
2) 𝑍𝑍2Π2

⟹ w̃ = z̃ − Z̃1Π1 − Z̃2Π2

Π̂1 = (𝑍𝑍1
′ �̃�𝑀2�̃�𝑍1)−1𝑍𝑍1

′ �̃�𝑀2(�̃�𝑤 + 𝑍𝑍1Π1 + �̃�𝑍2Π1)
(�̃�𝑍1

′ �̃�𝑀2�̃�𝑍1)−1�̃�𝑍1
′ �̃�𝑀2�̃�𝑤 + Π1

⟹ Π̂1 − Π1 = (�̃�𝑍1
′ �̃�𝑀2�̃�𝑍1)−1�̃�𝑍1

′ �̃�𝑀2�̃�𝑤
Π̂2 T Π̂2

Π̂2 − Π2 = (�̃�𝑍2
′ �̃�𝑀1�̃�𝑍2)−1�̃�𝑍2

′ �̃�𝑀1�̃�𝑤
Π̂1 T Π̂2 T2

𝑇𝑇(Π̂1 − Π1) = 𝜓𝜓1𝑇𝑇
−1  𝜌𝜌2𝑇𝑇 𝑇𝑇2(Π̂2 − Π2 ) = 𝜓𝜓2𝑇𝑇

−1 𝜌𝜌2𝑇𝑇

 𝜓𝜓1𝑇𝑇 =  𝑇𝑇−2𝑍𝑍′̅1�̅�𝑀2𝑍𝑍1̅ = 𝑇𝑇−2𝑍𝑍′̅1𝑍𝑍1 −
𝑇𝑇−3𝑍𝑍′̅ 1𝑍𝑍2̅(𝑇𝑇−4𝑍𝑍′̅ 2𝑍𝑍2̅)−1𝑇𝑇−3𝑍𝑍′̅ 2𝑍𝑍1̅

        = 𝑅𝑅′
1(𝑇𝑇−2∆𝑌𝑌′

−1𝑀𝑀𝜀𝜀∆𝑌𝑌−1 ⊗ Ω−1)𝑅𝑅1 − 𝑅𝑅′
1(𝑇𝑇−3Δ𝑌𝑌′

−1𝑀𝑀𝜀𝜀𝑌𝑌−2 ⊗
Ω−1)𝑅𝑅2

         . [𝑅𝑅′
2(𝑇𝑇−4𝑌𝑌′

−2𝑀𝑀ξ𝑌𝑌−2 ⊗ Ω−1)𝑅𝑅2]−1𝑅𝑅′
2(𝑇𝑇−3𝑌𝑌′

−2𝑀𝑀ξΔ𝑌𝑌−1

⊗ Ω−1)𝑅𝑅1
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 𝜓𝜓2𝑇𝑇 = 𝑇𝑇−4𝑍𝑍′̅2�̅�𝑀1�̅�𝑍2 = 𝑇𝑇−4𝑍𝑍′̅ 2𝑍𝑍2̅ −
𝑇𝑇−3𝑍𝑍′̅ 2𝑍𝑍1̅(𝑇𝑇−2𝑍𝑍′̅ 1𝑍𝑍1̅)−1𝑇𝑇−3𝑍𝑍′̅ 1𝑍𝑍2̅

= 𝑅𝑅′
2(𝑇𝑇−4𝑌𝑌′

−2𝑀𝑀𝜀𝜀𝑌𝑌−2 ⊗ Ω−1)𝑅𝑅2 − 𝑅𝑅′
2(𝑇𝑇−3𝑌𝑌′

−2𝑀𝑀𝜀𝜀Δ𝑌𝑌−1 ⊗ Ω−1)𝑅𝑅1

. [𝑅𝑅′
1(𝑇𝑇−2Δ𝑌𝑌′

−1𝑀𝑀𝜀𝜀Δ𝑌𝑌−1 ⊗
Ω−1)𝑅𝑅′

1]−1𝑅𝑅′
1(𝑇𝑇−3Δ𝑌𝑌′

−1𝑀𝑀𝜀𝜀𝑌𝑌−2 ⊗ Ω−1)𝑅𝑅2

 𝜌𝜌1𝑇𝑇 = 𝑇𝑇−1𝑍𝑍′̅1�̅�𝑀2�̅�𝑤 =  𝑅𝑅′
1(𝑇𝑇−1Δ𝑌𝑌′

−1𝑀𝑀𝜀𝜀 ⊗ Ω−1)𝑤𝑤 −
𝑅𝑅′

1(𝑇𝑇−3Δ𝑌𝑌′
−1𝑀𝑀𝜀𝜀𝑌𝑌−2 ⊗ Ω−1)𝑅𝑅2

. [𝑅𝑅′
2(𝑇𝑇−4𝑌𝑌′

−2𝑀𝑀𝜀𝜀𝑌𝑌−2 ⊗ Ω−1)𝑅𝑅2]−1𝑅𝑅′
2(𝑇𝑇−2𝑌𝑌′

−2𝑀𝑀𝜀𝜀 ⊗ Ω−1)𝑤𝑤

 𝜌𝜌2𝑇𝑇 = 𝑇𝑇−2𝑍𝑍′̅2�̅�𝑀1�̅�𝑤 = 𝑅𝑅′
2(𝑇𝑇−2𝑌𝑌′

−2𝑀𝑀𝜀𝜀 ⊗ Ω−1)𝑤𝑤 −
𝑅𝑅′

2(𝑇𝑇−3𝑌𝑌′
−2𝑀𝑀𝜀𝜀Δ𝑌𝑌′

−1 ⊗ Ω−1)𝑅𝑅1
. [𝑅𝑅′

1(𝑇𝑇−2Δ𝑌𝑌′
−1𝑀𝑀𝜀𝜀Δ𝑌𝑌−1 ⊗ Ω−1)𝑅𝑅1]−1𝑅𝑅′

1(𝑇𝑇−1Δ𝑌𝑌′
−1𝑀𝑀𝜀𝜀 ⊗ Ω−1)𝑤𝑤

    𝜓𝜓11𝑇𝑇 𝜓𝜓12𝑇𝑇 𝜓𝜓21𝑇𝑇 𝜓𝜓22𝑇𝑇 𝜌𝜌11𝑇𝑇 𝜌𝜌22𝑇𝑇

(𝑎𝑎)   𝜓𝜓11𝑇𝑇 = 𝑇𝑇−2Δ𝑌𝑌′
−1𝑀𝑀ξΔ𝑌𝑌−1 ⊗ Ω−1

(𝑏𝑏)   𝜓𝜓12𝑇𝑇 = 𝑇𝑇−3Δ𝑌𝑌′
−1𝑀𝑀ξ𝑌𝑌−2 ⊗ Ω−1

(𝑐𝑐)   𝜓𝜓21𝑇𝑇 = 𝑇𝑇−3𝑌𝑌′
−2𝑀𝑀ξΔ𝑌𝑌−1 ⊗ Ω−1

(𝑑𝑑)   𝜓𝜓22𝑇𝑇 =  𝑇𝑇−4𝑌𝑌′
−2𝑀𝑀ξ𝑌𝑌−2 ⊗ Ω−1

(𝑒𝑒)    𝜌𝜌11𝑇𝑇 = (𝑇𝑇−1Δ𝑌𝑌′
−1𝑀𝑀ξ ⊗ Ω−1)𝑤𝑤

(𝑓𝑓)   𝜌𝜌22𝑇𝑇 =  (𝑇𝑇−2𝑌𝑌′
−2𝑀𝑀ξ ⊗ Ω−1)𝑤𝑤

 𝜓𝜓1𝑇𝑇 =  𝑅𝑅′
1𝜓𝜓11𝑇𝑇𝑅𝑅1 −  𝑅𝑅′

1 𝜓𝜓12𝑇𝑇𝑅𝑅2[𝑅𝑅′
2𝜓𝜓22𝑇𝑇𝑅𝑅2]−1𝑅𝑅′

2𝜓𝜓21𝑇𝑇𝑅𝑅1
 𝜓𝜓2𝑇𝑇 =  𝑅𝑅′

2𝜓𝜓22𝑇𝑇𝑅𝑅2 − 𝑅𝑅′
2 𝜓𝜓21𝑇𝑇𝑅𝑅1[𝑅𝑅′

1𝜓𝜓11𝑇𝑇𝑅𝑅1]−1𝑅𝑅′
1𝜓𝜓12𝑇𝑇𝑅𝑅2

 𝜌𝜌1𝑇𝑇 = 𝑅𝑅′
1ρ11𝑇𝑇 − 𝑅𝑅′

1Ψ12𝑇𝑇𝑅𝑅2[𝑅𝑅′
2Ψ22𝑇𝑇𝑅𝑅2]−1𝑅𝑅′

2 ρ22𝑇𝑇
 𝜌𝜌2𝑇𝑇 = 𝑅𝑅′

2ρ22𝑇𝑇 − 𝑅𝑅′
2𝜓𝜓21𝑇𝑇𝑅𝑅1[𝑅𝑅′

1𝜓𝜓11𝑇𝑇𝑅𝑅1]−1𝑅𝑅′
1ρ11𝑇𝑇
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𝑆𝑆1𝑡𝑡 =
𝑡𝑡

∑ 𝜀𝜀𝑠𝑠
𝑠𝑠 = 1

𝑆𝑆2𝑡𝑡 =
𝑡𝑡

∑ 𝑆𝑆1𝑠𝑠
𝑠𝑠 = 1

𝜀𝜀𝑡𝑡 = 𝑆𝑆1𝑡𝑡 = 𝑆𝑆2𝑡𝑡 = 0

Δ2𝑦𝑦𝑡𝑡 = 𝐹𝐹(𝐿𝐿)𝜀𝜀𝑡𝑡 Δ2𝑦𝑦𝑡𝑡−𝑖𝑖 = 𝐹𝐹(𝐿𝐿)𝜀𝜀𝑡𝑡−𝑖𝑖   ∀𝑖𝑖 = 0, 1, 2 …

 

With ℇ𝑡𝑡−𝑖𝑖 = 0 𝑡𝑡 − 𝑖𝑖 ≤ 0 and 𝐹𝐹(1) =  
∞

∑ 𝑓𝑓𝑗𝑗
𝑗𝑗 = 0

< ∞

∆𝑡𝑡−𝑖𝑖  = ∆𝑦𝑦𝑡𝑡−𝑖𝑖−1 + 𝐹𝐹(𝐿𝐿)𝜀𝜀𝑡𝑡−𝑖𝑖

Δy𝑡𝑡−𝑖𝑖 = ∑ 𝐹𝐹(𝐿𝐿)𝜀𝜀𝑠𝑠

𝑡𝑡−𝑖𝑖

𝑠𝑠=1

𝐹𝐹(𝐿𝐿) 𝐹𝐹(1) + (1 − 𝐿𝐿)𝐹𝐹∗(𝐿𝐿)

Δy𝑡𝑡−𝑖𝑖 = 𝐹𝐹(1) ∑ 𝜀𝜀𝑠𝑠

𝑡𝑡−𝑖𝑖

𝑠𝑠=1
+ ∑ 𝐹𝐹∗(𝐿𝐿)Δ𝜀𝜀𝑠𝑠

𝑡𝑡−𝑖𝑖

𝑠𝑠=1

∑ 𝐹𝐹∗(𝐿𝐿)Δ𝜀𝜀𝑠𝑠 = 
𝑡𝑡−𝑖𝑖

𝑠𝑠=1
∑.
𝑡𝑡−𝑖𝑖

𝑠𝑠=1
(∑ 𝑓𝑓𝑗𝑗

∗∆𝜀𝜀𝑠𝑠−𝑗𝑗

∞

𝑗𝑗=0
) = ∑ 𝑓𝑓𝑗𝑗

∗ (∑ ∆𝜀𝜀𝑠𝑠−𝑗𝑗

𝑡𝑡−𝑖𝑖

𝑠𝑠=1
)

∞

𝑗𝑗=0

= ∑ 𝑓𝑓𝑗𝑗
∗𝜀𝜀𝑡𝑡−𝑖𝑖−𝑗𝑗 = 𝐹𝐹∗(𝐿𝐿)𝜀𝜀𝑡𝑡−𝑖𝑖

∞

𝑗𝑗=0

Δ𝑦𝑦𝑡𝑡−𝑖𝑖 = 𝐹𝐹(1)𝑆𝑆1,𝑡𝑡−𝑖𝑖 + 𝐹𝐹∗(𝐿𝐿)𝜀𝜀𝑡𝑡−𝑖𝑖

Δy𝑡𝑡−𝑖𝑖
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𝑦𝑦𝑡𝑡−𝑖𝑖 = 𝑦𝑦𝑡𝑡−𝑖𝑖−1 + 𝐹𝐹(1)𝑆𝑆1,𝑡𝑡−𝑖𝑖 + 𝐹𝐹∗(𝐿𝐿)𝜀𝜀𝑡𝑡−𝑖𝑖

= ∑[𝐹𝐹(1)𝑆𝑆1𝑠𝑠 + 𝐹𝐹∗(𝐿𝐿)𝜀𝜀𝑠𝑠]
𝑡𝑡−𝑖𝑖

𝑠𝑠=1

= 𝐹𝐹(1) ∑ 𝑆𝑆1𝑠𝑠

𝑡𝑡−𝑖𝑖

𝑠𝑠=1

+ ∑[𝐹𝐹∗(1) + (1 − 𝐿𝐿)𝐹𝐹∗∗(𝐿𝐿)]𝜀𝜀𝑠𝑠

𝑡𝑡−𝑖𝑖

𝑠𝑠=1

= 𝐹𝐹(1)𝑆𝑆2,𝑡𝑡=𝑖𝑖 + ∑ 𝐹𝐹∗(1)𝜀𝜀𝑠𝑠+ ∑ 𝐹𝐹∗∗(𝐿𝐿)Δ𝜀𝜀𝑠𝑠

𝑡𝑡−𝑖𝑖

𝑠𝑠=1

𝑡𝑡−𝑖𝑖

𝑠𝑠=1

𝑦𝑦𝑡𝑡−𝑖𝑖 = 𝐹𝐹(1)𝑆𝑆2,𝑡𝑡−𝑖𝑖 + 𝐹𝐹∗(1)𝑆𝑆1,𝑡𝑡−𝑖𝑖 + 𝐹𝐹∗∗(𝐿𝐿)ε𝑡𝑡−𝑖𝑖

Asymptotic  Limits 

𝑤𝑤𝑡𝑡 𝜀𝜀𝑡𝑡

𝑋𝑋𝑇𝑇(𝑟𝑟) = 𝑇𝑇−1
2 ∑  𝜀𝜀𝑗𝑗

𝐿𝐿
→ 𝐵𝐵(𝑟𝑟) 𝑓𝑓𝑓𝑓𝑟𝑟 𝑡𝑡 − 1

𝑇𝑇  ≤ 𝑟𝑟 <  𝑡𝑡
𝑇𝑇

𝑡𝑡−𝑖𝑖

𝑗𝑗=1

𝐵𝐵(𝑟𝑟)

𝑋𝑋0𝑇𝑇(𝑟𝑟) = 𝑇𝑇−1
2 ∑  𝜔𝜔𝑗𝑗

𝐿𝐿
→ 𝐵𝐵0(𝑟𝑟) 𝑓𝑓𝑓𝑓𝑟𝑟 𝑡𝑡 − 1

𝑇𝑇  ≤ 𝑟𝑟 <  𝑡𝑡
𝑇𝑇

𝑡𝑡−𝑖𝑖

𝑗𝑗=1
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𝐵𝐵0(𝑟𝑟) rownian motion with covariance matrix Ω.

𝜔𝜔𝑡𝑡
′ = (𝜔𝜔1𝑡𝑡

′ , 𝜔𝜔2𝑡𝑡
′ ,  𝜔𝜔3𝑡𝑡

′ )

𝐵𝐵0(𝑟𝑟)′ =  (𝐵𝐵01 (𝑟𝑟)′ , 𝐵𝐵02(𝑟𝑟)′ , 𝐵𝐵03 (𝑟𝑟)′)

∀𝑖𝑖 = 1, 2, 3, … … 𝑝𝑝 𝜀𝜀𝑡𝑡−𝑖𝑖

1. i = 1, 2, …., p 

 (𝑎𝑎)       𝑇𝑇−1
2   ∑  ∆2𝑦𝑦𝑡𝑡−𝑖𝑖 ⊗ 𝜔𝜔𝑡𝑡

𝑇𝑇

𝑡𝑡
𝐿𝐿
→  𝑁𝑁[0, 𝐸𝐸(Δ2𝑦𝑦𝑡𝑡−𝑖𝑖 Δ2𝑦𝑦′

𝑡𝑡−𝑖𝑖 ) ⊗ 𝐸𝐸(𝜔𝜔𝑡𝑡𝜔𝜔′
𝑡𝑡)]

∗    𝐸𝐸 (𝜔𝜔𝑡𝑡𝜔𝜔′
𝑡𝑡) =  Ω

∗ 𝐸𝐸(Δ2𝑦𝑦𝑡𝑡−𝑖𝑖 Δ2𝑦𝑦′
𝑡𝑡−𝑖𝑖 ) = 𝐸𝐸[𝐹𝐹(𝐿𝐿) 𝜀𝜀𝑡𝑡−𝑖𝑖 𝜀𝜀𝑡𝑡−𝑖𝑖 𝐹𝐹(𝐿𝐿)′] =

𝐹𝐹(𝐿𝐿)𝐹𝐹(𝐿𝐿−1)′

(b) for all s = 0,  1,  2,……

𝑇𝑇−1Δ2𝑌𝑌′
−𝑖𝑖 Δ2𝑌𝑌 = 𝑇𝑇−1 ∑  ∆2𝑦𝑦𝑡𝑡−𝑖𝑖 Δ2𝑦𝑦′

𝑡𝑡−𝑠𝑠−𝑖𝑖  
𝑇𝑇

𝑡𝑡=𝑖𝑖+1

𝑃𝑃
→ 𝐸𝐸(Δ2𝑦𝑦𝑡𝑡−𝑖𝑖 Δ2𝑦𝑦′

𝑡𝑡−𝑠𝑠−𝑖𝑖 )

∗ 𝐸𝐸(Δ2 𝑦𝑦𝑡𝑡−𝑖𝑖 Δ2𝑦𝑦′
𝑡𝑡−𝑖𝑖−𝑠𝑠) = ∑ 𝑓𝑓𝑗𝑗+𝑠𝑠𝑓𝑓 ′

𝑗𝑗 = 𝛾𝛾𝑠𝑠

∞

𝑗𝑗=0

⟹  𝑇𝑇−1𝜉𝜉′
−1𝜉𝜉1 = 𝑇𝑇−1 ∑ 𝜉𝜉𝑡𝑡−1𝜉𝜉−1

𝑇𝑇

𝑡𝑡=1

𝐿𝐿
→ Γ

= (
𝛾𝛾0 𝛾𝛾1 … 𝛾𝛾𝑝𝑝

𝛾𝛾−1 𝛾𝛾0 … 𝛾𝛾𝑝𝑝−1
⋮

𝛾𝛾−𝑝𝑝
⋮

𝛾𝛾−𝑝𝑝+1

…
…

⋮
𝛾𝛾0

)
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𝑇𝑇−1Δ𝑌𝑌′
−1Δ2𝑌𝑌−𝑖𝑖 = 𝑇𝑇−1 ∑ ∆𝑦𝑦𝑡𝑡−1∆2𝑦𝑦′

𝑡𝑡−𝑖𝑖
𝑇𝑇
𝑡𝑡=𝑖𝑖+1

=  𝑇𝑇−1  ∑ [𝐹𝐹(1)𝑆𝑆1,𝑡𝑡−1 + 𝐹𝐹∗(𝐿𝐿)ε𝑡𝑡−1][𝐹𝐹(𝐿𝐿)𝜀𝜀𝑡𝑡−𝑖𝑖 ]′
𝑇𝑇

𝑡𝑡=𝑖𝑖+1

= 𝐹𝐹(1)𝑇𝑇−1 ∑ 𝑆𝑆1,𝑡𝑡−1

𝑇𝑇

𝑡𝑡=𝑖𝑖+1
[𝐹𝐹(𝐿𝐿)𝜀𝜀𝑡𝑡−𝑖𝑖 ]′

+ 𝑇𝑇−1 ∑ [𝐹𝐹∗(𝐿𝐿)𝜀𝜀𝑡𝑡−1][𝐹𝐹(𝐿𝐿)𝜀𝜀𝑡𝑡−1]′
𝑇𝑇

𝑡𝑡=𝑖𝑖+1

=   𝐹𝐹(1)𝑇𝑇−1 ∑ 𝑆𝑆1,𝑡𝑡−1[𝐹𝐹(𝐿𝐿)𝐿𝐿𝑖𝑖−1𝜀𝜀𝑡𝑡=1]
𝑇𝑇

𝑡𝑡=𝑖𝑖+1
′

+ 𝑇𝑇−1 ∑ [𝐹𝐹∗(𝐿𝐿)𝜀𝜀𝑡𝑡−1][𝐹𝐹(𝐿𝐿)𝜀𝜀𝑡𝑡−1]′
𝑇𝑇

𝑡𝑡=𝑖𝑖+1

𝐿𝐿
→ 𝐹𝐹(1) [∫ 𝐵𝐵(𝑟𝑟)𝑑𝑑𝐵𝐵(𝑟𝑟)′

1

0
�̃�𝐹(1)′ + �̃�𝐹(1)′ + Γ𝑖𝑖−1

∗ ]

�̃�𝐹(𝐿𝐿) = 𝐹𝐹(𝐿𝐿)𝐿𝐿𝑖𝑖−1 �̃�𝐹(1) = 𝐹𝐹(1)

Γ𝑖𝑖−1
∗ = 𝐸𝐸([𝐹𝐹∗(𝐿𝐿)𝜀𝜀𝑡𝑡−1][𝐹𝐹(𝐿𝐿)𝜀𝜀𝑡𝑡−𝑖𝑖 ]′)

= ∑ 𝑓𝑓𝑗𝑗+𝑖𝑖−1
∗ 𝑓𝑓𝑗𝑗

′
∞

𝑗𝑗=0

⇒ 𝑇𝑇−1∆𝑌𝑌′
−1∆2𝑌𝑌−𝑖𝑖

𝐿𝐿
→ 𝐹𝐹(1) ∫ 𝐵𝐵(𝑟𝑟)𝑑𝑑𝐵𝐵(𝑟𝑟)′

1

0
𝐹𝐹(1)′ + ∆𝑖𝑖

𝑊𝑊ℎ𝑒𝑒𝑟𝑟𝑒𝑒  ∆𝑖𝑖 = 𝐹𝐹(1)𝐹𝐹(1)′ + ∑ 𝑓𝑓𝑗𝑗+𝑖𝑖−1
∗ 𝑓𝑓𝑗𝑗

′
∞

𝑗𝑗=0
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𝑇𝑇−1∆𝑌𝑌−1
′ 𝜉𝜉−1 = 𝑇𝑇−1 ∑ Δy𝑡𝑡−1𝜉𝜉′

𝑡𝑡−1

𝑇𝑇

𝑡𝑡=1

= 𝑇𝑇−1 ∑ Δ𝑦𝑦𝑡𝑡−1[Δ2𝑦𝑦′𝑡𝑡−1 Δ2𝑦𝑦′𝑡𝑡−2   . . . . Δ2𝑦𝑦𝑡𝑡 −𝑝𝑝
′ ]

𝑇𝑇

𝑡𝑡=1

⇒ 𝑇𝑇−1Δ𝑌𝑌−1 
′ 𝜉𝜉−1

𝐿𝐿
→ 𝜏𝜏𝑝𝑝

′ ⊗ 𝐹𝐹(1) ∫ 𝐵𝐵(𝑟𝑟)𝑑𝑑𝐵𝐵(𝑟𝑟)′𝐹𝐹(1)′ + Δ
1

0

τ𝑝𝑝 p Δ = [Δ1  Δ2 … .   Δ𝑝𝑝]

𝑇𝑇−2𝑌𝑌′
−2Δ2𝑌𝑌−𝑖𝑖 = 𝑇𝑇−2  ∑ 𝑦𝑦𝑡𝑡−2Δ2 𝑦𝑦′

𝑡𝑡=𝑖𝑖
𝑇𝑇
𝑡𝑡=𝑖𝑖+1

=  𝑇𝑇−2 ∑ [𝐹𝐹(1)𝑆𝑆2,𝑡𝑡−2 + 𝐹𝐹∗(1)𝑆𝑆1,𝑡𝑡−2 + 𝐹𝐹∗∗(𝐿𝐿)𝜀𝜀𝑡𝑡−2][𝐹𝐹(𝐿𝐿)𝜀𝜀𝑡𝑡−1]
𝑇𝑇

𝑡𝑡=𝑖𝑖+1

= 𝐹𝐹(1)𝑇𝑇−2  ∑ 𝑆𝑆2,𝑡𝑡−2

𝑇𝑇

𝑡𝑡
[𝐹𝐹(𝐿𝐿)𝜀𝜀𝑡𝑡−𝑖𝑖 ]′

+ 𝐹𝐹∗(1)𝑇𝑇−2 ∑ 𝑆𝑆1,𝑡𝑡−2[𝐹𝐹(𝐿𝐿)𝜀𝜀𝑡𝑡−𝑖𝑖 ]′
𝑇𝑇

𝑡𝑡=𝑖𝑖+1

+ 𝑇𝑇−2 ∑ [𝐹𝐹∗∗(𝐿𝐿)𝜀𝜀𝑡𝑡−2][𝐹𝐹(𝐿𝐿)𝜀𝜀𝑡𝑡−𝑖𝑖 ]′𝑇𝑇
𝑡𝑡=𝑖𝑖+1  

• 𝑇𝑇−2  ∑ 𝑆𝑆2,𝑡𝑡−2 
𝑇𝑇
𝑡𝑡=𝑖𝑖+1  [𝐹𝐹 (𝐿𝐿) 𝜀𝜀𝑡𝑡−𝑖𝑖 ]′ =

 𝑇𝑇−2  ∑ 𝑆𝑆2,𝑡𝑡−2 [𝐹𝐹 ̈   (𝐿𝐿)𝜀𝜀𝑡𝑡−2]′𝑇𝑇
𝑡𝑡=𝑖𝑖+1

𝐿𝐿 
→ ∫ �̅�𝐵 (𝑟𝑟) 𝑑𝑑𝐵𝐵 (𝑟𝑟)′

1

0
𝐹𝐹 ̈ (1)′

�̈�𝐹 (𝐿𝐿) = 𝐹𝐹 (𝐿𝐿) = 𝐹𝐹 (𝐿𝐿)𝐿𝐿𝑖𝑖−2, 𝐹𝐹 ̈  (1) = 𝐹𝐹 (1)

⟹ 𝑇𝑇−2 ∑ 𝑆𝑆2,𝑡𝑡−2

𝑇𝑇

𝑡𝑡=𝑖𝑖−1
[𝐹𝐹 (𝐿𝐿)𝜀𝜀𝑡𝑡−𝑖𝑖 ]′ 𝐿𝐿

→ ∫ �̅�𝐵
1

0
(𝑟𝑟)𝑑𝑑𝐵𝐵(𝑟𝑟)′𝐹𝐹(1)′
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• 𝑇𝑇−2  ∑ 𝑆𝑆1,𝑡𝑡−2 [𝐹𝐹 (𝐿𝐿)𝜀𝜀𝑡𝑡−𝑖𝑖 ]′ =𝑇𝑇
𝑡𝑡=𝑖𝑖+1 

 𝑇𝑇−1  𝑇𝑇−1  ∑ 𝑆𝑆1,𝑡𝑡−2 [�̈�𝐹 (𝐿𝐿)𝜀𝜀𝑡𝑡−2]′𝑇𝑇
𝑡𝑡

𝐿𝐿 
→  0 [∫ 𝐵𝐵 (𝑟𝑟)𝑑𝑑𝐵𝐵 (𝑟𝑟)′ 𝐹𝐹 ̈1

0  (1)′] = 0

• 𝑇𝑇−2  ∑ [𝐹𝐹∗∗ (𝐿𝐿)𝜀𝜀𝑡𝑡−2]𝑇𝑇
𝑡𝑡=𝑖𝑖+1 𝜀𝜀𝑡𝑡−𝑖𝑖]’

= 𝑇𝑇−1 𝑇𝑇−1 ∑ [𝐹𝐹∗∗ (𝐿𝐿)𝜀𝜀𝑡𝑡−2 ]𝑇𝑇
𝑡𝑡=𝑖𝑖+1 [𝐹𝐹(𝐿𝐿)𝜀𝜀𝑡𝑡−𝑖𝑖 ]′

𝐿𝐿
→  0 ∑ 𝑓𝑓𝑗𝑗+𝑖𝑖−2

∗∗
∞

𝑗𝑗=0
 𝑓𝑓𝑗𝑗 = 0 

𝑇𝑇−2 𝑌𝑌−2 
′ ∆2 𝑌𝑌−1 

𝐿𝐿
→ 𝐹𝐹(1) ∫ 𝐵𝐵 ̅1

0 (𝑟𝑟)𝑑𝑑𝐵𝐵(𝑟𝑟)′𝐹𝐹(1)′

⟹ 𝑇𝑇−2 𝑌𝑌−2
′ 𝜉𝜉−1

𝐿𝐿
→ 𝜏𝜏𝑝𝑝 ⊗ 𝐹𝐹(1) ∫ 𝐵𝐵 ̅1

0 (𝑟𝑟)𝑑𝑑𝐵𝐵(𝑟𝑟)′𝐹𝐹(1)′

2. (𝑎𝑎)𝑇𝑇−2  ∆ 𝑌𝑌−1 
′   ∆ 𝑌𝑌−1 =  𝑇𝑇−2  ∑ ∆ 𝑦𝑦𝑡𝑡−1  ∆  𝑦𝑦−1 

′
𝑇𝑇

𝑡𝑡=1 

= 𝑇𝑇−2 ∑ [𝐹𝐹(1)𝑆𝑆1,𝑡𝑡−1 + 𝐹𝐹∗(𝐿𝐿)𝜀𝜀𝑡𝑡−1]
𝑇𝑇

𝑡𝑡=1 
[𝐹𝐹(1)𝑆𝑆1,𝑡𝑡−1 + 𝐹𝐹∗ (𝐿𝐿)𝜀𝜀𝑡𝑡−1]′

= 𝐹𝐹(1)𝑇𝑇−2 ∑ 𝑆𝑆1,𝑡𝑡−1 𝑆𝑆1,𝑡𝑡−1
′  𝐹𝐹 (1)′ +𝑇𝑇

𝑡𝑡=1
 𝑇𝑇−1 𝐹𝐹 (1) 𝑇𝑇−1  ∑ 𝑆𝑆 1,𝑡𝑡−1

𝑇𝑇
𝑡𝑡=1 [𝐹𝐹∗ (𝐿𝐿)𝜀𝜀𝑡𝑡−1]′

+ 𝑇𝑇−1  𝑇𝑇−1 ∑[𝐹𝐹∗ (𝐿𝐿)𝜀𝜀𝑡𝑡−1

𝑇𝑇

𝑡𝑡=1
]′  + 𝑇𝑇−1 𝑇𝑇−1 ∑[𝐹𝐹∗ (𝐿𝐿)𝜀𝜀𝑡𝑡−1 ]

𝑇𝑇

𝑡𝑡=1
 [𝐹𝐹∗ (𝐿𝐿)𝜀𝜀𝑡𝑡−1 ]′

𝑇𝑇−1 ∑ 𝑆𝑆1,𝑡𝑡−1 
𝑇𝑇
𝑡𝑡=1 [𝐹𝐹∗  (𝐿𝐿)𝜀𝜀𝑡𝑡−1]′ , 𝑇𝑇−1  ∑ [ 𝐹𝐹∗𝑇𝑇

𝑡𝑡=1  (𝐿𝐿)𝜀𝜀𝑡𝑡−1][ 𝐹𝐹∗ (𝐿𝐿)𝜀𝜀𝑡𝑡−1]′

𝑇𝑇−1 ∑ [ 𝐹𝐹∗ 𝑇𝑇
𝑡𝑡=1  (𝐿𝐿)𝜀𝜀𝑡𝑡−1] [𝐹𝐹∗ (𝐿𝐿)𝜀𝜀𝑡𝑡−1]′ 

𝑇𝑇−1 
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𝑇𝑇−2∆ 𝑌𝑌−1
′  ∆ 𝑌𝑌−1 ≅𝑎𝑎𝑎𝑎 𝐹𝐹 (1) 𝑇𝑇−2  ∑ 𝑆𝑆1,𝑡𝑡−1𝑆𝑆1,𝑡𝑡−  1

′ 𝐹𝐹(1)
𝑇𝑇

𝑡𝑡=1

𝐿𝐿
→ 𝐹𝐹(1) ∫ 𝐵𝐵(𝑟𝑟)𝐵𝐵(𝑟𝑟)′𝑑𝑑𝑟𝑟1

0 𝐹𝐹(1)′

⇒ 𝑇𝑇−2 ∆  𝑌𝑌−1
′ ∆𝑌𝑌−1

𝐿𝐿
→  𝐹𝐹(1) ∫ 𝐵𝐵(𝑟𝑟)1

0 𝐵𝐵(𝑟𝑟)’ dr F(1)’

(𝑏𝑏)  𝑇𝑇−3∆  𝑌𝑌−1
′ 𝑌𝑌−2 = 𝑇𝑇−3 ∑ ∆𝑦𝑦𝑡𝑡−1

𝑇𝑇
𝑡𝑡 𝑦𝑦𝑡𝑡 −2

′

= 𝑇𝑇−3  ∑[𝐹𝐹(1)𝑆𝑆1,𝑡𝑡−1𝐹𝐹∗(𝐿𝐿)𝜀𝜀𝑡𝑡−1  ]
𝑇𝑇

𝑡𝑡
[𝐹𝐹(1)𝑆𝑆2,𝑡𝑡−2 + 𝐹𝐹∗(1)𝑆𝑆1,𝑡𝑡−2

+ 𝐹𝐹∗∗(𝐿𝐿)𝜀𝜀𝑡𝑡−2]

 (𝑎𝑎)

(𝑏𝑏)   𝑇𝑇−3∆  𝑌𝑌−1
′ 𝑌𝑌−2 ≅𝑎𝑎𝑎𝑎 (1)𝑇𝑇−3 ∑ 𝑆𝑆1,𝑡𝑡−1

𝑇𝑇
𝑡𝑡=1 𝑆𝑆′

2,𝑡𝑡−2 (1)′

                          
𝐿𝐿
→  (1) ∫ 𝐵𝐵(𝑟𝑟)1

0 (𝑟𝑟)’dr F(1)’

⇒ 𝑇𝑇−3∆  𝑌𝑌−1
′ 𝑌𝑌−2

𝐿𝐿
→  𝐹𝐹(1) ∫ 𝐵𝐵(𝑟𝑟)1

0 𝐵𝐵(𝑟𝑟)’ dr F(1)’

𝑇𝑇−1𝑌𝑌−1
′ 𝑌𝑌−1 = 𝑇𝑇−1 ∑ 𝑦𝑦𝑡𝑡−2𝑦𝑦𝑡𝑡−2

′𝑇𝑇
𝑡𝑡

𝑇𝑇−4 ∑ [𝐹𝐹(1)𝑆𝑆2,𝑡𝑡−2 + 𝐹𝐹∗(1)𝑆𝑆1,𝑡𝑡−2 + 𝐹𝐹∗∗(𝐿𝐿)𝜀𝜀𝑡𝑡−2 ]𝑇𝑇
𝑡𝑡=1 ’

× [𝐹𝐹(1)𝑆𝑆2,𝑡𝑡−2 + 𝐹𝐹∗(1)𝑆𝑆1,𝑡𝑡−2 + 𝐹𝐹∗∗(𝐿𝐿)𝜀𝜀𝑡𝑡−2 ]′

. (𝑎𝑎) (𝑏𝑏)

𝑇𝑇−4𝑌𝑌′
−1𝑌𝑌′

−1 = 𝑇𝑇−4 ∑ 𝑦𝑦𝑡𝑡−2
𝑇𝑇
𝑡𝑡=1 𝑦𝑦𝑡𝑡−2

𝑎𝑎𝑎𝑎
≅ (1)𝑇𝑇−4 ∑ 𝑆𝑆2,𝑡𝑡−2

𝑇𝑇
𝑡𝑡 𝑆𝑆′

2,𝑡𝑡−2 (1)’

                                          
𝐿𝐿
→  𝐹𝐹(1) ∫ �̅�𝐵(𝑟𝑟)1

0 �̅�𝐵(𝑟𝑟)’ dr F(1)’

                               𝑇𝑇−4𝑌𝑌′
−2𝑌𝑌−2

𝐿𝐿
→  𝐹𝐹(1) ∫ 𝐵𝐵(𝑟𝑟)1

0 𝐵𝐵(𝑟𝑟)’ dr F(1)’

  (𝑎𝑎)  𝑇𝑇−1(∆𝑌𝑌−1
′ ⊗ 𝐼𝐼𝑛𝑛)w = 𝑇𝑇−1 ∑ ∆𝑇𝑇

𝑡𝑡=1 𝑦𝑦𝑡𝑡−1 ⊗ 𝑤𝑤𝑡𝑡
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= [𝑇𝑇−1 ∑ 𝑤𝑤𝑡𝑡∆𝑦𝑦′𝑡𝑡−1𝑇𝑇
𝑡𝑡=1 ] = [(𝑇𝑇−1∆𝑦𝑦𝑡𝑡−1𝑤𝑤′𝑡𝑡)′]

• 𝑇𝑇−  1  ∑ ∆ 𝑦𝑦𝑡𝑡−1 𝑤𝑤𝑡𝑡 ′𝑇𝑇
𝑡𝑡=1  =   𝑇𝑇−1  ∑   [𝐹𝐹 (1)𝑆𝑆1,𝑡𝑡− 1 +𝑇𝑇

𝑡𝑡=1
 𝐹𝐹 ∗ (𝐿𝐿) 𝜀𝜀𝑡𝑡−1 ]𝑤𝑤𝑡𝑡′

= 𝐹𝐹 (1) 𝑇𝑇−1 ∑𝑆𝑆1 𝑡𝑡−1  𝑤𝑤𝑡𝑡 ′ + 𝑇𝑇−1  ∑[𝐹𝐹∗(𝐿𝐿)𝜀𝜀𝑡𝑡−1𝑤𝑤𝑡𝑡′]
𝑇𝑇

𝑡𝑡=1

𝑇𝑇

𝑡𝑡−1

𝑤𝑤𝑡𝑡  𝜀𝜀𝑡𝑡−1

𝑇𝑇−1  ∑𝑆𝑆1,𝑡𝑡−1 𝑤𝑤𝑡𝑡 ′
𝑇𝑇

𝑡𝑡=1
 
𝐿𝐿    
→   ∫ 𝐵𝐵(𝑟𝑟)𝑑𝑑𝐵𝐵0  (𝑟𝑟)′

1

0

𝑇𝑇−1 ∑   ( 𝐹𝐹∗  (𝐿𝐿) 𝜀𝜀𝑡𝑡−1  )𝑤𝑤𝑡𝑡  ′𝑇𝑇
𝑡𝑡=1

𝐿𝐿 
→  0  

𝑇𝑇−1 ∑  ∆ 𝑦𝑦𝑡𝑡−1   𝑇𝑇
𝑡𝑡=1 𝑤𝑤𝑡𝑡 ′

𝐿𝐿
→ 𝐹𝐹(1) ∫ 𝐵𝐵 (𝑟𝑟)𝑑𝑑 𝐵𝐵0 

1
0 (𝑟𝑟)′

(𝑇𝑇−1  ∑ 𝑤𝑤𝑡𝑡𝑇𝑇
𝑡𝑡=1  ∆ 𝑦𝑦 𝑡𝑡−1  ′  )

𝐿𝐿
→  𝑣𝑣𝑣𝑣𝑣𝑣 [∫ 𝑑𝑑𝐵𝐵0 (𝑟𝑟)  𝐵𝐵 (𝑟𝑟)′𝐹𝐹 (1)′]

1
0

= ∫ 𝐹𝐹(1)𝐵𝐵(𝑟𝑟) ⊗ 𝑑𝑑𝐵𝐵0    (𝑟𝑟)
1

0

 ⟹ 𝑇𝑇−1  (∆ 𝑌𝑌−1  ′ ⊗ 𝐼𝐼𝑛𝑛 )𝑤𝑤 
𝐿𝐿 
→ [𝐹𝐹 (1)  ⊗ 𝐼𝐼𝑛𝑛  ]∫ 𝐵𝐵 (𝑟𝑟) ⊗ 𝑑𝑑 𝐵𝐵0

1

0
 (𝑟𝑟)

𝑇𝑇−2 (𝑌𝑌−2   ′ ⨂𝐼𝐼𝑛𝑛)𝑤𝑤 =  𝑇𝑇−2 ∑ 𝑦𝑦𝑡𝑡−2𝑇𝑇
𝑡𝑡=1  ⊗  𝑤𝑤𝑡𝑡 =

𝑣𝑣𝑣𝑣𝑣𝑣 [(𝑇𝑇−2 ∑ 𝑦𝑦𝑡𝑡−2𝑤𝑤𝑡𝑡′𝑇𝑇
𝑡𝑡=1 )′]

• 𝑇𝑇−2 ∑ 𝑦𝑦𝑡𝑡−2𝑤𝑤𝑡𝑡′𝑇𝑇
𝑡𝑡=1 = 𝑇𝑇−2 ∑ [𝐹𝐹(1)𝑆𝑆2,𝑡𝑡−2 + 𝐹𝐹∗(1)𝑆𝑆1,𝑡𝑡−1 +𝑇𝑇

𝑡𝑡=1
𝐹𝐹∗∗(𝐿𝐿)𝜀𝜀𝑡𝑡−2]𝑤𝑤′𝑡𝑡
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= 𝐹𝐹(1)𝑇𝑇−2 ∑ 𝑆𝑆2,𝑡𝑡−2𝑤𝑤 ′
𝑡𝑡 +

𝑇𝑇

𝑡𝑡=1
𝑇𝑇−1𝐹𝐹∗(1)𝑇𝑇−1 ∑ 𝑆𝑆1,𝑡𝑡−2𝑤𝑤 ′

𝑡𝑡

𝑇𝑇

𝑡𝑡=1

+ 𝑇𝑇−2 ∑[𝐹𝐹∗∗(𝐿𝐿)𝜀𝜀𝑡𝑡−2]
𝑡𝑡

𝑡𝑡=1
𝑤𝑤 ′

𝑡𝑡

𝐿𝐿
→  𝐹𝐹(1)  ∫ �̅�𝐵 (𝑟𝑟)𝑑𝑑 𝐵𝐵0 

1

0
 (𝑟𝑟)′ + 0 ∫ 𝐵𝐵 (𝑟𝑟)𝑑𝑑 𝐵𝐵0 

1

0
 (𝑟𝑟)′ + 0

  𝑇𝑇−2 ∑ 𝑤𝑤 ′
𝑡𝑡𝑦𝑦′

𝑡𝑡−2
𝐿𝐿
→𝑇𝑇

𝑡𝑡=1 ∫ 𝑑𝑑 𝐵𝐵0  (𝑟𝑟)′ �̅�𝐵 (𝑟𝑟) 𝐹𝐹(1)1
0

[𝑇𝑇−2 ∑ 𝑤𝑤 ′
𝑡𝑡𝑦𝑦′

𝑡𝑡−2
𝑇𝑇
𝑡𝑡=1 ]

𝐿𝐿
→ [∫ 𝑑𝑑 𝐵𝐵0  (𝑟𝑟)  �̅�𝐵 (𝑟𝑟)′ 𝐹𝐹(1)1

0 ′] =
∫ 𝐹𝐹 (1)𝐵𝐵 ̅(𝑟𝑟) ⊗ 𝑑𝑑 𝐵𝐵0 (𝑟𝑟)1

0

⟹  𝑇𝑇−2(𝑌𝑌′
−2⨂𝐼𝐼𝑛𝑛)𝑤𝑤

𝐿𝐿
→ [𝐹𝐹(1)⨂𝐼𝐼𝑛𝑛] ∫ �̅�𝐵(𝑟𝑟) ⊗ 𝑑𝑑𝐵𝐵0(𝑟𝑟)

1

0

(1), (2) 𝑎𝑎𝑎𝑎𝑑𝑑  (3)  𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎, 𝑡𝑡ℎ𝑎𝑎 𝑓𝑓𝑎𝑎𝑓𝑓𝑓𝑓𝑎𝑎𝑤𝑤𝑓𝑓𝑎𝑎𝑓𝑓 𝑟𝑟𝑎𝑎𝑟𝑟𝑟𝑟𝑓𝑓𝑡𝑡 𝑐𝑐𝑎𝑎𝑎𝑎 𝑎𝑎𝑎𝑎 𝑑𝑑𝑎𝑎𝑟𝑟𝑓𝑓𝑎𝑎𝑎𝑎𝑑𝑑 :

∗ 𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍 𝒐𝒐𝒐𝒐 𝝍𝝍𝟏𝟏𝟏𝟏𝟏𝟏  

𝑇𝑇−2∆𝑌𝑌′
−1𝑀𝑀𝜉𝜉 Δ𝑌𝑌−1

= 𝑇𝑇−2∆𝑌𝑌′
−1 Δ𝑌𝑌−1

− 𝑇𝑇−1𝑇𝑇−1∆𝑌𝑌′
−1𝜉𝜉−1(𝑇𝑇−1𝜉𝜉−1𝜉𝜉−1)−1𝑇𝑇−1𝜉𝜉′

−1 Δ𝑌𝑌−1

  𝑇𝑇−1𝜉𝜉−1𝜉𝜉−1   𝑇𝑇−1∆𝑌𝑌′
−1𝜉𝜉−1

𝑇𝑇−1𝜉𝜉′
−1 Δ𝑌𝑌−1  ℎ𝑎𝑎𝑎𝑎𝑎𝑎 𝑓𝑓𝑓𝑓𝑎𝑎𝑓𝑓𝑡𝑡𝑎𝑎  𝑓𝑓𝑓𝑓𝑙𝑙𝑓𝑓𝑡𝑡𝑟𝑟 𝑎𝑎𝑎𝑎𝑑𝑑 𝑡𝑡ℎ𝑎𝑎𝑡𝑡 𝑇𝑇−1 𝑓𝑓𝑎𝑎𝑎𝑎𝑟𝑟 𝑡𝑡𝑎𝑎 𝑧𝑧𝑎𝑎𝑟𝑟𝑎𝑎, 𝑤𝑤𝑎𝑎 𝑓𝑓𝑎𝑎𝑡𝑡

𝑇𝑇−2∆𝑌𝑌′
−1𝑀𝑀𝜉𝜉 Δ𝑌𝑌−1

𝑎𝑎𝑟𝑟
≃ 𝑇𝑇−2∆𝑌𝑌′

−1 Δ𝑌𝑌−1

⟹  𝜓𝜓11𝑇𝑇
𝑎𝑎𝑟𝑟
≃ 𝑇𝑇−2∆𝑌𝑌′

−1 𝛥𝛥𝑌𝑌−1⨂Ω−1 𝐿𝐿
→ 𝐹𝐹(1) ∫ 𝐵𝐵(𝑟𝑟)𝐵𝐵(𝑟𝑟)′𝑑𝑑𝑟𝑟 𝐹𝐹(1)′

1

0
⨂Ω−1

≡ 𝜓𝜓11
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• Limit of 𝝍𝝍𝟏𝟏𝟏𝟏𝟏𝟏  
𝑇𝑇−3∆𝑌𝑌′

−1𝑀𝑀𝜉𝜉 Δ𝑌𝑌−2
= 𝑇𝑇−3∆𝑌𝑌′

−1𝑌𝑌−2
− 𝑇𝑇−1𝑇𝑇−1∆𝑌𝑌′

−1𝜉𝜉−1(𝑇𝑇−1𝜉𝜉′−1𝜉𝜉−1)−1𝑇𝑇−2𝜉𝜉′
−1 Δ𝑌𝑌−2

𝑇𝑇−3𝜉𝜉′
−1 Δ𝑌𝑌−2 has finite limit,we have

𝑇𝑇−3∆𝑌𝑌′
−1𝑀𝑀𝜉𝜉 Δ𝑌𝑌−2

𝑎𝑎𝑎𝑎
≃  𝑇𝑇−3∆𝑌𝑌′

−1𝑌𝑌−2

⟹  𝜓𝜓12𝑇𝑇
𝑎𝑎𝑎𝑎
≃  𝑇𝑇−3∆𝑌𝑌′

−1𝑌𝑌−2⨂Ω−1

𝐿𝐿
→ 𝐹𝐹(1) ∫ 𝐵𝐵(𝑟𝑟)𝐵𝐵(𝑟𝑟)′𝑑𝑑𝑟𝑟 𝐹𝐹(1)′1

0 ⨂Ω−1 ≡ 𝜓𝜓12

• Limit  of 𝝍𝝍𝟏𝟏𝟏𝟏𝟏𝟏 

𝜓𝜓21𝑇𝑇 = 𝜓𝜓′
12𝑇𝑇

𝐿𝐿
→ 𝜓𝜓′

12 =  𝐹𝐹(1) ∫ 𝐵𝐵(𝑟𝑟)𝐵𝐵(𝑟𝑟)′𝑑𝑑𝑟𝑟 𝐹𝐹(1)′
1

0
⨂Ω−1 ≡ 𝜓𝜓21

 
 

• Limit of 𝝍𝝍𝟏𝟏𝟏𝟏𝟏𝟏 
𝑇𝑇−4𝑌𝑌′

−2𝑀𝑀𝜉𝜉 𝑌𝑌−2
= 𝑇𝑇−4𝑌𝑌′

−2𝑌𝑌′
−2

− 𝑇𝑇−1𝑇𝑇−2 𝑌𝑌′
−2𝜉𝜉−1(𝑇𝑇−1 𝜉𝜉′−1𝜉𝜉−1)−1𝑇𝑇−2𝜉𝜉′

−1 Δ𝑌𝑌−2

𝑇𝑇−1𝜉𝜉′−1𝜉𝜉−1 𝑎𝑎𝑎𝑎𝑑𝑑  𝑇𝑇−2𝑌𝑌′
−2𝜉𝜉−1  

𝑇𝑇−1

𝑇𝑇−4𝑌𝑌′
−2𝑀𝑀𝜉𝜉 𝑌𝑌−2

𝑎𝑎𝑎𝑎
≃  𝑇𝑇−4𝑌𝑌′

−2𝑌𝑌′
−2

⟹ 𝜓𝜓22𝑇𝑇
𝑎𝑎𝑎𝑎
≃ 𝑇𝑇−4𝑌𝑌′

−2𝑌𝑌′
−2⨂Ω−1

𝐿𝐿
→ 𝐹𝐹(1) ∫ 𝐵𝐵(𝑟𝑟)𝐵𝐵(𝑟𝑟)′𝑑𝑑𝑟𝑟 𝐹𝐹(1)′1

0 ⨂Ω−1 ≡ 𝜓𝜓22

• Limit of 𝝆𝝆𝟏𝟏𝟏𝟏𝟏𝟏  
𝑇𝑇−1  (∆ 𝑌𝑌−1

′  𝑀𝑀𝜉𝜉 ⊗ 𝐼𝐼𝑛𝑛)𝑤𝑤
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=  𝑇𝑇−1  (∆ 𝑌𝑌−1   
′ ⨂ 𝐼𝐼𝑛𝑛 )𝑤𝑤 

−  𝑇𝑇− 12  [𝑇𝑇−1  ∆ 𝑌𝑌−1 
′  𝜉𝜉−1  (𝑇𝑇−1 𝜉𝜉−1 

′ 𝜉𝜉−1)−1  ⊗  𝐼𝐼𝑛𝑛] 𝑇𝑇− 12 (𝜉𝜉−1 
′  

⊗  𝐼𝐼𝑛𝑛)𝑤𝑤

 𝑇𝑇− 12 (𝜉𝜉−1 
′  ⊗ 𝐼𝐼𝑛𝑛) 𝑤𝑤

𝑇𝑇− 12  

 𝑇𝑇−1  ( ∆ 𝑌𝑌−1 
′  𝑀𝑀𝜉𝜉  ⊗   𝐼𝐼𝑛𝑛 )𝑤𝑤  ≅𝑎𝑎𝑎𝑎   𝑇𝑇−1  ( ∆ 𝑌𝑌−1 

′  ⊗  𝐼𝐼𝑛𝑛 )𝑤𝑤

⟹  𝜌𝜌11𝑇𝑇 = ( 𝐼𝐼𝑛𝑛  ⊗ Ω−1)(𝑇𝑇−1∆𝑌𝑌−1 
′ 𝑀𝑀𝜉𝜉 ⊗  𝐼𝐼𝑛𝑛 )𝑤𝑤 ≅𝑎𝑎𝑎𝑎 ( 𝐼𝐼𝑛𝑛 ⊗ Ω−1)

 𝑇𝑇−1  ( ∆ 𝑌𝑌−1 
′  ⊗  𝐼𝐼𝑛𝑛 ) 𝑤𝑤

𝐿𝐿
→ ( 𝐼𝐼𝑛𝑛  ⊗ Ω−1)[𝐹𝐹 (1)  ⊗  𝐼𝐼𝑛𝑛 ] ∫ 𝐵𝐵(𝑟𝑟) ⊗ 𝑑𝑑𝐵𝐵0 (𝑟𝑟)1

0

= (𝐹𝐹 (1) ⊗ Ω−1) ∫ 𝐵𝐵 (𝑟𝑟) ⊗ 𝑑𝑑 𝐵𝐵0 (𝑟𝑟)
1

0
 ≡  𝜌𝜌11 

• Limit of 𝝆𝝆𝟐𝟐𝟐𝟐𝟐𝟐  

 𝑇𝑇−2  (  𝑌𝑌−1 
′  𝑀𝑀𝜉𝜉  ⊗  𝐼𝐼𝑛𝑛 )𝑤𝑤  

=   𝑇𝑇−2 (𝑌𝑌−2 
′ ⊗   𝐼𝐼𝑛𝑛 )𝑤𝑤 −  𝑇𝑇− 1

2   [ 𝑇𝑇−2  𝑌𝑌−1 
′  𝜉𝜉−1  ( 𝑇𝑇−1  𝜉𝜉−1 

′  𝜉𝜉−1)−1  ⊗
  𝐼𝐼𝑛𝑛 ](𝑇𝑇− 1

2  𝑌𝑌−1 
′  ⊗   𝐼𝐼𝑛𝑛 )

≅𝑎𝑎𝑎𝑎  𝑇𝑇−2 (𝑌𝑌−2 
′ ⊗  𝐼𝐼𝑛𝑛 )𝑤𝑤

⟹  𝜌𝜌22𝑇𝑇 = (𝐼𝐼𝑛𝑛  ⊗ Ω−1) (𝑇𝑇−2𝑌𝑌−2 
′ 𝑀𝑀𝜉𝜉 ⊗  𝐼𝐼𝑛𝑛 )𝑤𝑤  ≅𝑎𝑎𝑎𝑎  (𝐼𝐼𝑛𝑛  ⊗ Ω−1)

 𝑇𝑇−2 (𝑌𝑌−2  
′ ⊗  𝐼𝐼𝑛𝑛 )𝑤𝑤

𝐿𝐿
→ ( 𝐼𝐼𝑛𝑛  ⊗  Ω−1)[𝐹𝐹 (1)  ⊗  𝐼𝐼𝑛𝑛  ] ∫ 𝐵𝐵 ̅

1

0
(𝑟𝑟) ⊗ 𝑑𝑑𝐵𝐵0 (𝑟𝑟)

= [𝐹𝐹 (1) ⊗ Ω−1 ] ∫ 𝐵𝐵 ̅
1

0
 (𝑟𝑟) ⊗ 𝑑𝑑 𝐵𝐵0 (𝑟𝑟) ≡  𝜌𝜌22

 𝑇𝑇 (Π1̂ − Π1) =  Ψ1𝑇𝑇
−1 𝜌𝜌1𝑇𝑇

> Asymptotic Equivalence of OLS (GLS) and Maximum Likelihood using Cointegrated 
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Ψ1𝑇𝑇 =  𝑅𝑅1 ′ Ψ11𝑇𝑇 𝑅𝑅1 − 𝑅𝑅1 ′ Ψ12𝑇𝑇 𝑅𝑅2 [𝑅𝑅2 ′  Ψ22𝑇𝑇 𝑅𝑅2]−1 𝑅𝑅2 ′  Ψ21𝑇𝑇 𝑅𝑅1
𝐿𝐿
→ 𝑅𝑅1 ′ Ψ11 𝑅𝑅1 − 𝑅𝑅1 ′ Ψ12𝑇𝑇 𝑅𝑅2  [𝑅𝑅2 ′  Ψ22𝑇𝑇 𝑅𝑅2]−1 𝑅𝑅2 ′  Ψ21𝑇𝑇 𝑅𝑅1 ≡  Ψ1 

𝜌𝜌1𝑇𝑇 =  𝜌𝜌1′  𝜌𝜌11𝑇𝑇 − 𝑅𝑅1′  Ψ12𝑇𝑇 𝑅𝑅2 [𝑅𝑅2 ′ Ψ22𝑇𝑇 𝑅𝑅2 ]−1 𝑅𝑅2 ′ 𝜌𝜌22𝑇𝑇
𝐿𝐿
→ 𝑅𝑅1 ′ 𝜌𝜌11 − 𝑅𝑅1 ′ Ψ12 𝑅𝑅2 [ 𝑅𝑅2 ′  Ψ22 𝑅𝑅2]−1 𝑅𝑅2 ′ 𝜌𝜌22  ≡ 𝜌𝜌1

⟹ 𝑇𝑇(Π̂1  −  Π1)
𝐿𝐿
→Ψ1 −1𝜌𝜌1 (𝐴𝐴2.1)

 𝑇𝑇2 (Π̂2 −  Π2) =  Ψ2𝑇𝑇  −1  𝜌𝜌2𝑇𝑇
Ψ2𝑇𝑇 =  𝑅𝑅2 ′ Ψ22𝑇𝑇 𝑅𝑅2 − 𝑅𝑅2 ′  Ψ21𝑇𝑇 𝑅𝑅1 [𝑅𝑅1 ′  Ψ11𝑇𝑇 𝑅𝑅1]−1𝑅𝑅1 ′ Ψ12𝑇𝑇 𝑅𝑅2
𝐿𝐿
→ 𝑅𝑅2 ′ Ψ22 𝑅𝑅2 −  𝑅𝑅2 ′  Ψ21 𝑅𝑅1 [𝑅𝑅1 ′  Ψ11 𝑅𝑅1]−1𝑅𝑅1 ′ Ψ12 𝑅𝑅2  ≡  Ψ2
𝜌𝜌2𝑇𝑇 =  𝑅𝑅2′  𝜌𝜌22𝑇𝑇 − 𝑅𝑅2 ′  Ψ21𝑇𝑇  𝑅𝑅1 [𝑅𝑅1 ′  Ψ11𝑇𝑇 𝑅𝑅1]−1𝑅𝑅1 ′ 𝜌𝜌11𝑇𝑇
𝐿𝐿
→ 𝑅𝑅2 ′ 𝜌𝜌22 −  𝑅𝑅2 ′ Ψ21 𝑅𝑅1 [𝑅𝑅1 ′  Ψ11 𝑅𝑅1 ]−1 𝑅𝑅1 ′ 𝜌𝜌11 ≡  𝜌𝜌2

⟹ 𝑇𝑇2 (Π̂2  −   Π2)
𝐿𝐿
→ Ψ2 −1𝜌𝜌2 (𝐴𝐴2.2)

( 𝑇𝑇 (Π̂1 − Π1)
𝑇𝑇2  (Π̂2 − Π2)

)
𝐿𝐿
→(𝑅𝑅1 

′ Ψ11 𝑅𝑅1 𝑅𝑅1 ′ Ψ12 𝑅𝑅2
𝑅𝑅2 ′ Ψ22 𝑅𝑅1 𝑅𝑅2′Ψ22 𝑅𝑅2

) (𝑅𝑅1
′ ρ11
𝑅𝑅2′ ρ22

) (𝐴𝐴2.3)

• (𝑅𝑅1 
′ Ψ11 𝑅𝑅1 𝑅𝑅1 ′ Ψ12 𝑅𝑅2
𝑅𝑅2 ′ Ψ21 𝑅𝑅1 𝑅𝑅2′Ψ22 𝑅𝑅2

) = (𝑅𝑅1
′ 0
0 𝑅𝑅2′

) (Ψ11 Ψ12
Ψ21 Ψ22

) (𝑅𝑅1 0
0 𝑅𝑅2

)

(Ψ11 Ψ12
Ψ21 Ψ22) 

=  

(

 
 𝐹𝐹(1)  ∫ 𝐵𝐵(𝑟𝑟) 𝐵𝐵(𝑟𝑟)′

1

0 
𝑑𝑑𝑟𝑟 𝐹𝐹(1)′  ⊗ Ω−1      𝐹𝐹 (1)  ∫ 𝐵𝐵 (𝑟𝑟) 

1

0
�̅�𝐵 (𝑟𝑟)′ 𝑑𝑑𝑟𝑟 𝐹𝐹 (1)⊗ Ω−1 

𝐹𝐹 (1) ∫ 𝐵𝐵 ̅
1

0
(𝑟𝑟)𝐵𝐵 (𝑟𝑟)′ 𝑑𝑑𝑟𝑟 𝐹𝐹 (1)′  ⊗ Ω−1       𝐹𝐹(1) ∫ �̅�𝐵(𝑟𝑟)�̅�𝐵 (𝑟𝑟)′ 𝑑𝑑𝑟𝑟

1

0
  𝐹𝐹 (1)′  ⊗ Ω−1

)
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=  (𝐹𝐹 (1) ⊗ 𝐼𝐼𝑛𝑛 0
0 𝐹𝐹 (1) ⊗  𝐼𝐼𝑛𝑛 

)

(
∫ 𝐵𝐵 (𝑟𝑟)𝐵𝐵 (𝑟𝑟)′1
0 𝑑𝑑𝑟𝑟 ∫ 𝐵𝐵 (𝑟𝑟)�̅�𝐵(𝑟𝑟)′ 𝑑𝑑𝑟𝑟1

0

∫ �̅�𝐵(𝑟𝑟)1
0 𝐵𝐵(𝑟𝑟)′ 𝑑𝑑𝑟𝑟 ∫ �̅�𝐵10  (𝑟𝑟)𝐵𝐵 ̅( 𝑟𝑟)′ 𝑑𝑑𝑟𝑟

) ⊗ Ω−1 

× (𝐹𝐹 (1)
′  ⊗  𝐼𝐼𝑛𝑛 0
0 𝐹𝐹 (1)′  ⊗ 𝐼𝐼𝑛𝑛

)

(𝑅𝑅1 
′ Ψ11 𝑅𝑅1 𝑅𝑅1 ′ Ψ12 𝑅𝑅2
𝑅𝑅2 ′ Ψ21𝑅𝑅1 𝑅𝑅2′Ψ22 𝑅𝑅2

) = 𝐽𝐽 (∫ 𝓑𝓑10 (𝑟𝑟) 𝓑𝓑(𝑟𝑟)′ 𝑑𝑑𝑟𝑟 ⊗ Ω−1      )𝐽𝐽′ 

𝐽𝐽 =  (𝑅𝑅1
′ (𝐹𝐹(1) ⊗ 𝐼𝐼𝑛𝑛) 0

0 𝑅𝑅2′ (𝐹𝐹(1) ⊗ 𝐼𝐼𝑛𝑛)
) 𝓑𝓑(𝒓𝒓)′ =

[𝐵𝐵(𝑟𝑟)′    �̅�𝐵(𝑟𝑟)′]

• (𝑅𝑅1
′  𝜌𝜌11
𝑅𝑅2 ′ 𝜌𝜌22

) =  (𝑅𝑅1
′ 0
0 𝑅𝑅2′

) (𝜌𝜌11𝜌𝜌22)

=  (𝑅𝑅1
′ 0
0 𝑅𝑅2′

) 

(

 
 [𝐹𝐹(1) ⊗Ω−1] ∫ 𝐵𝐵(𝑟𝑟) ⊗ 𝑑𝑑𝐵𝐵0(𝑟𝑟)

1

0

[𝐹𝐹(1) ⊗Ω−1] ∫ 𝐵𝐵 ̅(𝑟𝑟)  ⊗ 𝑑𝑑
1

0
𝐵𝐵0(𝑟𝑟)

)

 
 

= (𝑅𝑅1
′ 0
0 𝑅𝑅2′

) ((𝐹𝐹(1)⊗ 𝐼𝐼𝑛𝑛) 0
0 (𝐹𝐹(1)⊗ 𝐼𝐼𝑛𝑛)

) (𝐼𝐼𝑛𝑛 ⊗Ω−1 0
0 𝐼𝐼𝑛𝑛 ⊗Ω−1) 

(

 
 ∫ 𝐵𝐵 (𝑟𝑟)  ⊗ 𝑑𝑑 𝐵𝐵0

1

0
(𝑟𝑟)

∫ �̅�𝐵 (𝑟𝑟)
1

0
⊗𝑑𝑑𝐵𝐵0(𝑟𝑟)

)

 
 

= 𝐽𝐽 [𝐼𝐼2𝑛𝑛  ⊗ Ω−1]∫ 𝓑𝓑(𝑟𝑟)1
0 ⊗ 𝐵𝐵0 (𝑟𝑟)

𝐵𝐵0(𝑟𝑟) 𝓑𝓑(𝑟𝑟)
𝑤𝑤𝑡𝑡 𝜀𝜀𝑡𝑡−𝑖𝑖 , 𝑖𝑖 = 1, 2, 3….
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( 𝑇𝑇 (Π̂1 − Π1)
𝑇𝑇2 ( Π̂2 − Π2  ))  

𝐿𝐿
→ [ 𝐽𝐽 (∫ 𝓑𝓑 (𝑟𝑟)𝓑𝓑(𝑟𝑟)′ 𝑑𝑑𝑟𝑟 ⊗  Ω−11

0 ) 𝐽𝐽′]−1

× 𝐽𝐽 (𝐼𝐼2𝑛𝑛  ⊗ Ω−1) ∫ 𝓑𝓑 (𝑟𝑟) 
1

0
⊗ 𝑑𝑑𝐵𝐵0 (𝑟𝑟)

Phillips (1991)

( 𝑇𝑇 (Π̂1 − Π1)
𝑇𝑇2 ( Π̂2 − Π2 )) 

𝐿𝐿
→   ∫ 𝑁𝑁 (0, [ 𝐽𝐽 (𝐺𝐺 ⊗  Ω−1 ) 𝐽𝐽′ ]−1

𝐺𝐺>0
) 𝑑𝑑𝑑𝑑(𝐺𝐺)        

𝐺𝐺 = ∫ 𝓑𝓑(𝑟𝑟)𝐵𝐵 (𝑟𝑟)′ 𝑑𝑑𝑟𝑟 1
0 𝑑𝑑

G 𝑑𝑑(𝐺𝐺) = 1.

Annex 3:  The estimating equation  

{
∆2 𝑦𝑦1𝑡𝑡 =  𝑢𝑢1𝑡𝑡

∆ 𝑦𝑦2𝑡𝑡 =  𝜃𝜃1 ∆ 𝑦𝑦1𝑡𝑡 + 𝑢𝑢2𝑡𝑡
𝑦𝑦3𝑡𝑡  =  𝜃𝜃2 𝑦𝑦2𝑡𝑡 + 𝜃𝜃3 𝑦𝑦1𝑡𝑡 + 𝜃𝜃4∆𝑦𝑦1𝑡𝑡 + 𝑢𝑢3𝑡𝑡

We are concerned with the estimation of the third equation knowing 𝜃𝜃1. 
Taking this information into account, we can do the following 
transformations 

∆2𝑦𝑦2𝑡𝑡  = ∆𝑦𝑦2𝑡𝑡 − ∆𝑦𝑦2,𝑡𝑡+1 = 𝐷𝐷 1(𝐿𝐿)∆2𝑦𝑦1𝑡𝑡 + 𝜃𝜃1 ∆𝑦𝑦1𝑡𝑡 + 𝑣𝑣2𝑡𝑡 − ∆𝑦𝑦2,𝑡𝑡−1 (1) 

Δ2 𝑦𝑦1𝑡𝑡 = 𝑣𝑣1𝑡𝑡 Δ 𝑦𝑦1𝑡𝑡 =  Δ 𝑦𝑦1,𝑡𝑡−1 + 𝑣𝑣1𝑡𝑡 

𝐷𝐷1 (𝐿𝐿) = 𝑑𝑑10 + 𝐿𝐿𝐷𝐷11 (𝐿𝐿)

𝐷𝐷1(𝐿𝐿)Δ2 𝑦𝑦1𝑡𝑡 = 𝑑𝑑10 Δ2 𝑦𝑦1𝑡𝑡 + 𝐷𝐷11(𝐿𝐿)Δ2𝑦𝑦1,𝑡𝑡−1 = 𝑑𝑑10 𝑣𝑣1𝑡𝑡 + 𝐷𝐷 11 (𝐿𝐿)Δ2 𝑦𝑦1,𝑡𝑡−1 (2)

𝐷𝐷11  (1) <  ∞
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∆2 𝑦𝑦2𝑡𝑡 = 𝐷𝐷11 (𝐿𝐿)∆2 𝑦𝑦2,𝑡𝑡−1 − ( ∆ 𝑦𝑦2 ,𝑡𝑡−1 −  𝜃𝜃1  ∆𝑦𝑦1,𝑡𝑡−1  ) + (𝑑𝑑10 +  𝜃𝜃1)𝑣𝑣1𝑡𝑡 + 𝑣𝑣2𝑡𝑡 (3)

∆ 𝑦𝑦2𝑡𝑡  − 𝜃𝜃1 ∆ 𝑦𝑦1𝑡𝑡 =  𝐷𝐷1  (𝐿𝐿)∆2 𝑦𝑦1𝑡𝑡  + 𝑣𝑣2𝑡𝑡 𝑡𝑡 − 1

∆2 𝑦𝑦2,𝑡𝑡 = 𝐴𝐴1∗(𝐿𝐿)∆2 𝑦𝑦1,𝑡𝑡−1 + 𝑤𝑤2𝑡𝑡 (4)        

𝐴𝐴1∗  (𝐿𝐿) =  𝐷𝐷11 (𝐿𝐿) − 𝐷𝐷1 (𝐿𝐿) 𝑤𝑤2𝑡𝑡 = (𝑑𝑑10 + 𝜃𝜃1)𝑣𝑣1𝑡𝑡 +
(1 − 𝐿𝐿)𝑣𝑣2𝑡𝑡

𝑦𝑦2𝑡𝑡 = 2 ∆ 𝑦𝑦2,𝑡𝑡−1 +  𝑦𝑦2,𝑡𝑡−2 + 𝐴𝐴1∗ (𝐿𝐿)∆2 𝑦𝑦1,𝑡𝑡−1 + (1 − 𝐿𝐿)𝑣𝑣2𝑡𝑡

= 2 [∆ 𝑦𝑦2,𝑡𝑡−1 −  𝜃𝜃1 ∆ 𝑦𝑦1,𝑡𝑡−1] + 2𝜃𝜃1 ∆𝑦𝑦1,𝑡𝑡−1 +  𝑦𝑦2,𝑡𝑡−2 
+ 𝐴𝐴1∗  (𝐿𝐿)∆2 𝑦𝑦1,𝑡𝑡−1 + (𝑑𝑑10 +  𝜃𝜃1 ) + (1 − 𝐿𝐿)𝑣𝑣2𝑡𝑡

= 2 [𝐷𝐷1 (𝐿𝐿) ∆2 𝑦𝑦1,𝑡𝑡−1 + 𝑣𝑣2,𝑡𝑡−1] + 2 𝜃𝜃1 ∆ 𝑦𝑦1,𝑡𝑡−1 + 𝑦𝑦2,𝑡𝑡−2
+ 𝐴𝐴1∗  (𝐿𝐿)∆2 𝑦𝑦1,𝑡𝑡−1 + (𝑑𝑑10 + 𝜃𝜃1)𝑣𝑣1𝑡𝑡 + (1 − 𝐿𝐿)𝑣𝑣2𝑡𝑡 

⟹  𝑦𝑦2𝑡𝑡 = 𝐷𝐷1∗  (𝐿𝐿)∆2  𝑦𝑦1,𝑡𝑡−1 + 2𝜃𝜃1  ∆𝑦𝑦1,𝑡𝑡−1 𝑦𝑦2,𝑡𝑡−2 + (𝑑𝑑10 + 𝜃𝜃1 )𝑣𝑣1𝑡𝑡 
+ (1 + 𝐿𝐿)𝑣𝑣2𝑡𝑡

𝐷𝐷1∗ (𝐿𝐿) = 2𝐷𝐷1 (𝐿𝐿) + 𝐴𝐴1∗(𝐿𝐿) = 𝐷𝐷1(𝐿𝐿) + 𝐷𝐷11(𝐿𝐿)

𝑦𝑦3𝑡𝑡  = 𝐷𝐷2(𝐿𝐿)∆2 𝑦𝑦1𝑡𝑡 + 𝐷𝐷3(𝐿𝐿)[𝐷𝐷1 (𝐿𝐿)∆2 𝑦𝑦1𝑡𝑡 + 𝑣𝑣2𝑡𝑡]

+ 𝜃𝜃2 [𝐷𝐷1∗ (𝐿𝐿)∆2  𝑦𝑦1,𝑡𝑡−1  + 2 𝜃𝜃1 ∆ 𝑦𝑦1,𝑡𝑡−1 + 𝑦𝑦2,𝑡𝑡−2 + (𝑑𝑑10 + 𝜃𝜃1 )𝑣𝑣1𝑡𝑡 
+ (1 + 𝐿𝐿) 𝑣𝑣2𝑡𝑡]

+𝜃𝜃3[2 ∆ 𝑦𝑦1,𝑡𝑡−1 + 𝑦𝑦1,𝑡𝑡−2 +  𝑣𝑣1𝑡𝑡 ] + 𝜃𝜃4(∆𝑦𝑦1,𝑡𝑡−1 + 𝑣𝑣3𝑡𝑡)

𝐷𝐷2(𝐿𝐿)∆2 𝑦𝑦1𝑡𝑡 = [𝑑𝑑20 + 𝐿𝐿𝐷𝐷21  (𝐿𝐿)]∆2𝑦𝑦1𝑡𝑡 = 𝑑𝑑20𝑣𝑣1𝑡𝑡 + 𝐷𝐷21 (𝐿𝐿)∆2 𝑦𝑦1,𝑡𝑡−1

𝐷𝐷1 (𝐿𝐿) ∆2  𝑦𝑦1𝑡𝑡 = [𝑑𝑑10 + 𝐿𝐿𝐷𝐷11 (𝐿𝐿) ] ∆2  𝑦𝑦1𝑡𝑡 = 𝑑𝑑10  𝑣𝑣1𝑡𝑡 +
 𝐷𝐷11  (𝐿𝐿)∆2 𝑦𝑦1,𝑡𝑡−1

> Asymptotic Equivalence of OLS (GLS) and Maximum Likelihood using Cointegrated 
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𝑦𝑦3𝑡𝑡 =  𝑑𝑑20 𝑣𝑣21 +  𝐷𝐷21  (𝐿𝐿)∆2 𝑦𝑦1,𝑡𝑡−1 + 𝐷𝐷3 (𝐿𝐿)𝐷𝐷10 𝑣𝑣1𝑡𝑡 
+ 𝐷𝐷3 (𝐿𝐿)𝐷𝐷11 (𝐿𝐿)∆2 𝑦𝑦1,𝑡𝑡−1

+ 𝐷𝐷3 (𝐿𝐿)𝑣𝑣2𝑡𝑡 + 𝜃𝜃2  𝐷𝐷1∗ (𝐿𝐿) ∆2  𝑦𝑦1,𝑡𝑡−1 + 2𝜃𝜃2 𝜃𝜃1 ∆ 𝑦𝑦1,𝑡𝑡−1 + 𝜃𝜃2  𝑦𝑦2,𝑡𝑡−2

+ 𝜃𝜃2  [(𝑑𝑑10 + 𝜃𝜃1)𝑣𝑣1𝑡𝑡 + (1 + 𝐿𝐿) 𝑣𝑣2𝑡𝑡 ] + 2𝜃𝜃3 ∆ 𝑦𝑦1,𝑡𝑡−1 + 𝜃𝜃3 𝑦𝑦1,𝑡𝑡−2 
+ 𝜃𝜃2  𝑣𝑣1𝑡𝑡

+ 𝜃𝜃4 ∆ 𝑦𝑦1,𝑡𝑡−1 + 𝜃𝜃4  𝑣𝑣1𝑡𝑡 +  𝑣𝑣3𝑡𝑡

𝑦𝑦3𝑡𝑡 =  𝐴𝐴2∗ (𝐿𝐿)∆2 𝑦𝑦1,𝑡𝑡−1 +  𝛿𝛿 ∆ 𝑦𝑦1,𝑡𝑡−1 + 𝜃𝜃3  𝑦𝑦1,𝑡𝑡−1 + 𝜃𝜃3 𝑦𝑦1,𝑡𝑡−2
+ 𝜃𝜃2  𝑦𝑦2,𝑡𝑡−2 + 𝑤𝑤3𝑡𝑡

𝐴𝐴2∗(𝐿𝐿) = 𝐷𝐷21(𝐿𝐿) + 𝐷𝐷3(𝐿𝐿)𝐷𝐷11(𝐿𝐿) + 𝜃𝜃2 𝐴𝐴2 (𝐿𝐿)

𝛿𝛿 = 2 𝜃𝜃2  𝜃𝜃1 + 2 𝜃𝜃3 + 𝜃𝜃4

𝑤𝑤3𝑡𝑡 = [𝑑𝑑20 +  𝐷𝐷3  (𝐿𝐿)𝑑𝑑10 + 𝜃𝜃2 𝑑𝑑10 +  𝜃𝜃2𝜃𝜃1 + 𝜃𝜃3 + 𝜃𝜃4]𝑣𝑣1𝑡𝑡 
+ [𝐷𝐷3  (𝐿𝐿) + 𝜃𝜃2  (1 + 𝐿𝐿)𝑣𝑣 2𝑡𝑡 + 𝑣𝑣3𝑡𝑡]

 𝐴𝐴3 (𝐿𝐿)∆2 𝑦𝑦1,𝑡𝑡−1 = 𝐴𝐴30 𝑦𝑦1,𝑡𝑡−1 + 𝐴𝐴31 ∆2 𝑦𝑦1,𝑡𝑡−2 + ⋯ +
 𝐴𝐴3𝑞𝑞 ∆2 𝑦𝑦1,𝑡𝑡−1+𝑞𝑞 =  Θ0 𝑧𝑧0𝑡𝑡
Θ0 = [𝐴𝐴30𝐴𝐴31 … . . 𝐴𝐴3𝑞𝑞]

𝑧𝑧0𝑡𝑡
′ = [Δ2𝑦𝑦′

1,𝑡𝑡−1 Δ2𝑦𝑦1,𝑡𝑡−2…… Δ2 𝑦𝑦1,𝑡𝑡−1+𝑞𝑞
′ ]

𝑧𝑧0𝑡𝑡 ↝ 𝐼𝐼(0)

  𝛿𝛿 ∆ 𝑦𝑦1,𝑡𝑡−1 =  Θ1𝑧𝑧1𝑡𝑡
Θ1 =  𝛿𝛿 𝑧𝑧1𝑡𝑡

′ = Δ𝑦𝑦1,𝑡𝑡−1
′

𝑧𝑧1𝑡𝑡 ↝ 𝐼𝐼(1)
 𝜃𝜃3 𝑦𝑦1,𝑡𝑡−2 + 𝜃𝜃2 𝑦𝑦2,𝑡𝑡−2 =  Θ2 𝑧𝑧2𝑡𝑡

Θ2 = [θ3   𝜃𝜃2 ]  𝑎𝑎𝑎𝑎𝑑𝑑    𝑧𝑧2𝑡𝑡 
′ = (𝑦𝑦1 ,𝑡𝑡−2

′    𝑦𝑦2,𝑡𝑡−2
′ )

𝑧𝑧2𝑡𝑡 ↝ 𝐼𝐼(2)

El Hadji GUEYE
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𝑦𝑦3𝑡𝑡 = Θ0𝑧𝑧0𝑡𝑡 + Θ1𝑧𝑧1𝑡𝑡 + Θ2𝑧𝑧2𝑡𝑡 + 𝑤𝑤3𝑡𝑡 = Θ𝑧𝑧𝑡𝑡 + 𝑤𝑤3𝑡𝑡 
Θ = [Θ0   Θ1   Θ2] 𝑧𝑧𝑡𝑡′ =  ( 𝑧𝑧0𝑡𝑡′    𝑧𝑧1𝑡𝑡′    𝑧𝑧2𝑡𝑡′ )

𝑦𝑦3𝑡𝑡 , 𝑧𝑧𝑖𝑖𝑡𝑡 𝑤𝑤3𝑡𝑡 (𝑛𝑛3 ×  1), (𝑘𝑘𝑖𝑖 ×
 1) 𝑎𝑎𝑛𝑛𝑎𝑎 (𝑛𝑛3 × 1)

 Θ 𝑧𝑧𝑡𝑡 (𝑛𝑛3 ×  𝑘𝑘) (𝑘𝑘 ×  1)

𝑘𝑘 =  ∑ 𝑘𝑘𝑖𝑖2
𝑖𝑖=0

Annex 4: Asymptotic distribution of OLS 
(Γ𝑇𝑇  ⊗ 𝐼𝐼𝑛𝑛3)

Γ𝑇𝑇 ⊗ 𝐼𝐼𝑛𝑛3[𝑣𝑣𝑣𝑣𝑣𝑣(Θ̂𝑜𝑜𝑜𝑜𝑜𝑜) − 𝑣𝑣𝑣𝑣𝑣𝑣(Θ)]

= [(Γ𝑇𝑇−1  ⊗ 𝐼𝐼𝑛𝑛3)(∑𝑧𝑧𝑡𝑡 𝑧𝑧𝑡𝑡′
𝑇𝑇

𝑡𝑡=1
 ⊗ 𝐼𝐼𝑛𝑛3)(Γ𝑇𝑇−1  ⊗ 𝐼𝐼𝑛𝑛3)]−1(Γ𝑇𝑇−1  ⊗ 𝐼𝐼𝑛𝑛3)∑𝑧𝑧𝑡𝑡

𝑇𝑇

𝑡𝑡=1
⊗𝑤𝑤3𝑡𝑡 

= [Γ𝑇𝑇−1∑𝑧𝑧𝑡𝑡𝑧𝑧𝑡𝑡′Γ𝑇𝑇−1
𝑇𝑇

𝑡𝑡=1
⊗ 𝐼𝐼𝑛𝑛3]−1∑Γ𝑇𝑇−1𝑧𝑧𝑡𝑡

𝑇𝑇

𝑡𝑡=1
⊗𝑤𝑤3𝑡𝑡

𝑄𝑄𝑇𝑇 =  Γ𝑇𝑇−1 𝑧𝑧𝑡𝑡 𝑧𝑧𝑡𝑡′ Γ𝑇𝑇−1 =

 

(

 
 

𝑇𝑇−1  ∑ 𝑧𝑧0𝑡𝑡 𝑧𝑧0𝑡𝑡  ′  𝑇𝑇
3
2 𝑇𝑇

𝑡𝑡=1 ∑ 𝑧𝑧0𝑡𝑡 𝑧𝑧1𝑡𝑡  ′   𝑇𝑇− 
5
2  ∑ 𝑧𝑧0𝑡𝑡 𝑧𝑧2𝑡𝑡  ′𝑇𝑇

𝑡𝑡=1
𝑇𝑇
𝑡𝑡=1

𝑇𝑇− 
3
2  ∑ 𝑧𝑧1𝑡𝑡 𝑧𝑧0𝑡𝑡  ′𝑇𝑇

𝑡𝑡=1  𝑇𝑇−2 ∑ 𝑧𝑧1𝑡𝑡 𝑧𝑧1𝑡𝑡  ′𝑇𝑇
𝑡𝑡=1  𝑇𝑇−3  ∑ 𝑧𝑧1𝑡𝑡 𝑧𝑧2𝑡𝑡  ′𝑇𝑇

𝑡𝑡=1

𝑇𝑇− 
5
2  ∑  ∑ 𝑧𝑧2𝑡𝑡 𝑧𝑧0𝑡𝑡  ′𝑇𝑇

𝑡𝑡=1
𝑇𝑇
𝑡𝑡=1  𝑇𝑇−3  ∑ 𝑧𝑧2𝑡𝑡 𝑧𝑧1𝑡𝑡  ′ 𝑇𝑇−4  ∑ 𝑧𝑧2𝑡𝑡 𝑧𝑧2𝑡𝑡  ′𝑇𝑇

𝑡𝑡=1
𝑇𝑇
𝑡𝑡=1 )

 
 

𝜑𝜑𝑇𝑇 =  ∑  Γ𝑇𝑇−1 𝑧𝑧𝑡𝑡 𝑇𝑇
𝑡𝑡=1 ⊗ 𝑣𝑣3𝑡𝑡 =  (

𝑇𝑇− 
1
2 ∑ 𝑧𝑧0𝑡𝑡   𝑇𝑇 

𝑡𝑡=1 ⊗  𝑤𝑤3𝑡𝑡
𝑇𝑇−1  ∑  𝑧𝑧1𝑡𝑡 ⊗  𝑤𝑤3𝑡𝑡𝑇𝑇

𝑡𝑡=1 
𝑇𝑇−2  ∑ 𝑧𝑧2𝑡𝑡 ⊗  𝑤𝑤3𝑡𝑡𝑇𝑇

𝑡𝑡=1

)
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𝑧𝑧0𝑡𝑡, 𝑧𝑧1𝑡𝑡 𝑧𝑧2𝑡𝑡  {𝜀𝜀𝑡𝑡, 𝑆𝑆1𝑡𝑡,
𝑆𝑆2𝑡𝑡}

𝑆𝑆1𝑡𝑡 =  ∑ 𝜀𝜀𝑠𝑠, 𝑆𝑆2𝑡𝑡 = ∑ 𝑠𝑠1 𝑇𝑇
𝑠𝑠=1

𝑇𝑇
𝑠𝑠=1 𝜀𝜀𝑡𝑡 = 𝑆𝑆1𝑡𝑡 =  𝑆𝑆2𝑡𝑡 = 0 ∀ 𝑡𝑡 ≤ 0 

 𝑧𝑧0𝑡𝑡
′ = [∆2 𝑦𝑦1,𝑡𝑡−1 

′ ∆2𝑦𝑦1,𝑡𝑡−2 , … . . ∆2 𝑦𝑦1 ,𝑡𝑡−1−𝑞𝑞
′ ]

∆2 𝑦𝑦1𝑡𝑡 =  𝑢𝑢1𝑡𝑡 = 𝐹𝐹1  (𝐿𝐿)𝜀𝜀𝑡𝑡

△2 𝑦𝑦1,𝑡𝑡−1−𝑗𝑗 = 𝐹𝐹1(𝐿𝐿)𝐿𝐿𝑗𝑗 ε𝑡𝑡−1    𝑓𝑓𝑓𝑓𝑓𝑓  𝑗𝑗 = 0,1,2, … . , 𝑞𝑞.

𝑧𝑧0𝑡𝑡

𝑧𝑧0𝑡𝑡 =  𝐾𝐾0 (𝐿𝐿)𝜀𝜀𝑡𝑡

𝐾𝐾0 (𝐿𝐿)′ = [𝐹𝐹1 (𝐿𝐿)′  𝐿𝐿𝐹𝐹1 (𝐿𝐿)′. . . . 𝐿𝐿𝑞𝑞 𝐹𝐹1 (𝐿𝐿)′]

 𝑧𝑧1𝑡𝑡 =  ∆ 𝑦𝑦1,𝑡𝑡−1
∆2  𝑦𝑦1,𝑡𝑡 =  𝐹𝐹1  (𝐿𝐿)𝜀𝜀𝑡𝑡  ∆ 𝑦𝑦1𝑡𝑡 =  ∆ 𝑦𝑦1,𝑡𝑡−1 𝐹𝐹1  (𝐿𝐿)𝜀𝜀𝑡𝑡  

∆ 𝑦𝑦1𝑡𝑡 = ∑ 𝐹𝐹1  (𝐿𝐿)𝜀𝜀𝑠𝑠

𝑡𝑡

𝑠𝑠=1

𝐹𝐹1 (𝐿𝐿) + (1 + 𝐿𝐿)𝐹𝐹1
∗(𝐿𝐿) 𝐹𝐹1(𝐿𝐿)

∆ 𝑦𝑦1𝑡𝑡 = 𝐹𝐹1 (1) ∑ 𝜀𝜀𝑠𝑠 + ∑ 𝐹𝐹1
∗ (𝐿𝐿)∆ 𝜀𝜀𝑠𝑠

𝑡𝑡

𝑠𝑠=1

𝑇𝑇

𝑠𝑠=1

𝑎𝑎𝑠𝑠 ∑ 𝐹𝐹1 
∗  (𝐿𝐿)∆ 𝜀𝜀𝑠𝑠

𝑡𝑡

𝑠𝑠=1
= ∑[∑  𝑓𝑓1𝑗𝑗 

∗ ∆ 𝜀𝜀𝑡𝑡−𝑗𝑗 ] = ∑ 𝑓𝑓1𝑗𝑗
∗ ε𝑡𝑡−𝑗𝑗

∞

𝑗𝑗=0
 = 𝐹𝐹1

∗ (𝐿𝐿) 𝜀𝜀𝑡𝑡

∞

𝑗𝑗=0

𝑡𝑡

𝑠𝑠=1

∆ 𝑦𝑦1,𝑡𝑡−1 =  𝐹𝐹1  (1)𝑆𝑆1,𝑡𝑡−1 +  𝐹𝐹1
 ∗ (𝐿𝐿)𝜀𝜀𝑡𝑡−1

∆ 𝑦𝑦1,𝑡𝑡−1 =  𝐹𝐹1 (1)𝑆𝑆1,𝑡𝑡−1 +  𝐹𝐹1
 ∗ (𝐿𝐿) 𝜀𝜀𝑡𝑡 −1

⟹   𝑧𝑧1𝑡𝑡 =  𝐹𝐹1  
∗  (𝐿𝐿)𝜀𝜀𝑡𝑡−1 + 𝐹𝐹1  (1)𝑆𝑆1,𝑡𝑡−1

El Hadji GUEYE
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 𝑧𝑧2𝑡𝑡 = (
𝑦𝑦1,𝑡𝑡−2
𝑦𝑦2,𝑡𝑡−2

)
• ∆ 𝑦𝑦1𝑡𝑡 = 𝐹𝐹1  (1)𝑆𝑆1𝑡𝑡  + 𝐹𝐹1

∗ (𝐿𝐿)𝜀𝜀𝑡𝑡
⟹  𝑦𝑦1𝑡𝑡 =  𝑦𝑦1,𝑡𝑡−1 + 𝐹𝐹1 (1)𝑆𝑆1𝑡𝑡 + 𝐹𝐹1  

∗  (𝐿𝐿)𝜀𝜀𝑡𝑡

𝑦𝑦1𝑡𝑡 =  ∑[𝐹𝐹1 (1)𝑆𝑆1𝑡𝑡 + 𝐹𝐹1
∗(𝐿𝐿)𝜀𝜀𝑡𝑡]

𝑡𝑡

𝑠𝑠=1 

𝐹𝐹1
∗ (𝐿𝐿)𝑏𝑏𝑦𝑦 𝐹𝐹1

∗ (1) + (1 − 𝐿𝐿)𝐹𝐹1 
∗∗ (𝐿𝐿), 

𝑦𝑦1𝑡𝑡 =  𝐹𝐹1 (1)  ∑ 𝑆𝑆1𝑡𝑡 +  ∑ 𝑠𝑠1𝑡𝑡 + ∑[𝐹𝐹1
∗(1)𝜀𝜀𝑡𝑡 + 𝐹𝐹1

∗∗(𝐿𝐿)∆𝜀𝜀𝑡𝑡]
𝑡𝑡

𝑠𝑠=1 

𝑡𝑡

𝑠𝑠=1 

𝑡𝑡

𝑠𝑠=1 

=  𝐹𝐹1 (1) 𝑆𝑆2𝑡𝑡 + 𝐹𝐹1 
 ∗ (1)𝑆𝑆1𝑡𝑡 + 𝐹𝐹1

∗∗  (𝐿𝐿)𝜀𝜀𝑡𝑡

⟹  𝑦𝑦1,𝑡𝑡−2 =  𝐹𝐹1  (1)𝑆𝑆2,𝑡𝑡−2 +  𝐹𝐹1
∗  (1)𝑆𝑆1,𝑡𝑡−2 + 𝐹𝐹1  

∗∗  (𝐿𝐿)𝜀𝜀𝑡𝑡−2

• ∆ 𝑦𝑦2𝑡𝑡  =  𝐷𝐷1  (𝐿𝐿)∆2  𝑦𝑦1𝑡𝑡 +  𝜃𝜃1 ∆ 𝑦𝑦1𝑡𝑡 + 𝑣𝑣2𝑡𝑡
=  𝐷𝐷1 (𝐿𝐿)𝐹𝐹1  (𝐿𝐿) 𝜀𝜀𝑡𝑡 + 𝜃𝜃1 [𝐹𝐹1 (1)𝑆𝑆1𝑡𝑡 + 𝐹𝐹1

∗ (𝐿𝐿)𝜀𝜀𝑡𝑡] + 𝐺𝐺2  𝜀𝜀𝑡𝑡
=  𝐹𝐹2 (1)𝑆𝑆1𝑡𝑡 + �̅�𝐺2 (𝐿𝐿) 𝜀𝜀𝑡𝑡

𝐹𝐹2 (1) =  𝜃𝜃1 𝐹𝐹1 (1), 𝑣𝑣2𝑡𝑡  =  𝐺𝐺2 𝜀𝜀𝑡𝑡

�̅�𝐺2  (𝐿𝐿) =  𝐷𝐷1 (𝐿𝐿) 𝐹𝐹1 (𝐿𝐿) + 𝜃𝜃1 𝑓𝑓1
∗ (𝐿𝐿) + 𝐺𝐺2

𝑦𝑦2𝑡𝑡  =  𝑦𝑦2,𝑡𝑡  1 + 𝐹𝐹2  (1) 𝑆𝑆1𝑡𝑡 + �̅�𝐺2  (𝐿𝐿)𝜀𝜀𝑡𝑡 

𝑦𝑦2𝑡𝑡 = ∑ [𝐹𝐹2(1)𝑆𝑆1𝑡𝑡 + �̅�𝐺2 (𝐿𝐿)𝜀𝜀𝑡𝑡]𝑡𝑡
𝑠𝑠=1 

=  𝐹𝐹2  (1)  ∑ 𝑆𝑆1𝑡𝑡 +  ∑[�̅�𝐺2 (1) + (1 + 𝐿𝐿)�̅�𝐺2 
∗ (𝐿𝐿) ]𝜀𝜀𝑡𝑡

𝑡𝑡

𝑠𝑠=1 

𝑡𝑡

𝑠𝑠=1 

=  𝐹𝐹2 (1)𝑆𝑆2𝑡𝑡 + �̅�𝐺2 (1) 𝑆𝑆1𝑡𝑡 +  �̅�𝐺2
∗ (𝐿𝐿)𝜀𝜀𝑡𝑡

⟹  𝑦𝑦2,𝑡𝑡−2 = 𝐹𝐹2 (1) 𝑆𝑆2,𝑡𝑡−2 + �̅�𝐺2 (1) 𝑆𝑆1,𝑡𝑡−2 + �̅�𝐺2 
∗  (𝐿𝐿)𝜀𝜀𝑡𝑡−2
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(
𝑦𝑦1,𝑡𝑡−2
𝑦𝑦2,𝑡𝑡−2

) =  (𝐹𝐹1
∗∗(𝐿𝐿) 𝐹𝐹1

∗(1) 𝐹𝐹1(1)
�̅�𝐺2

∗ (𝐿𝐿) �̅�𝐺2
∗ (1) 𝐹𝐹2(1))  (

𝜀𝜀𝑡𝑡−2
𝑆𝑆1,𝑡𝑡−2 
𝑆𝑆2,𝑡𝑡−2

)

𝑧𝑧2𝑡𝑡 = 𝐾𝐾1 (𝐿𝐿)𝜀𝜀𝑡𝑡−2 +  𝐾𝐾2  (1) 𝑆𝑆1,𝑡𝑡−2 + 𝐹𝐹∗  (1) 𝑆𝑆2,𝑡𝑡−2

   𝐾𝐾1 (𝐿𝐿) =  (𝐹𝐹1
∗∗(𝐿𝐿)

�̅�𝐺2
∗ (𝐿𝐿))  ;  𝐾𝐾2  =  ( 𝐹𝐹1

∗(1)
�̅�𝐺2

∗ (1)) ;  𝐹𝐹∗ (1) = ( 𝐹𝐹1(1)
𝐹𝐹2 (1)) 

 𝑧𝑧0𝑡𝑡 = 𝐾𝐾0  (𝐿𝐿)𝜀𝜀𝑡𝑡−1
 𝑧𝑧1𝑡𝑡 =  𝐹𝐹1

∗ (𝐿𝐿)𝜀𝜀𝑡𝑡−1 + 𝐹𝐹1  (1)𝑆𝑆1,𝑡𝑡−1
 𝑧𝑧2𝑡𝑡 = 𝐾𝐾1 (𝐿𝐿)𝜀𝜀𝑡𝑡−2 + 𝐾𝐾 2  (1) 𝑆𝑆1,𝑡𝑡−2 + 𝐹𝐹∗ (1) 𝑆𝑆2,𝑡𝑡−2

 𝑇𝑇−1 ∑ 𝑧𝑧0𝑡𝑡  𝑧𝑧0𝑡𝑡 
′𝑇𝑇

𝑡𝑡=1 
𝑃𝑃
→ 𝐸𝐸(𝑧𝑧0𝑡𝑡 𝑧𝑧0𝑡𝑡

′ )
𝐸𝐸(𝑧𝑧0𝑡𝑡  𝑧𝑧0𝑡𝑡 

′ ) = 𝐸𝐸 [𝐾𝐾0 (𝐿𝐿)𝜀𝜀𝑡𝑡−1 𝜀𝜀𝑡𝑡−1
′  𝐾𝐾0  (𝐿𝐿)′] =  𝐾𝐾0  (𝐿𝐿) 𝐾𝐾0 (𝐿𝐿−1 )′

=  ∑ 𝑘𝑘0𝑗𝑗 𝑘𝑘0𝑗𝑗 
′  ≡  𝑄𝑄00

∞

𝑗𝑗=0 

 𝑇𝑇− 32  ∑ 𝑧𝑧1𝑡𝑡  𝑧𝑧0𝑡𝑡 
′𝑇𝑇

𝑡𝑡=1  =  𝑇𝑇− 32  ∑ [𝐹𝐹1
∗ (𝐿𝐿)𝜀𝜀𝑡𝑡−1 +𝑇𝑇

𝑡𝑡=1 
 𝐹𝐹1  (1) 𝑆𝑆1,𝑡𝑡−1][𝐾𝐾0(𝐿𝐿)𝜀𝜀𝑡𝑡−1]′ 

=  𝑇𝑇− 12  𝑇𝑇−1  ∑[𝐹𝐹1
∗ (𝐿𝐿)𝜀𝜀𝑡𝑡−1 ][𝐾𝐾0 (𝐿𝐿)𝜀𝜀𝑡𝑡−1 ]′

𝑇𝑇

𝑡𝑡=1 

+ 𝑇𝑇− 12   𝐹𝐹1 (1) 𝑇𝑇−1   ∑ 𝑆𝑆1,𝑡𝑡−1 [𝐾𝐾0 (𝐿𝐿)𝜀𝜀𝑡𝑡−1]′
𝑇𝑇

𝑡𝑡=1

 
𝐿𝐿
→  0 ∑  𝑓𝑓1𝑗𝑗 

∗  𝑘𝑘0𝑗𝑗 
′ + 0 𝐹𝐹11 (1)  [∫  𝐵𝐵 (𝑟𝑟)𝑑𝑑𝐵𝐵 (𝑟𝑟)′𝐾𝐾0

′  (1) + 
1

0
𝐾𝐾0

′  (1)] = 0
∞

𝑗𝑗=0 

⟹  𝑇𝑇− 32  ∑  
𝑇𝑇

𝑡𝑡=1 
𝑧𝑧1𝑡𝑡  𝑧𝑧0𝑡𝑡 

′  
𝐿𝐿
→  0

𝑇𝑇− 32  ∑  𝑇𝑇
𝑡𝑡=1  𝑧𝑧0𝑡𝑡  𝑧𝑧1𝑡𝑡 

′ = [𝑇𝑇− 32  ∑ 𝑧𝑧1𝑡𝑡  𝑧𝑧0𝑡𝑡 
′𝑇𝑇

𝑡𝑡=1 ]
′ 𝐿𝐿

→  0
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 𝑇𝑇− 52  ∑  𝑇𝑇
𝑡𝑡=1  𝑧𝑧2𝑡𝑡  𝑧𝑧0𝑡𝑡 

′ =  𝑇𝑇− 52  ∑ [𝐾𝐾1 (𝐿𝐿)𝜀𝜀𝑡𝑡−2 + 𝐾𝐾2  (1)𝑆𝑆1,𝑡𝑡−2 +𝑇𝑇
𝑡𝑡=1 

 𝐹𝐹∗  (1) 𝑆𝑆2,𝑡𝑡−2 ][𝐾𝐾0 (𝐿𝐿)𝜀𝜀𝑡𝑡−1]′

= 𝑇𝑇− 32     𝑇𝑇−1 ∑[𝐾𝐾1 (𝐿𝐿)𝜀𝜀𝑡𝑡−2 ][𝐾𝐾0 (𝐿𝐿)𝜀𝜀𝑡𝑡−1]′
𝑇𝑇

𝑡𝑡=1

+ 𝑇𝑇− 32 𝐾𝐾2(1) ∑ 𝑆𝑆1,𝑡𝑡−2 
𝑇𝑇

𝑡𝑡=1 
[𝐾𝐾0(𝐿𝐿)𝜀𝜀𝑡𝑡−1]′

+   𝑇𝑇− 12 𝐹𝐹∗  (1)𝑇𝑇−2  ∑ 𝑆𝑆2,𝑡𝑡−2[𝐾𝐾0(𝐿𝐿)𝜀𝜀𝑡𝑡−1 ]′𝑇𝑇
𝑡𝑡=1 

𝐿𝐿
→  0 ∑ 𝑘𝑘1𝑗𝑗, 𝑘𝑘0𝑗𝑗 

′ + 0 [∫ 𝐵𝐵(𝑟𝑟)𝑑𝑑𝐵𝐵(𝑟𝑟)′ 𝐾𝐾0 (1)′ +  𝐾𝐾0   (1)′
1

0
] + 0 [∫ �̅�𝐵 

1

0
(𝑟𝑟)𝑑𝑑𝐵𝐵(𝑟𝑟)′𝐾𝐾0(1)′]

∞

𝑗𝑗=0

⟹  𝑇𝑇− 52   ∑ 𝑧𝑧2𝑡𝑡  𝑧𝑧0𝑡𝑡 
′  

𝑇𝑇

𝑡𝑡=1 

𝐿𝐿
→  0

𝑇𝑇− 52  ∑ 𝑧𝑧0𝑡𝑡  𝑧𝑧2𝑡𝑡 
′ = [𝑇𝑇− 52   ∑ 𝑧𝑧2𝑡𝑡  𝑧𝑧0𝑡𝑡 

′  𝑇𝑇
𝑡𝑡=1 ]

′
𝑇𝑇
𝑡𝑡=1  

𝐿𝐿
→  0

 𝑇𝑇 −2  ∑ 𝑧𝑧1𝑡𝑡  𝑧𝑧1𝑡𝑡 
′𝑇𝑇

𝑡𝑡=1 =  𝑇𝑇−2 ∑ [𝐹𝐹1
∗ (𝐿𝐿)𝜀𝜀𝑡𝑡−1 +𝑇𝑇

𝑡𝑡=1 

 𝐹𝐹1  (1)𝑆𝑆1,𝑡𝑡−1 ][𝐹𝐹1
∗(𝐿𝐿)𝜀𝜀𝑡𝑡−1 + 𝐹𝐹1(1)𝑆𝑆1,𝑡𝑡−1]′

=  𝑇𝑇−1 𝑇𝑇−1  ∑[𝐹𝐹1 
 ∗ (𝐿𝐿) 𝜀𝜀𝑡𝑡=1 ][𝐹𝐹1

∗ (𝐿𝐿)𝜀𝜀𝑡𝑡−1]′
𝑇𝑇

𝑡𝑡=1 

+ 𝑇𝑇−1𝑇𝑇−1 ∑  [𝐹𝐹1 
 ∗ (𝐿𝐿) 𝜀𝜀𝑡𝑡−1]′ 𝑆𝑆1,𝑡𝑡−1

′
𝑇𝑇

𝑡𝑡=1
𝐹𝐹1(1)′

+𝑇𝑇−1𝐹𝐹1 𝑇𝑇−1 ∑ 𝑆𝑆1,𝑡𝑡−1  [𝐹𝐹1 
∗  (𝐿𝐿)𝜀𝜀𝑡𝑡−1]′

𝑇𝑇

𝑡𝑡=1

+ 𝐹𝐹1  (1)𝑇𝑇−2  ∑ 𝑆𝑆1,𝑡𝑡−1 𝑆𝑆1,𝑡𝑡−1
′

𝑇𝑇

𝑡𝑡=1
𝐹𝐹1(1)′

𝑇𝑇−1  ∑ [𝐹𝐹1
∗ (𝐿𝐿)𝜀𝜀𝑡𝑡−1][𝐹𝐹1

∗(𝐿𝐿)𝜀𝜀𝑡𝑡−1]𝑇𝑇
𝑡𝑡=1 ’ ; 𝑇𝑇−1  ∑ [𝐹𝐹1

∗ (𝐿𝐿)𝜀𝜀𝑡𝑡−1]𝑆𝑆1,𝑡𝑡−1
′ ]𝑇𝑇

𝑡𝑡=1 

𝑇𝑇−1  ∑ 𝑆𝑆1,𝑡𝑡−1[𝐹𝐹1 
∗ 𝜀𝜀𝑡𝑡−1]′𝑇𝑇

𝑡𝑡=1 𝑇𝑇−1
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𝑇𝑇−2  ∑ 𝑧𝑧1𝑡𝑡  𝑧𝑧1𝑡𝑡 
′  ≅𝑎𝑎𝑎𝑎 𝐹𝐹1 (1)  𝑇𝑇−2   ∑ 𝑆𝑆1,𝑡𝑡−1 𝑆𝑆1,𝑡𝑡−1

′ 𝐹𝐹1(1)′
𝑇𝑇

𝑡𝑡=1 

𝑇𝑇

𝑡𝑡=1
𝐿𝐿
→ 𝐹𝐹1 (1) ∫ 𝐵𝐵(𝑟𝑟)𝐵𝐵(𝑟𝑟)′𝑑𝑑𝑟𝑟𝐹𝐹1(1)′

1

0

⟹ 𝑇𝑇−2 ∑ 𝑧𝑧1𝑡𝑡  𝑧𝑧1𝑡𝑡 
′  

𝐿𝐿
→ 

𝑇𝑇

𝑡𝑡=1 
𝐹𝐹1(1) ∫ 𝐵𝐵(𝑟𝑟)𝐵𝐵(𝑟𝑟)′𝑑𝑑𝑟𝑟𝐹𝐹1(1)′

1

0
≡ 𝑄𝑄11

 𝑇𝑇−3 ∑ 𝑧𝑧2𝑡𝑡  𝑧𝑧1𝑡𝑡 
′ = 𝑇𝑇−3  ∑ [𝐾𝐾1  (𝐿𝐿)𝜀𝜀𝑡𝑡−2 +  𝐾𝐾2 (1)𝑆𝑆1,𝑡𝑡−2 +𝑇𝑇

𝑡𝑡=1 
𝑇𝑇
𝑡𝑡=1 

 𝐹𝐹∗  ( 1 )𝑆𝑆2,𝑡𝑡−2 ][𝐹𝐹1
∗(𝐿𝐿)𝜀𝜀𝑡𝑡−1 + 𝐹𝐹1 (1)𝑆𝑆1,𝑡𝑡−1 

′ ]

=  𝑇𝑇−2 𝑇𝑇−1 ∑ [𝐾𝐾1  (𝐿𝐿)𝜀𝜀 𝑡𝑡−2  ][𝐹𝐹1
∗ (𝐿𝐿)𝜀𝜀𝑡𝑡−1 ]′

𝑇𝑇

𝑡𝑡=1 

+  𝑇𝑇−2  𝑇𝑇−1   ∑ [𝐾𝐾1(𝐿𝐿)𝜀𝜀 𝑡𝑡−2 ]
𝑇𝑇

𝑡𝑡=1 
𝑆𝑆1,𝑡𝑡−1

′ 𝐹𝐹1(1)′

+ 𝑇𝑇−2 𝐾𝐾2 (1)𝑇𝑇−1 ∑ 𝑆𝑆1,𝑡𝑡−2 [𝐹𝐹1
∗ (𝐿𝐿)𝜀𝜀 𝑡𝑡−1 ]′

𝑇𝑇

𝑡𝑡=1 

+ 𝑇𝑇−1  𝐾𝐾2  (1)𝑇𝑇−2  ∑ 𝑆𝑆1,𝑡𝑡−1 𝑆𝑆1,𝑡𝑡−1
′

𝑇𝑇

𝑡𝑡=1
𝐹𝐹1(1)′

+ 𝑇𝑇−1 𝐹𝐹∗  (1)𝑇𝑇−2  ∑ 𝑆𝑆2,𝑡𝑡−2 [𝐹𝐹1 
∗  (𝐿𝐿)𝜀𝜀 𝑡𝑡−1 ]′

𝑇𝑇

𝑡𝑡=1

+ 𝐹𝐹∗ (1)𝑇𝑇−3 ∑ 𝑆𝑆2,𝑡𝑡−2  𝑆𝑆1,𝑡𝑡−1
′

𝑇𝑇

𝑡𝑡=1 
𝐹𝐹1 (1)′

𝑇𝑇−3  ∑ 𝑧𝑧2𝑡𝑡  𝑧𝑧1𝑡𝑡 
′  ≅𝑎𝑎𝑎𝑎  𝐹𝐹∗  (1)𝑇𝑇−3  ∑ 𝑆𝑆2,𝑡𝑡−2 𝑆𝑆1,𝑡𝑡−1  𝐹𝐹 (1)′

𝑇𝑇

𝑡𝑡=1

𝑇𝑇

𝑡𝑡=1 
𝐿𝐿
→ ∫ �̅�𝐵(𝑟𝑟)𝐵𝐵(𝑟𝑟)′𝑑𝑑𝑟𝑟𝐹𝐹1(1)′

1

0
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⟹  𝑇𝑇−3  ∑ 𝑧𝑧2𝑡𝑡  𝑧𝑧1𝑡𝑡 
′  

𝐿𝐿
→ 𝐹𝐹∗ (1) ∫ �̅�𝐵 (𝑟𝑟)𝐵𝐵(𝑟𝑟)′𝑑𝑑𝑟𝑟 𝐹𝐹1 (1)′ ≡  𝑄𝑄21

1

0

𝑇𝑇

𝑡𝑡=1 

𝑇𝑇−3 ∑ 𝑧𝑧1𝑡𝑡  𝑧𝑧2𝑡𝑡 
′  

𝐿𝐿
→  𝐹𝐹1 (1) ∫ 𝐵𝐵(𝑟𝑟)�̅�𝐵(𝑟𝑟)′𝑑𝑑𝑟𝑟𝐹𝐹∗(1)′ ≡ 𝑄𝑄12

1

0

𝑇𝑇

𝑡𝑡=1 

 𝑇𝑇−4 ∑ 𝑧𝑧2𝑡𝑡  𝑧𝑧2𝑡𝑡 
′ =  𝑇𝑇−4  ∑ [𝐾𝐾1 (𝐿𝐿)𝜀𝜀𝑡𝑡−2  + 𝐾𝐾2 (1)𝑆𝑆1,𝑡𝑡−2 +𝑇𝑇

𝑡𝑡=1
𝑇𝑇
𝑡𝑡=1

𝐹𝐹∗ (1)𝑆𝑆2,𝑡𝑡−2] 𝐾𝐾1(𝐿𝐿)𝜀𝜀𝑡𝑡−2 + 𝐾𝐾2(1)𝑆𝑆1,𝑡𝑡−2 + 𝐹𝐹∗  (1) 𝑠𝑠2,𝑡𝑡−2

=  𝑇𝑇−4  ∑ [𝑘𝑘1 (𝐿𝐿)𝜀𝜀𝑡𝑡−2

𝑇𝑇

𝑡𝑡=1 
+  𝐾𝐾2  (1)𝑆𝑆1,𝑡𝑡−2][𝐾𝐾1 (𝐿𝐿)𝜀𝜀𝑡𝑡−2 + 𝐾𝐾2 (1)𝑆𝑆1,𝑡𝑡−2

+ 𝐹𝐹∗ (1)𝑆𝑆2,𝑡𝑡−2]′

+ 𝑇𝑇−4  ∑ [𝐹𝐹∗ (1) 𝑆𝑆2,𝑡𝑡−2][𝐾𝐾1(𝐿𝐿)𝜀𝜀𝑡𝑡−2 + 𝐾𝐾2 (1)𝑆𝑆1,𝑡𝑡−2
′ ]

𝑡𝑡

𝑡𝑡=1 

+ 𝑇𝑇−4  ∑ [𝐹𝐹∗  (1) 𝑆𝑆2,𝑡𝑡−2 ][𝐹𝐹∗ (1)𝑆𝑆2,𝑡𝑡−2]′𝑇𝑇
𝑡𝑡=1

𝑇𝑇−4   ∑ 𝑧𝑧2𝑡𝑡  𝑧𝑧2𝑡𝑡 
′ ≅𝑎𝑎𝑎𝑎 

𝑇𝑇

𝑡𝑡=1 
𝐹𝐹∗  (1) 𝑇𝑇−4  ∑ 𝑆𝑆2,𝑡𝑡−2  𝑆𝑆2,𝑡𝑡−2

′
𝑇𝑇

𝑡𝑡=1 
 𝐹𝐹∗ (1)′  ≡ 𝑄𝑄22

𝑇𝑇−1 ∑ 𝑧𝑧1𝑡𝑡 ⨂𝑤𝑤3𝑡𝑡 = 1
𝑇𝑇 ∑  [ 𝐹𝐹1

∗∗ (𝐿𝐿)𝜀𝜀𝑡𝑡−1  +  𝐹𝐹1  (1)𝑆𝑆1,𝑡𝑡−1] ⊗ 
𝑇𝑇

𝑡𝑡=1
 𝑤𝑤3𝑡𝑡

𝑇𝑇

𝑡𝑡=1

= 𝑇𝑇−1  ∑ 𝐹𝐹1 
∗ (𝐿𝐿) 𝜀𝜀𝑡𝑡−1 ⨂ 

𝑇𝑇

𝑡𝑡=1
𝑤𝑤3𝑡𝑡 + 𝑇𝑇−1  ∑ 𝐹𝐹1 (1) 𝑆𝑆1𝑛𝑛 𝑡𝑡−1 ⨂ 

𝑇𝑇

𝑡𝑡=1
𝑤𝑤3𝑡𝑡
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= 𝑣𝑣𝑣𝑣𝑣𝑣 [ 𝑇𝑇−1  ∑ 𝑤𝑤3𝑡𝑡 (𝐹𝐹1 
∗  (𝐿𝐿)𝜀𝜀𝑡𝑡−1)′

𝑡𝑡

𝑡𝑡=1
]

+ 𝑣𝑣𝑣𝑣𝑣𝑣   [ 𝑇𝑇−1  ∑ 𝑤𝑤3𝑡𝑡 (𝐹𝐹1 
∗  (𝐿𝐿)𝑆𝑆𝑡𝑡−1)′

𝑡𝑡

𝑡𝑡=1
]

𝑤𝑤3𝑡𝑡 𝜀𝜀𝑡𝑡−𝑠𝑠 , 𝑠𝑠 = 1, 2, 3, ….

• 𝑇𝑇−1  ∑ 𝑤𝑤3𝑡𝑡  (𝐹𝐹1
∗ (𝐿𝐿)𝜀𝜀𝑡𝑡−1)′ 𝐿𝐿

→  0 𝑇𝑇
𝑡𝑡=1

• 𝑇𝑇−1 ∑ 𝑤𝑤3𝑡𝑡 (𝐹𝐹1 (1)𝑆𝑆1,𝑡𝑡−1)′ 𝐿𝐿
→ ∫ 𝑑𝑑 𝐵𝐵03 (𝑟𝑟)′ 𝐵𝐵 (𝑟𝑟)′  𝐹𝐹1 (1)′1

0
𝑇𝑇
𝑡𝑡=1

⇒  𝑇𝑇−1 ∑ 𝑧𝑧1𝑡𝑡 ⨂
𝑇𝑇

𝑡𝑡=1
 𝑤𝑤3𝑡𝑡  

𝐿𝐿
→  𝑣𝑣𝑣𝑣𝑣𝑣 [∫ 𝑑𝑑 𝐵𝐵03  (𝑟𝑟)⨂

1

0
𝐵𝐵03  (𝑟𝑟)′𝐹𝐹1(1)]

= [𝐹𝐹1 (1) ⨂ 𝐼𝐼𝑛𝑛3] ∫ 𝐵𝐵 (𝑟𝑟)⨂ 
1

0
𝑑𝑑𝐵𝐵03  (𝑟𝑟) ≡  𝜑𝜑1∗

𝑇𝑇−2  ∑ 𝑧𝑧2𝑡𝑡  ⨂ 
𝑇𝑇

𝑡𝑡=1
𝑤𝑤3𝑡𝑡 

=  𝑇𝑇−2 ∑[𝐾𝐾1  (𝐿𝐿)𝜀𝜀𝑡𝑡−2 + 𝐾𝐾2  (1) 𝑆𝑆1,𝑡𝑡−1

𝑇𝑇

𝑡𝑡=1
+ 𝐹𝐹∗ (1)𝑆𝑆2;𝑡𝑡−2 ] ⨂  𝑤𝑤3𝑡𝑡

𝑇𝑇−2  ∑ 𝐾𝐾1 (𝐿𝐿)𝜀𝜀𝑡𝑡−2 ⨂ 
𝑇𝑇

𝑡𝑡=1
𝑤𝑤3𝑡𝑡 +  𝑇𝑇−2 ∑ 𝑘𝑘1 (1)𝑆𝑆1,𝑡𝑡−2 ⨂

𝑇𝑇

𝑡𝑡=1
𝑤𝑤2𝑡𝑡 

+ 𝑇𝑇−2 ∑ 𝐹𝐹∗ (1)𝑆𝑆2,𝑡𝑡−2 ⨂
𝑇𝑇

𝑡𝑡=1
 𝑤𝑤3𝑡𝑡

𝑇𝑇−1
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𝑇𝑇−2  ∑ 𝑧𝑧2𝑡𝑡  ⨂
𝑇𝑇

𝑡𝑡=1
𝑤𝑤3𝑡𝑡  ≅𝑎𝑎𝑎𝑎  𝑇𝑇−2 ∑ 𝐹𝐹∗ (1)𝑆𝑆2,𝑡𝑡−2 ⨂

𝑇𝑇

𝑡𝑡=1
 𝑤𝑤3𝑡𝑡

= 𝑣𝑣𝑣𝑣𝑣𝑣 [𝑇𝑇−2  ∑ 𝑤𝑤3𝑡𝑡  (𝐿𝐿)(𝐹𝐹∗  (1)𝑆𝑆2,𝑡𝑡−2)′
𝑇𝑇

𝑡𝑡=1
]

= 𝑣𝑣𝑣𝑣𝑣𝑣 [∫ 𝑑𝑑 𝐵𝐵03  (𝑟𝑟)�̅�𝐵 (𝑟𝑟)′𝐹𝐹∗  (1)′]
1

0

= ∫ 𝐹𝐹∗  (1)�̅�𝐵(𝑟𝑟)⨂
1

0
 𝑑𝑑 𝐵𝐵03 (𝑟𝑟)

⇒  𝑇𝑇−2 ∑ 𝑧𝑧2𝑡𝑡 ⨂
𝑇𝑇

𝑡𝑡= 1
𝑤𝑤3𝑡𝑡 

𝐿𝐿 
→  [𝐹𝐹∗ (1) ⨂  𝐼𝐼𝑛𝑛3 ] ∫ �̅�𝐵 (𝑟𝑟)⨂𝑑𝑑𝐵𝐵03 (𝑟𝑟) ≡  𝜑𝜑2∗

1

0

𝜑𝜑𝑇𝑇 = ∑ Γ𝑇𝑇
−1 𝑧𝑧𝑡𝑡 ⨂

𝑇𝑇

𝑡𝑡=1
 𝑤𝑤3𝑡𝑡  

𝐿𝐿
→ (

𝜑𝜑0∗
𝜑𝜑1∗
𝜑𝜑2∗

) 

(Γ𝑇𝑇 ⊗ 𝐼𝐼𝑛𝑛3 )(𝑣𝑣𝑣𝑣𝑣𝑣 Θ̂𝑜𝑜𝑜𝑜𝑎𝑎 − 𝑣𝑣𝑣𝑣𝑣𝑣 Θ )
𝐿𝐿
→  (𝑄𝑄 ⊗ 𝐼𝐼𝑛𝑛3 )−1 𝜑𝜑∗

𝑇𝑇1
2(𝑣𝑣𝑣𝑣𝑣𝑣Θ0,𝑜𝑜𝑜𝑜𝑎𝑎 − 𝑣𝑣𝑣𝑣𝑣𝑣Θ0)

𝐿𝐿
→ (𝑄𝑄00

−1 ⊗ 𝐼𝐼𝑛𝑛3 )φ0∗~𝑁𝑁[0, 𝑄𝑄00
−1 ⊗ Ω3] (𝐴𝐴4.1)

( 𝑇𝑇(𝑣𝑣𝑣𝑣𝑣𝑣Θ̂1 𝑜𝑜𝑜𝑜𝑎𝑎 − 𝑣𝑣𝑣𝑣𝑣𝑣Θ1)
𝑇𝑇2 (𝑣𝑣𝑣𝑣𝑣𝑣Θ̂2 𝑜𝑜𝑜𝑜𝑎𝑎 − 𝑣𝑣𝑣𝑣𝑣𝑣Θ2))

𝐿𝐿 
→ [(𝑄𝑄11 𝑄𝑄12

𝑄𝑄21 𝑄𝑄22
) ⨂𝐼𝐼𝑛𝑛3 ] (𝜑𝜑1∗

𝜑𝜑2∗
) (𝐴𝐴4.2)
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(𝑄𝑄11 𝑄𝑄12
𝑄𝑄21 𝑄𝑄22

)
−1

= ( (𝑄𝑄11 −  𝑄𝑄12 𝑄𝑄22 
−1𝑄𝑄21)−1 −(𝑄𝑄11 − 𝑄𝑄12 𝑄𝑄22

−1  𝑄𝑄12 𝑄𝑄22
−1)

−(𝑄𝑄22 − 𝑄𝑄21  𝑄𝑄11
 −1 𝑄𝑄12)−1 𝑄𝑄21 𝑄𝑄11

−1 (𝑄𝑄22 − 𝑄𝑄21 𝑄𝑄11
 −1 𝑄𝑄12)−1  )

𝑇𝑇( 𝑣𝑣𝑣𝑣𝑣𝑣 Θ̂1 𝑜𝑜𝑜𝑜𝑜𝑜 −  𝑣𝑣𝑣𝑣𝑣𝑣 Θ1) 𝐿𝐿→ [(𝑄𝑄11 − 𝑄𝑄12 𝑄𝑄22 
−1𝑄𝑄21)−1  ⨂ 𝐼𝐼𝑛𝑛3][𝜑𝜑1∗ − (𝑄𝑄12 𝑄𝑄22 

−1 ⨂ 𝐼𝐼𝑛𝑛3 ) 𝜑𝜑2∗] (𝐴𝐴4.3)

𝑇𝑇2( 𝑣𝑣𝑣𝑣𝑣𝑣 Θ̂2 𝑜𝑜𝑜𝑜𝑜𝑜 − 𝑣𝑣𝑣𝑣𝑣𝑣 Θ2) 𝐿𝐿 → [(𝑄𝑄22 − 𝑄𝑄21  𝑄𝑄11
 −1 𝑄𝑄12)−1 ⨂ 𝐼𝐼𝑛𝑛3][𝜑𝜑2∗ − (𝑄𝑄21  𝑄𝑄11

 −1 ⨂ 𝐼𝐼𝑛𝑛3)𝜑𝜑1∗  ] (𝐴𝐴4.4)
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