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El Hadji GUEYE

Abstract

This paper is concerned with the estimation of cointegrated systems with
integrated variables of order greater than 1. Unlike in the case of order 1
cointegrated variables I(1), there are various possibilities of cointegration
in the higher order case, which were conveniently formulated in a
triangular representation and estimated by Ordinary Least Squares (OLS)
and Generalized Least Squares (GLS) by Stock and Watson (1993).
Starting from this triangular representation, we derive an error correction
model that already incorporates the different cointegration restrictions and
apply maximum likelihood to estimate the parameters. Our approach is
compared with that of Johansen (1995) and Kitamura (1995). Asymptotic
properties of our maximum likelihood (ML) estimators are derived.
Further, it is shown that as far as the coefficients of integrated variables
are concerned, our ML estimators are asymptotically equivalent to the
OLS/GLS estimators of Stock and Watson (1993).

Keywords : Cointegration, Triangular Representation, Error Correction
Model, Asymptotic equivalence.
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> Asymptotic Equivalence of OLS (GLS) and Maximum Likelihood using Cointegrated
Systems with Higher Order Integrated Variables

1. Introduction

The concepts of nonstationary and cointegration have now become a
fundamental component of an econometrician's stock of knowledge and
error correction models combining short run dynamics with long term
equilibria are frequently estimated in various situations. The pioneering
article by Engle and Granger (1987) has been the real starting point of such
research by economists though the basic notions have been known to
statisticians even before (cf. Hsiao (1997)). The main motivation behind
the increasing interest in this area is the practical observation that many
economic time series are in fact nonstationary. Hence in order to maintain
a theoretical relationship among these series in levels, which often has a
better economic meaning than that in differences, these series need to be
cointegrated such that the linear combination is stationary.

There is a vast literature on estimation and inference in cointegrated
systems with I( 1 ) variables. Before recently, many studies have focused
on systems with higher order integrated variables (cf. Johansen (1992 and
1995), !'Stock and Watson (1993), Kitamura (1995)). The empirical
usefulness of such works has been illustrated by findings (eg. King,
Plosser, Stock & Watson (1991)) that certain macroeconomic variables
such as prices (in nominal terms) are in fact integrated of order 2.

One of the fundamental differences between I(1) and I(2) or higher order
systems is that there are several possible combinations for cointegration.
For instance if prices are 1( 2) variables then either different prices can
combine to give an I( 1) series which in turn may cointegrate with inflation
(which will be I( 1) ) to become stationary or the different prices may
directly produce a stationary series by cointegration. This necessitates
appropriate modelling that includes the different possibilities. Stock and
Watson (1993) propose a triangular representation incorporating the
different cointegrations, extending the one proposed by Phillips (1991) in

'see for instance Phillips and Durlauf(1986), Engle and Granger (1987), Engle and Yoo (1987),
Stock (1987), Johansen (1988), Phillips (1988), Park and Phillips (1988, 1989), Johansen and Juselius
(1990), Phillip s and Hansen (1990), Phillips and Ouliaris (1990), Sims, Stock and Watson (1990),
Phillips (1991)
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the I( 1) case to the general case of a vector of variables with maximum
order of integration d and discuss the estimation of the model by least
squares methods and examine the asymptotic and small sample
properties.

In this paper, we take their representation as a starting point to derive an
appropriate error correct ion model and apply maximum likelihood to
estimate the parameters. Haldrup and Salmon (1998) present a similar
model while discussing various representations of 1(2) systems using the
Smith-McMillan form without going further to the estimation stage. We
also differ from both Johansen (1995) and Kitamura (1995) in that the
former does not incorporate the cointegration restrictions in the
specification of the model but rather imposes it later and the latter
approaches the maximum likelihood through decomposition into
conditional likelihoods.

We propose a more direct approach as will be seen later. The rest of the
paper is organisated as follows. In Section 2, we present the model and its
error correction representation. The maximum likelihood method is
described in Section 3 in which it is also compared with Johansen's (1995)
and Kitamura's (1995) approaches.

Section 4 derives the limiting distribution of these estimators and Section
5 establishes the asymptotic equivalence of the least squares of Stock and
Watson (1993) and our ML estimation for the coefficients of nonstationary
variables. The paper ends with a concluding note in section 6.

2. The Model

Our starting point for studying higher order (co)integrated systems is the
triangular representation of Stock and Watson (1993). This type of
representation has also been used by other authors for the I(1) model (see
Phillips and Hansen (1990), Phillips (1991) and Saikkonen (1991)). Let
us consider a stochastic process of order n, y, , with the maximum order
of integrationd. The Wold representation of A%y, is given by:
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Aty =F(L)e (1)
with &, a white noise, F(L) = Y2, fi ! a lag polynomial, A%= (1 — L)%
and L being the lag operator. The triangular representation of
{y:}+ Stock & Watson (1993) is written as follows:

d _
A%y = Uge

NGt Yar = 02141 A4 Yie T Uyt

ALy, = z z 0 ja-i Ay + (2)

d d
— d-i
Ya+1t = Z Z ed+1,j,d—i ANy Ugg e

=1 15

where

u; = G;(L) g for i € {1,2,3,..,d + 1}

With G; (L) a matrix lag polynomial, G;(1) < oo and for all z # 0, the

matrix G (z) is non-singular and k — d summable for as defined in
Assumption 4.
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Note that

1. The triangular representation splits y; into stochastic trends of
different orders leading to partition of y; as:

Ve = [VieVaer s Vies wos Yaer Vaae]

where y; is k; x 1 with an order of integration less than or equal to d.
2. F(L) be partitioned in the same way:

F'(L) = [ (L), i (L), .. ' (L), ..., Fy (L), Fjy1(L)]

similarly u; = [uit'uét' s Upgy weey Ugge, u(li+1,t]

By construction, there is a contemporaneous correlation among
the ug;:

E(upeul,) #0 for p,q € {1,2,..,d,d + 1}. Thus E(A% y;u) # 0
for all

jef{12,..,1- 1}, ie{j,j+1,.,1+1} and 1€ {2,3,..,d,d + 1}.

Hence there is non-zero correlation between the explanatory
variables and the

errors of each equation. Stock and Watson (1993) overcome this
problem by using orthogonal projections:

Vi = Wy — proj(ult/ult, ---;u1—1,t) , 1€{2,3,..,d,d+1} ,
where
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proj (ult AT ul—l,t)

1-1
= Dlm(L) Ad_m-'_lymt
m=1
-1
- Omja—i A Vit
=1

is obtained by projecting u;; onto leads and lags of

{uie, - w1}k

Substituting the projection in the 1* equation of the system (2),
we obtain
1-1 1-1
NGy = 01 a—i ATy,
j=11=j
1-1
+ Dy (L) |AGTMH Ly
m=1
m—-1m-1
- em],d—t Ad iyjt +vlt (3)
j=1 i=j

with v, and A?7!'y; being orthogonal for j € {1,2,..,1—

1} ; ie{j,..,1—1}
and Dy, (L) = ?21 dim,j L7 forq < candm € {1,...,1 — 1}.
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After a final canonical transformation (see Sims, Stock and
Watson (1992)),
the system is rewritten in the following way:

ALy, = (% ® Ikl)Bl + vy (4)

with [ = 1,2,....,d + 1. The regressorsin x; are linear combinations of
Do, A Yigy 0,0 y), 1€ {1,2,....,d — [} with fixed coefficients and
partitioned as (X Xqg) - -)Xg:) such that Xke~I(k). B is the
unconstrained coefficient vector composed

of g ; j€{L .., =1} and d;p,;j,m € {1,..,1 = 1,},j €E{1,...,q}.
Let us recall the contemporaneous non-correlation among v, for [ €
{1,2,3,...,d + 1} where vy = uy¢ .

Since the errors in (4) are not correlated with the regressors,
either ordinary least squares or generalized least squares can be
applied to obtain consistent estimates of the unknown parameters
in B. We will not go into a detailed discussion of these estimators,
referring the reader to the article by Stock and Watson (1993).

We will show later that both the OLS and GLS estimators of the
coefficients of variables integrated of order greater than or equal to
1 are asymptotically equivalent to the maximum likelihood estimator
developed below.

The method consist in first to transform the triangular representation into
an error correction model and then apply maximum likelihood to it. The
procedure will be studied for the case in which the maximum order of
integration is 2; however, the approach can be generalized without much
difficulty to higher orders.

REVUE CEDRES-ETUDES - N°70 Séries économie — 2'¢ Semestre 2020
- 136 -



> Asymptotic Equivalence of OLS (GLS) and Maximum Likelihood using Cointegrated
Systems with Higher Order Integrated Variables

3. Estimation by the maximum likelihood method

Let us partition y; (with maximum order of integration2) as y, =
Uit Yaer Yae)

with y;;(n; x 1) and Y3, n; = n. For each i € {1,2,3}, we have
A%y, = Fi (L)€

The Stock and Watson (1993) triangular representation for y, is

A? Yie = U1t ¢9)
Ay =01 Ay + Uy, (2) (5)
Vit = 0¥ + 03y1: + 04 Ay + us; 3)

Where u; = (uj,, up, u3,) and uy, = G; (L)€, withuy , ny X 1 fori =
1,2,3

Note that the first equation signifies that y;, is 1(2). Regarding the second
one, we see that if 6, is zero then A y,, = u,, andhence y,, is (1) whereas
if 6, is not zero then y,,is I(2), y,; and y,, cointegrate to produce an
[(1)series, written as (y;¢,V,:)~CI(2,1). In the first case where y,, is (1),
equation (3) indicates that (y;¢, ) is CI(2,1) and y,;, Ay, and the
couple (y3:, y1¢) are CI(1,1). When 6, is not zero, two interpretations are
possible for the third equation.

Either (y3¢, Y2t, ¥1:)~CI(2,1) and [(V3¢, Yar, Y1) A y1e]~CI(1, 1). But
V26, ¥1e)~CI1(2,1) and y5; , Ay, the couple (¥, ¥q¢) are CI(1,1).
Note that if 8, =0 (when 6, is not zero), then the third equation

implies that (ys;, Yar, V1:)~CI(2,2). .

We have F(L)' = [F,(L)',F,(L),F;(L)']. In order for the second
equation of (5) to hold when 6; is not zero in other words when A
v, and Ay, are CI(1,1) it is necessary that F,(1) = 6,F;(1).
This implies that the columns of F, (1) are linear combinations of those of
F; (1) (see Stock & Watson (1993)).
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Using the orthogonal projections to eliminate correlations
between regressors and errors the model becomes:

A? Vit = V1e
Ay =Dy(L) A? Yie + 01 Ay + vy (6)

vae = Dy (L) A? Vie + D3(L)(A yar — 01 Ayi) + 0,y + 03y5¢ + 04
A Yy + U3t

where v;;, v, and vs; are non-correlated by construction.

Recall that vy, = Uy ; Var = Uy — proj(uZt/{ul,t—j}j=0,1,2,...)

and vz = Uz — proj(u3t/{u1,t—jruZ,t—j}j:O,l,Z,...) where

proj (uZt/{ul,t—jj) =D;(L)u;; and proj(uSt/{ul,t—j'uZ,t—j }1) =
Dy (L)uye + D3(Luy,

are respectively the orthogonal projections of u,; on the space
generated by {u; ¢ ;}j=0,12,.. and of uz, on the space generated by

{ul,t—j}j=o,1,2,..and {uz,t—j}j=o,1,2,... .

Now, we transform the above system into an error correction
model. In Annex 1, we describe the derivation procedure which leads
to the following error correction model:

A? Ve = A(L) A? Yeo1 0% +w, )
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Which can be rewritten as:
Ay, =AL) A2y 1+ BAYy 1+ Cyy +w, (8)

With

0 0 0
A(L) = <A1(L) 0 0) ; polynomial of order p.
A(L) As(L) O

0o 0 O
J=(1l, 0 0|
0 Iy, In,
0, I, 0 0 0 0
0" = 8, 8, 21, 0 0 ’

B=|91 —In, 0 ; rank(B) =n,+nz<n

0 0 0
C=[0 -1y 0 ; rank(C) =nz <n
63 62 Ing
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Alyr=(L2y, APyy, A2 y5);
A? Vo1 = (AZ 3’1’,t—1 , A? y2’,t—1 , A2 yé,t—l)

Ay, = (A Vie—1r D Vo1 Ayé,t—l);
Ay{_,= (y{,t—z , yzl,t—z' Y3’,t—2)

A ! ! !
and w/ = (W{, wy, wj.).

At this point, let us note that our model is very similar to that of
Johansen (1995)

with the following correspondence between the two notations:
AL)=AL) ,T=B,lI=C.

However, our approach differs both from the point of view of
specification of the model and that of the method of estimation.
The first difference is a fundamental one. By starting from the
triangular representation, we have already incorporated the
cointegration restrictions in our model whereas Johansen's (1995)
model specification is a general one where the same restrictions
must be imposed.

We will discuss the other point concerning the estimation method
after presenting our method below. Before writing the likelihood

function, we will rewrite our model (8) in a more convenient form.
Let us note that:

o AW AZy,y = A&, = (§_, ® Iy)vec(A)
with A(n X np) = [A; A, ... App]
and &_,(1 xnp) =A%y, A2yl , .. AZy[ ]
e BAy, 1=(Ly/_, QI,)vec(B)

o Cyi_, = (yt'_z & I,)vec(C)
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Substituting these results in (8), we obtain:

A2y, = (&, Q@ Ivec(A) + (Ay/_, QL)vec(B) + (v/_, ®
I,)vec(C) + w, 9)

Suppose we have T observations. Then piling them together, we
can write:

vec(A?Y') = (6, @ IDvec(A) + (AY_; @ L)vec(B)+ (Y_, ®
I,)vec(C) + vec(W") (10)

where A2Y' (nXT) =[A%y;, A%y, ... Ayr];
§Li(p XT) = [§o &1 - &r_q]

AY . (nXT)=[Ayy Ay . AYroq];
YL, XT) =[y_1 Yo - Yr2]

W' nxT) =[w, wy ... wr]
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Assumption 1:

The errors w; are independently and normally distributed as follows:
w; = NID(0, Q)

Thus

w=vec(W')~N(0, I; ® Q)

With this assumption, the log-likelihood is given by:

L(vec(A),vec(B),vec(C), Q) = —Tz—nln(Zn) + gln| Q_1| - %W’(IT ®
Q) tw (11)

= —Tz—nln(Zn) + gln |Q_1|

1A%y~ Gy ® Lvec(d) — (A i, ® I)vec(B)
~ 5 ® L)vee(©))

(Ir ® Q) [A? y, — (&4 ® I)vec(A) — (Ayi_, ® I,)vec(B)
— Vi, ® In)vec(C)]

The procedure of maximizing L with respect to 4, B, C and Q will
be decomposed into two steps. In the first step, we fix B, C, {1 and
maximize with respect to 4.

Doing this results in a SUR model of Johansen (1988) for the
elements of

A%y, — (Ayl_; Q L)vec(B) — (y/_, ® I,)vec(C) regressed on
the explanatory variables §,_;. Hence, vec(A) can be estimated by
ordinary least squares. In the second stage, we substitute vec(A) by
its estimator vec (/T) in the likelihood function and maximize the
concentrated likelihood with respect to the other parameters.
Formally, in the first stage we get:
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veC(A\) = [(E’—1 X In)(z—l X In)]_l(E,—1 X In)
[vec(A?Y') — (AY.; ® I,)vec(B) — (Y-, ®
I)vec(C)]
=[(€.18-1)718, ® LJvec(A?Y') — [((EL18-1)7 18, A
Y_1 ® I,,]Jvec(B)
- [(EL18-1)718L, AY_, ® I ]vec(C)
(12)

In the second stage, substituting (12) in (10) and rearranging
yields:

vec(A?Y') — [€_41(8L,8-1) 7L, ® I]vec(A?Y")
=AY, QI,— 5—1(€L15—1)_15L1 AY_; Q I,]vec(B)
+ [V, ® I, — 1 (EL18-1)7 LY, ® LJvec(C) + vec(W')

= (Mg ® I,)vec(A?Y")
= (M; AY_, @ I,)vec(B) + (M¢ Y-, ® I,)vec(C)
+ vec(W')

< x = X,vec(B) + X,vec(C) +w (13)

where x = (Mg ® I, )vec(A2Y"), X, =M AY_; Q1,,, X, =
MY, QI
with My = Iy — &_,(§L,§1)7 "¢,

Here it is useful to take into account any restrictions on the parameters B
and C by writing them as (see Granger (1987)):

vec(B) = q1 + RqI1; (14)
where q,(n?x1) ; R/ (n®xky) ; M(k;x1)

vec(C) = q, + R,11, (15)
where q,(n? x1) ; R,(n? xk,) ; My(k,%x1)
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(91, q2) and (R,, R,) are known vectors and matrices respectively
and (I1, , II,) are unknown vectors to be estimated.
Inserting (14) and (15) in (13), the model becomes

x =X,(q; + RiI11) + X,(q, + RIT) +w
or
zZ = 21H1 +Zzl_[2 +w (16)

Whel‘e Z =X _qul - X2q2 . Zl = X1R1 . Zz = Xsz. The
variables z, Z;, Z, and w are respectively (Tn X 1), (Tn X k),
(Tn xk,) and (Tn x 1).

Replacing the expression of w from (16) in (11), we obtain the
concentrated loglikelihood:

Tn T 1
LC(HI' Hz,Q) = _717’1(27'[) + Elnlﬂ_ll - E(Z - Z1H1 _Zznz)’(l'[' ® Q) _1(Z —Z1l_[1 - Zznz) (17)
Noting that:

1
dny, Le = —Etr{Z(z — Z11; — Z,11)' (I @ Q)71 (—Z,d11;)}
=tr{(z — Z1l; — Z,1,) (I ® Q)~'Z,dIl;}

dp,Le = tr{(z — Z,11; — Z,11,)' (I; ® Q) ™' Z,dIl,}

REVUE CEDRES-ETUDES - N°70 Séries économie — 2'¢ Semestre 2020
- 144 -



> Asymptotic Equivalence of OLS (GLS) and Maximum Likelihood using Cointegrated
Systems with Higher Order Integrated Variables

the first order conditions for maximum are:

dL
= =ZI(I; @ Q) (z — Z,11; — Z,11,) = 0
all,

dL
=70 @ W)z — Z;11;, — Z,11,) = 0
oI,

Assuming Q known for the moment, we can rewrite the system
as:

ApIly + ApIl, = by

A1l + Ap,ll, = by

with Ay = Z,(Ir ® Q)2
A =2 @ Q) 'Z,
Ay =Zy(Ir @ V)1 Z4
Ay =Zy(Ir @ V)12,
by =Zi(I; @ )7z
b, =Z,(Ir @ Q) 'z
Since Ay , (A1 — A1,A53A51) and (A,, — Ay A71AL,) are non-

singular, we can solve the above system to get:

MMy = (A1 — A12A53 A1) 71 (by — A1, A D)) (18)
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MM, = (Az; — A1 AT A1) H(by — Ay ATLDy) (19)

Estimators for vec(B) and vec(C) are derived from II; and II, using
(14) and (15):

vec(B) = q, +R,MI; and wvec(C)=q, + Ry, (20)

Now, let us derive the likelihood with respect to Q:
dL.
-1t
_Toln|Q™!|
2 9qt
10(z — Z111y — Z,11,)' (I ® Q71 (z — Z,11; — Z,]11,)
2 001
T

1
== EQ _— EZ (Zt _— Zitnl —_ Zétnz)(zt _— Z;tnl —_— Zétnz),

Using various matrix derivate results.
Setting it to zero leads to:

a(fl, M) = - Z(zt 23Tl = 2o 1) (2 = 23,y = 23, 11,)'

or
- Z W =~ WW 1)

with W, =z, — Z;, [, — ZZtﬁZ and W' =[W; W, ..wr]

Noting that the solution for { depends on I, I, and vice versa,
in practice, an

iterative method must be adopted for a numerical solution,

starting with say
QO = I
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To sum up, we see that our estimation method consists of two
stages: the first one estimating the coefficients of A( L) given B and
C and the second stage estimating B, C and () (by iteration) using
the first stage estimator of A(L).

Johansen (1995)' s method can be described in three stages:

1. Estimation of A(L) given B and C (same as ours)

2. Estimation of C given B and under the constraint
C = af’' (termed as the I(1) model by Johansen (1995)).

3. Estimation of B under the additional constraint o', B3, = ¢n’
named the I(2) model.

Thus Johansen (1995) successively introduces the cointegration

constraints in each stage of the estimation method whereas we take

account of them right upfront in the specification of the model.

Further, in his model the possibility CI(2,2) does not exist except

under additional complex constraints whereas in our model, both

CI(2,2) and CI(2,1) can be modelled easily.
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4. Limiting Distributions

Theorem 1:

T(M,—1,) )\ ¢ ! , s
<T2(ﬁ2 - n2)>ﬁ ([ B0Berar @)

XJ X (I ® Q71 X [ BG) ® dBo(r)

RI(F(D) ® 1) 0 )

where [ = ( 0 R,(F(1) ® I,)

B(r)' = [B(r)" B(r)'] and B, areindependent Brownian motions.
Proof: See Annex 2.

Using the same arguments as developed by Phillips (1991) this
asymptotic result can be expressed as a mixed normal distribution

< T(f0, —1,)

Tz(ﬁz — Hz)) -~ fG>0 N@O,[J (GQ®a™) )1 HdP(G)

where G = fol B(r)B(r)' dr and P is a probability measure associated

with G.
For a given G we have P(G) = 1 and the asymptotic variance is written as

T O

-1
- T 0)

AsyVar(M,,1,) = ( )_1 [JG®a]™ (0 T2

This can be estimated by

REVUE CEDRES-ETUDES - N°70 Séries économie — 2'¢ Semestre 2020
- 148 -



> Asymptotic Equivalence of OLS (GLS) and Maximum Likelihood using Cointegrated
Systems with Higher Order Integrated Variables

asvar(iu ) =0 0) weeay 1 (C o)
_<Z”12‘1 Z"iZE)
7z, 7.7,
Thus
AsyVar(,) = (20,2, (22)
AsyVar(1,) = (2,/1,2,) " (23)
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9. Asymptotic comparison between least squares
and maximum likelihood estimators

In this section we compare the asymptotic convergences of
ordinary least squares and maximum likelihood estimators from
the error correction model. Then we demonstrate the asymptotic
equivalence between the two methods using the integrated higher
order variables. In order to arrive at this result, we first need to
obtain the asymptotic convergence of the least squares estimator
of Stock and Watson (1993).

As OLS or GLS is applied block by block by Stock and Watson
(1993), we will consider the estimation of the last block in which
the parameters of the other equations are already substituted by
their estimates. More specifically, in our case, it amounts to
estimating the third set of equations knowing ;.

After a few transformations (see Annex 3), the estimating equation can
be writ ten as:

Vot = OoZor + 0121, + 0325 + Wy = Oz, +wy, (24}
Where

1. ©y =[A3p Asq.. Azq] with g afinite positive number.

Zoe = [A2 Y11 APV gs e D2 Y] 1 14q] and zo~1(0)

2. 0,=6, z;, =AYy, , and z;:~I(1)

3. 0, =1[0;3 ;] ; z3, = (y{,t—z 3’2’,t—2) and  z5~1(1)
Letuswrite ® = [0, 0, 0,] andz; = (z{, 21, z5.)- Wehaveys,, z;;
and ws;

(n3x1), (ky x1) and (n3 X 1) respectivelyand hence O is (n3 X k)
and z,(k x 1)
where k = Y2 k;. Writing 0z, = vec(0z,) = (z; ® I, )vec(®) we
have

vae = (21 ® Ins)vec(G)) + wa;
with vec(0") = [vec(0p) vec(0)) vec(03)] .
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Piling together the T observations, the model becomes
vec(Y3) = (Z X Ins)vec((a) + vec(W5) (25)

with Y3 = (¥31 Y32 - Y37) » Z'=(21 2. 2z7) ,
W3 = (w3 wp ... war) .

At this stage, we note that given our assumption 1, it can be shown
that OLS and GLS are equivalent?. Hence, we will only compare
OLS and ML estimators here.

Applying ordinary least squares,

T T
vec(0,) = [Z 2,2l @ I, ]7* Z(Zt ® I, )V (26)
t=1 t=1
or substituting for ys;;, we have:
T T
vec(0,5) — vec(®) = [Z 2,2} @ In,]7? Z zZ Qwy  (27)
t=1 t=1

The normalizing factors for these coefficients is given by the
matrix

Tz, 0 0
fr=| 0 TI, O
0 0 T,

Remultiplying by I'r ® I, , equation (27) becomes
(Tr ® I, )[vec(@p15) — vec(®)] = [Qr ® In, ] o7

where Qr =T (2T, 2,z))T7Y and @ =XT_ TT 2z, Q vs,

2 Even if we assume serially dependent w, , it can be shown that OLS and GLS
estimators of coefficients of non-stationnary variables are asymptotically equivalent.
This result is an extension of Phillips and Park (1988) in the higher order case.
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Theorem 2:

T (vec(@)ljols) — vec(@)l)) L [(Qn le)—1
T? (vec(gz,ols) - vec(@z)) Q21 sz

® 1 (g;.)

Where

1. Qi =F, (D) f] B)B() dr Fy (1)’

Q12 = Q31 = Fy(1) [, BG)B() dr F.(1)’
Q:; = F.(1) f, BB dr F.(1)’

@1. = [F1 @ I, 1 [y B) @ dBo3(r)

®2. = [F. ® In,1f, B(r) ® dBo3(r)

wokh N

with

e F/=[F1)" F,(1)]
e B(r) is a Brownian motion and B (r) = for B(s)ds

Proof: See Annex 4.

In order to compare this distribution with that of the maximum
likelihood estimators, we need to get the ML estimator of the third
equation of the triangular representation (5). This equation can be
written as:

A2ys =Ap (L) A2 Y14 1+ A Y o1 =28 Y300+ 03102+ 0,Y20-2 — Va2 + Wyt
=A, (L)1 +B. Ay, +C.y_, +ws(28)
where

L A,L) =[45.(L) 0 0]
2. B,=[60 —2I,]
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3. C* = [93 92 - 1713]

0 0 Ly,
e vec(B,) = 0 = 0 + ( 0 )vec(S)
—2vec(ly, —Zvec(lnz) 0

= q1. + R1. 114,

with

vec(03) 0
e vec(C,) =| vec(®;) |= 0 +
_vec(lng, —vec(1n3)

I 0
Mins vec(03)
ITL2TI.3

0
vec(0
0 (82)

= (2« + RZ*HZ*

with
0 Inymg, O I, 0
qZ* = 0 > RZ* = 0 In2n3 = O Inz ®
—vec(In, 0 0 0 0
In3 ;
I _(vec(93)>
2 7 \vec(8,)
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Applying ML to (28), we obtain
- o~ s N-lh, —
0, =(Z\.M,2..) Z;.M,.z.
- o~ o~ N-lg, —
0,.=(2,,M.Z,.) Z;,M..z.

where Zy, = (Mi AY_; @ I, )Ry, Zpo= (M AY_, @1,)R,.

and z, = (Mg @ I,, Jvec(A?Y3) — (Me AY_; @ Iy, )qa. +
(Mg AY_; ® I,,)q2.

~ ~ ~ o~ -1 -
with My, = Irn, — 2,.(2.2,.) Z1,

~ ~ o~ o~ -1 -
and MZ* = ITTl3 _ZZ*(Zé*ZZ*) Z,*

~ _ _ U€C(§3,m1)
Note That ﬁ1* = U€C(8ml) and ﬁz* N (U€C(§2,m1))

Applying the result of Annex 2 (A2.1, A2.2, A2.3 in particular) to the
ML estimator, we can obtain their asymptotic convergence as follows:

1. T (ﬁl* - H1*) i’ Y5 o1

2. T2 (ﬁz* - Hz*)i’ Wl pa.
where
e W, =R ¥i1.Ri. — R, Wi2. R [R. Wy . Ry 17 RS, W1 . Ry,
* p1.=RLp11. — RLW12.R2 (RS Wor . R2. 17 RS P22
e W, =Ry ¥Ry — Ry Wr1. R [RL W11 R1] T R Wiz, Ry,
® 2. = Ry.p22s — Ry Wor . R [R1L. W11 R1. ] R3.P 11+
I W, =FQ) [, B@WB@) drF(1)’ ® Q3

1
= Ry Ry = B(D) [ BOBEYdrR 1) © 05
0

=01 ® 951
2. W, =F() [, BOB@ dr F(1)' ® 03
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1
— R W, R, = Fy(1) f BB drE(1)' ® 031
0

= Q12 ® 3"
3. ¥,,, =F(1) fol B(r)B(r)'drF(1) & le

1
= Ry Wy Ry = E(D) | BOIBGYdr (1) © 051
0

= Q22 X le
4 Wy, =F() [, BOB@ drF(1) ® 031

1
— RLW,.R,, = Fy(1) f BB drF.(1) ® Q5!
0

= Q21 ® Q3!
5. pu. = [F() @ Q31 [, B() ® dBys (1)’

1

= Ri.pu. = (A1) ® 05 | BO) @ dBys ()
0

Hence

Ryp11. = (In, ® Q31)[F,(D) ® I, f, B(r) ® dBys (1) =
U, ® 031 @1,

6. Pr. = [F(D)® 31, B(r) ® dBos (r)
1
= Ry.py. = [E(1) ® 03] f B(r) ® dBo, (r)
0

= (Iny4n, ® GY[E(D) ® I, ][ B(r) ® dBos (1)
= (In1+n2 ® Q’;l)(pZ*
@) Y. = 011 ®03" — (@12 ® 231 (Q2: ® 031)71(Q2: ® Q31)
= (Q11 — Q12 057 Q21) ® Q3!

®) = (In, ® 81 P1. — Q12 ® 23 (Q22 ® 3 Iy 4n, @
le)(PZ*
= (I, ® 931 @; — (012077 ® A3V,

(© Wrlpr = [(Qi1 — 012057 021) 7" @ Q3][(In, ® Q3" ) @1, —
(Q12Q2_21 & le)(Pz*]
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= [(Qn — Q120770217 ® In3](P1*
—[(Q11 = 012077 Q21)71Q12Q23 ® I, ] @».

= T(ﬁl* - Hl*)

5 [(Q11 — 01207 Q) ' ® Ing][(pl*
—(Q12Q32 ® I,)92.]

Therefore, comparing the above limit with (A4.3) in Annex 4 , we
can conclude that

T(My —M,) =T (vec(@l,ols) — vec(@l)) (29)

(d) Wa. = Q22 @ Q3" — (Q21 ®Q31)(Q11 ® 2311 (Q12 ® Q31)
= (Q22 — Q21 Q17 Q12) ® Q31
(€) p2. = (In1+n2 ® 031 @a. — (Q21 ® 3D (Q1; ® 951)_1(1711 X
le)(Pl*
= (Iny4n, ® 23192, — (021011 ® 231,
() Wilpze = [(Q22 — Q2:1011Q12)' @ 93][(1n1+n2 03¢ le)(Pz* -
(Q21Q1_11 X le)(Pl*]
= [(Q22 = Q1011 Q1) ™" ® In, | 0.
—[(Q22 = Q21017 €127 Q21Q11 @ In, |01

= T%(M,. — I3.)

5 [(Qzz — Q21071'Q12)* ® In3][(p2*
- (Q21Q111 02 1n3)(P1*]

Once again comparing the above with (A4.4) in Annex 4 , we can
write :

T2(M,, — ;. ) =% T? (vec(@z’ols) - vec(@z)) (30)
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Recalling 0, =6 ; 0, =[0;5 0,] ; II;, =vec(m);

I, = (vec(63,ml)>

vec(ezlml)

[t results from (29) and (30):
o T (vec(gml) — vec(6)) ~0as T (vec(Sols) — vec(6))

o T2 (vec(@;,,ml) - vec(63)) ~as T2 (vec(@aols) - vec(93))

o T2 (vec(éz,ml) - vec(Hz)) ~as T2 (vec(@z,ols) - vec(92))
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6. Conclusion

we would like to point out that our approach of deriving an error
correction model starting from the triangular representation of Stock
and Watson (1993) for higher order (co)integrated systems, already
incorporates the cointegration restrictions that need to be
separately imposed in Johansen 's (1995) specification. We apply
the maximum likelihood method to the model obtained in this way
and compare the asymptotic properties of the resulting estimators
with those of the least squares estimators of Stock and Watson
(1993) proving their equivalence as far as the coefficients of non-
stationary variables are concerned. It can be added that our method
can be easily implemented for any practical application as explicit
solutions are given. Moreover, extension to cointegrated systems of
any higher order can be achieved without much difficulty.
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Annex 1: Derivation of the error correction
model

We start from the triangular representation (6) that we rewrite below
for easy reference:

A% yi = vy,
Ayyy = Dy (LA yy e+ 014+ Ay + vy
Y3t = Dy (L)A 2}’1t + D3 (L)Ayye — 018y1) + 6 yor + 053¢
+ 0, Ay + V3t
The first equation stays as itis::
A%y = vy
Let us rewrite the second in the following way:

Ny, = Dy (LA y;+ 01 A%y, + A vy,

= D, (L)(AZ Vie — A% th—l) + 0,0, + (UZt + vz,t—l)

= D1(L)(A2 Yie— A% — 3’1,t—1) + 0,0y + vy — (Ayz,t—l -Dy (L)Azth—l - 91A3’1,t—1)
=D (L)vy + 0, vy + 15 — (AYZ,t—l — 0,8y, 1 — 91AY1,t—1)

=dq Vyy + D11(L)U1,t—1 + 01V1¢ + Uy — (AyZ,t—l -0, A3’1,t—1)
= A? Yot = D1q (L)A? YVit-1— (A Ya-1 — 014 3’1,t—1)

+ (dyo+ 01) vi¢ + vyt
Where D1 (L) = d10 + LDll(L)

Now, let us consider the third equation. We take its second
difference:

D?y3 = Dy (L) A*yyp + D3 (L)(A3 yye — 01 A3yy ) + 0, A%y, +
05 A? Yie + 0,4 A3 Yie T A? VU3¢

1. Dy (LA*yy = Dy (L) A% yye —2 D, (L) A3 Vit-1 —
D, (L) A® Vit-2
2. D3(L)(A%ype — 61,) =D3(L)(Aype — 01 Ayye) —
2D4 (L)(A Ya,t-1 014 )’1,t—1) —D; (L)(AYZ,t—z -0, AJ’Lt—z)
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3. 6, Az)’2t = 0, [D11(L)A23’1,t—1 - (A Vo,-1 — b1 A}’1,t—1) +
(dio + 0:1)v1¢ V3 |
03 A%y, = 63 vy,
5. 0,03y, = 6, (Az Yie — A7 3’1,t—1) = O04v1 — 0,07 Y04
6. A vy = vz —2Av3, 4 — V3
=UV3t — Z[A Y3e-1 — Do (L)A® y10q
— Ds (L)(AZ Yo,e-1 — 01 A 3’1,t—1)
— 0, Ay, 1 — 038y, 4 — 6, A? }’1,t—1]
- [3’3,t—2 =Dy (L)A?y,
— D3 (L)(Dyz2p-2 =018y 14-2) =0, Y2y
—03Y10-2 — 0, A}’Lt—z]
= A y3e = Dy (L)A? 1 + D3 (L)(Ayze — 65 yi¢)
— 0, (MY = 61 Ayreo1) + 6, 0101 + 0,0y,

+ 0305+ 0,050 — 0,07y

tVU3 — Z(AY3,t—1 —0; Ayt 1 =038y 1— O34y 11 — O, A? Vo t—1
-0, A? J’1,t—1)

_(3’3,t—2 — 0,12 =031 2 — 0, AJ’Lt—z)

7. Note that DZ (L) DZ ylt = d20 AZ ylt + D21 ( L)Az yl,t—l =
dao Vie + Doy (L) A yy ey
Wlth D2 (L) = dZO + LDZl (L)

8. D3 (L)Ayy — 0:Ay1¢)= D3 (L)Ay, — D3 (L) 61 Ayy,
= D3 (1A Yai-1 + D3 (L) A? y2e — D3 (1) 6, Ayit-1
— D3” (L)6, A? Yie

Using D3 (L) = LD5; (1) + (1) + (1 — L)D3*(L)

The decomposition D3* (L) = Dj3; (L) enables us to write :
D3* (L) A%y = d35 A% yye + D37 (L) A% y3 04

= d3p [D11 (L)A? Vig-1 + 6018y, 1 + (dio + 6)vqe + UZt]
+ D37 (L) A% ypp g
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= d3p D11 (L)A? Yit-1 + D31 (L)A? Vai-1t d3p 61 Ayieq
— dzo Ayreq + d3y (dig + 61)vee + d35 vt

Using D3* (L) 6, Ay, = dzy 6, vy + D37 (L6, A? Yie-1
Thus

D; (L)Ayy,y — 61Ay1) [d;,s Dy, (L) — D33 (L) 91]A2 Y1,t-1
+ D31 (L) A? Vo1 T [d;;; 0, — D; (1)91]A Yit-1
+[D3 (1) — d55lAy,—1 + d3y digVie + dig v

Combining results (1) to (8), we can rewrite A? y;, as:

A? y3r = [Dy (L) + d3o D11 L) - D33 (L) 6; Dyq (L)]A? Yit-1
+ D3] (L) A? Vo, t-1

+ [d;g 91 - D3 (1) 61 + 92 91 + 2 63 + 04]A Y1,t—1
+[D3 (1) — dig + 6:]0y, 020 —2Ay34 1 + 63Y142
+ 0, Y20-2 — Va2

+(dyo + dig dig + 02d1o+ 6,0, + 65 + 0)vy +(d35 + 0;)vy
+ vg

To sum up, the above transformation lead to the following system:

(a) A YVor = Vi = Wqg
(b) A? Vor = Ay (L) A? Vit-1 + 01 V11— DAYre1 + Wy
With

A; (L) = Dy; (L) and wy, = (dyo + 01)v4¢ + vyt

(c) A Y3t = Aj (L)A? Yit-1 + Az (L)A? Va,t-1
+ 81 Ay1e16; Ayyp-1 —28y5:1

+ 0312+ 02 Yot — V32 + W3t
With A, (L) = D,y (L) + d3q Dy (L) — D33 (D6, + 6, Dy (L)
Az (L) = D31 (L)

61 = d;sel - D3(1)91 + 9201 +293 + 94
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8, = Dj (1)— d;,?) + 6,

wae = (Dyo + d3g dig + 6,d1g + 6,01 + 63 + 0,)vy,
+(d3 + 0;)vy + V3
Piling together the three equations (a), (b) and (c), we obtain the

error correction model corresponding to the triangular
representation given in the beginning of this annex :

A%yze= A(L) A%ye1 + JO'Xe1+ 0t

0 0 0
with A(L)=(A1(L) 0 0)
A(L) As(L) O

0 0 0
J= I, 0 0
0 Iy, In,
0 —I,, 0 0 0 0
=5 6 21, 0 0
0 0 0o 03 0, —Iy

Ayl = (A%, , 02y,  A%y5); A2yl ) = (D2y) . 4 A2y}, 1, A%YS, 1)
Ay, = (AY{,t—1 'AYZ’,t—1 »Ayé,t—l); Vi—2
= (3’1’,t—2, Vat-2r 3’?’,,t—2)

Xeo1 = (AYe_q, Vi) and wy
= (w1, Wy W3¢)
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Annex 2 : asymptotic properties of ML estimators

For asymptotic calculations, it will be more suitable to write
[ ;and [l , intermsofZ; and Z,. we have

o Ay —ApAR AN =217, — ZQZQ(ZEZZ)AZE A
=Z; [ITn - Zz(Zézz)_lzé] 7y = Z1M,Z,
_ 1 1
with Z, = (IT ® Q'E) 7, = (MscAY_l ® Q_E) R,
1 1
7, = (IT ®07)Z, = (Mfm/2 ® Q"E) R,
and Mz = ITn - Zz(ZéZZ)_lzé .

Z,and Z, are respectively (Tn X k,) and (Tn x
k,) and of full rank k, and k,.M, is idempotent with

3 5 (715 \ L s1 5 51 -
rank (M,) = tr [ITn -7, (ZéZz) Zé] = tr(ly,) — tr[(Z,7,)(Z52,) 1]
=Tn - tr(lkz) =Tn—k,

thus Z;, M, Z, is a positive definite matrix (k, X k). therefore,
(A1 — A1, A52A,,) is positive definite and hence non-singular.
Further,

1
with Z = (IT X Q_E) Z

with these results, [T, can be rewritten as :

REVUE CEDRES-ETUDES - N°70 Séries économie — 2'¢ Semestre 2020
- 166 -



> Asymptotic Equivalence of OLS (GLS) and Maximum Likelihood using Cointegrated
Systems with Higher Order Integrated Variables

Similarly,

— N PV

n,=(Z,M,Z,) Z,M,2
withM, = I, — Z; (Z{Zl)_IZQ an idempotent matrix of rank
TTl - kl'
Let us write down I1; — I1; and [T, — II,. Premultiplying
w=7ZzZ— Zlnl _Zznz by
(I: ® @71/2), we have

1
W= (IT ® n—a) w
-1 -1 -1
=(r®07)z- (I;® 07%) 2,11, — (I; ® Q72) 2,11,
=>‘7\7=’Z_21H1_22H2
Substituting this result, we get
B DU ~
M, =(Z\M,Z,) Z\M,(W+ Z,11; + Z,11,)
=(Z,M,2,)" Z, M, + 0,
s 5\ L~

=0, -1, = (Z\M,Z,) Z;M,W

Similarly for [T, is T and for [T, we can write
ﬁz - Hz = (ZéMlzz)_lzéMIW

The normalizing factor for II, is T and for II, is T? the former being

associated with variables integrated of order 1 and the latter with
[(2) variables. Let us denote

(0, — 1) =Yt por T2(M, — ) = Y51 par

1. Yyp= T 27, MyZ, =T 27,7, —
T=37,2,(T*2,2,) " T3 7,2,
=R\ (T2AY' _ ;M AY_; Q@ Q™N)R, —R' (T3AY _ MY, ®
Q7R
R H(T=4Y' _,MeY_, @ V)R, R/, (T3Y'_,MeAY.,
® Q7')R,
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2. lpZT == T_4Z_’2M1Z_2 == T_4Z_,2Z_2 -
T-37,2,.(I27 , 2,)\T 37 . Z,
=R (T MY, @ Q™R — R';(T73Y'_,MAY_; ® Q" DR,

J[R'{(T72AY' _ MAY_, ®
QHR,IR (T3AY _ MY, ® Q"DR,

3. pir =T 12" Myw= R [(TAY' _ M, ® Q Hw —
R ((T3AY' _ M.Y_, ® Q"R,
AR (T™HY oMY, @ QDR IR (T72Y M, @ Q™ Hw

4. pyr =T 2Z',M;w=R',(T72Y' _,M, @ Q™ Hw —
R, (T3Y' _,MAY' _, @ Q"R
JAR'((T2AY _ M AY_; @ Q" VRTIR'((TTAY' _ M, ® Q™ Hw

Defining Y117, Y121, Yoir, Y221, P117, P22r as follows

(@) Piir =T72AY'_ MAY_; @ Q71
(b) Y1or =T3AY' MY, ® Q71
(©) Your = T3V ,M:AY_; @ Q71
(d) Yoor = TTHY' MY, @ Q71
(e) pur= (T_IAY'—1M§ X Q_I)W
(f) Poar = (T_ZY’—ZME ® Q_l)W
We obtain

Yir = R'1WiirRi— R 1 Y127 R [R' 2¥20r R TR 2217 Ry
Yor = R'pP0rRy — R’y WarR1[R' 1117 R T R 1121 R,
pir = R'1p11r — R'1WiorR2[R' 2 Warr R T'R' 5 ooy
par = R'2p22r — R'3¥o1rR1[R' 1117 R R 1p1ar

=W N e

Let us now go on to calculate their limits.
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t t
LetS;; = Y& and S, = ). S, withe, =5, =S, = 0fort<0.
s=1 s=1
Knowing that

A’y, = F(L)e,,wehave A%y, ; =F(L)&_; Vi=0,1,2 ..

(0]

Withe,_; = 0ift—i<0and F(1) = 2fj <
j=0

And we can write
Aroi =Ay_ i1 +F(L)eg;

By recurrence, we obtain

Ay, = 2 F(L)eg

s=1

In this equation, let us replace F(L) by F(1) + (1 — L)F*(L)

Ay, = Z tz: F*(L)Ag

Since
t—i t—i 00 o0 t—i
Z F*(L)Agg = ij*Aes_j = z i Z Agg_;
s=1 s=1 \Jj=0 j=0 s=1
= Z fi e—icj = F*(L)er
j=0
Therefore

Ay, = F(1)Sy i + F*(L)&—;

Expanding Ay,_;, we can write
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Veei = Veoi—1 + F(1)S1 ¢ + F* (L),

= D IFD)S1s +F W)z

t—i
=F() ) 5is
s=1

£ I+ A= DF W)l
s=1

t—i t—i
= F(1)Sy,c; + Z F* (e + Z F**(L)Aé,
s=1 s=1

Finally, we get
Ve—i = F(l)Sz,t—i + F* (1)51,t—i + F**(L)g—;

Asymptotic Limits
Assumingthatw, and ¢, satisfy the conditions of the invariance
principe, we can write

t—i

Xr(r) = T"%Z & i>B(r) for £

j=1

A
5
A

Sl

Where B(r) is a standard Brownian motion and

t—i

Xor(r) = T"%z w; i By(r) for ‘

=1

< <t
<r <z
T
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Where B, (r) is a Brownian motion with covariance matrix (.
Let us partition Bo (r) accordingto w; = (wi;, Wy, w3)
Bo(r)' = (Bo1 ()", Bop(1)", Bos(r)")
Further, assumethat Vi=1, 2, 3, ...... p and &;_; are independent.
Applying various results on Brownian motion, we obtain
1. Fori=1,2, ..,p

T

1
(@) T2 Z AZ}’t—i ® w,

t

L

- N[O' E(Azyt—iAzy,t_i) ® E(wtw’t)]
* E(ww'y)= Q

*« E(A%y,_;0%y', ) = E[F(L) & &_F(L)'] =
F(LF(L™YY

(b) foralls=0, 1, 2,......

T
P
TTINY _NY =T7! z Ay i 0y, > E(8ye i, )

t=i+1

* E(0%y, A%y, )= Z fissf'; = Vs
j=0

T
L
= T =T Y T
t=1

Yo Y1 - Vp
_[Y-1 vo o Y1
YV-p Y-p+1 = Yo
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(@  TTAY L A%Y =T Bl Ay10%Y,

T
=10 Y Sy + F W] F e

t=i+1

T
= FQOT™ Y 810 [Fe )

t=i+1

+T11 Z [F*(L)ee—1][F (L) &)’

t=i+1

T
= F()T! Z Sye-1|[F(L) L e, ]

t=i+1
T

+ 771 Z [F*(L)er-1][F (L)1)

L ED) l f B(r)dB(rY F() + F(1)' + T},
0

with F(L) = F(L)LI"Y; thus F(1) = F(1)
And I, = E([F*(L)&,—1][F(L) &, —;]")

[00]
=D Ff/
j=0

1
= T-1AY'_ A?Y i>F(1) j B(r)dB(r)' F(1)' + Ai
0

Where A=F(DF(D' + ) fsff
=0
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T
T_lAYL1€—1 =T Z AYt—lflt_l
t=1
T
=T-1 2 AYe_1[D2Y oy B2y _y .. 0%y] ]
t=1

1
S TIAY, 4 ST, @ F(D) f BGr)dBG)FA)' + A
0

With t,, being the unit vector of order p and A = [A1 A, ... Ap]
(d) T72Y' 0V =T7% X1 VeV,

T
= T2 Z [F(l)Sz,t—z + F*(1)S14—2 + F**(L)gt—z][F(L)gt_l]

t=i+1

= FQOT™2 Y 8,05 [FWe

FFOT? 8 [FW)e )

t=i+1

+ T2 ZLL-H[F**(L)&—Z] [F(L)e—i]

o T2 Z=i+152,t—2 [F (L) &-i]' =
T2 Yl ii1S2e-2 [F (L)Et—z]

L 1
*f B (r) dB () F (1)’
0

WithF (L) =F (L) =F (L)L'"%,thus £ (1) = F (1)

r 1
=72 Y S [F el > [ B)aBeYFQY
t=i-1 0
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o T7? Z=i+1 Sit—2 [F (L&) =
T=1 Tt X1 S [F (L)Et—z]l
50 [fy BB @) F (1)]=0

o T72 Z=i+1 [F** (L)&e—p] [F (L) &c—i]’

=T71T771 Zz=i+1 [F** (L)er—p 1 [F (L) &e—;]’
L
-0 iji*i—Z fi=0
=0
Combining the above there points, we can write
L —
T-2Y, A% Y., SF(1) [, B (dB(r)'F(1)

= T2Y,E, 51, @ F() [ B ()dBG)F(1)

T
2.(@T 2 AY', AY_, = T2 Z Ay, Ay,
t=1

T

= T2 ) [FDSyems + F Wees] [FDSy o0 + F* Wery]

t=1
= F(l)T_Z Z’{':l Sl,t—l S{,t—l F (1), +
T'F()T* XIS 1e-1 [F* (L) &r—4]

T T

HTTTT Y W] + T [ Wee ] [F Ween)

t=1 t=1
The terms
T-! {:1 S1t-1 [F* (L)&-1]", T™* €=1[ F* (e[ F* (L) &)

and T 1Y [F* (L)e_1][F* (L)e,—4]’ have finite limits and
T~ tends to zero,
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thus

T
T2AY/ AY_, =% F (1) T2 Zsu_lsg,t_ QD)
t=1

S FQ) [ BEBE) drFQ)”

ST2A ¥, AY., > F(1) [} B@) BGY dr F(1)

(b) TPAY Y, =T 3 Ay, 1 yi,

T
=T Y [FSyeaF Wees | [FDSz + F (DS
t
+ P (Lee o]

Similarly to (a), we get

(b) T3A Y Y, =*F()T3 Z?=151,t—1 S’y e—2F(1)'
L 1
- F(1) fo B(r)B(r)’dr F(1)’

= T30 Y,Y , > F(1) [, B(r) B(r) dr F(1)

()T YL Y, =T ¥l v oy,
=T~* ’iIf‘=1[F (1)52,t—2 + F*(1)51,t—2 + F**(L)&;—, ]’

X [F(l)SZ,t—Z + F (DS 2 + F(L)g— ]

For the samereasonsasin 2. (a)and 2.(b), we obtain
as )
T Y =T Y1 Vi2 Ve ~ F(DT™*Xf S2-2 5" 2,62 F(1)
L 1 — _
—~ F(1) [, B@)B(r) dr F(1)’

T4Y'_,Y_, > F(1) [ B@) BGY dr F(1)

3. (a) T_l(AYil ® In)W = T_l ’{:1 A yt—l ® Wf
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:VQC[T_l ng‘:l WtAy,t_l] zvec[(T_lAyt—lwlt),]

o T 1 X, Ayyw/ = T ¥, [F (DSqe—1 +
F*(L)&g_q ]Wt'

T

T
=FOT ) Sieawl + T ) [F e w]
t—1

t=1

Using the independence betweenw; and &;_;
T . 1

T Y Seaw o [ BGIB @)
t=1 0

L
and T71YT_, (F* (L) &_1 )W/ - 0
L 1
Hence T~' X1, Ay,.y w{ = F(Q) [, B()d B, (r)’
and

Vec(T™Y YT w, Ay ;) 5 vec [foldB0 (r) B(r)'F (1)]

= f F(1)B(r) ® dB, (1)

1
= T @Y, @ Lw S F M) @1, 1[ BRI ®dB 1)
0
) T2, QLIw=T23¥_ 1y, @ w, =
vec [(T™2 X1, yt_ZWt,)']

o T2 Ve ow/=T72 €=1[F(1)52,t—2 + F*(1)S1¢-4 +
F**(L)Et—z]W’t
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T T
= F(l)T_z Z Sz't_zwlt + T_lF*(l)T_l z Sl,t—ZW,t
t=1 t=1
t

+ T2 Z [F™(L)ge—]w'e

4 FQ) f B(r)dB, () +0 f B (r)d By () + 0
0 0

L —
Thus T=2 X1, w',y’, = [ d By (r)' B (r) F(1)

Therefore

L 1 _
Vec[T‘Z Yie1 W’t)"t_z] —>V(3C[f0 dBy, (r) B(@r) F(1) ’] —
[TF (DB () @ d By ()

= T-2(Y' _,®L)w— [F(1)®I,] J B(r) ® dB,(r)

From(1), (2) and (3) above,the following result can be derived :

* limit Of 1/)111'

T-2AY'_ M;AY.,
= T_ZAY,_l AY_l
= TITAY & (T8 ) 7T AY,

Knowing that T-1¢é_,&é_,, T71AY'_&_, and
T-1&'_ AY_,; have finite limits and that T~" goes to zero,we get

T=20Y'  MeAY , CT=2AY'_, AY.,

1
= P TR0V 4Y,807 S F() | BOIBGYdr FGY €0
0
=Yn
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e Limitof Y ,r
T3AY' Mg AY.,
=T 3AY' _,Y_,
— T AY Ly (TR 1) T 28 AT,

Using the same arguments as before and the previous result which
implies that T‘3E’_1 AY_, has finite limit,we have

T=3AY'_ MeAY., T=3AY'_,Y.,

= Puor o TAYY,@07!

L

SFQ) [ BEBE) dr F() @07 = Py
e Limit OfIPZIT

1
lleT = lpllzTi)lp’lz = F(l)f B(T)B(T')'dr F(1)1®Q_1 = l/)21
0

e Limit of Y,,r
T4 _,M¢Y_,
=T™4Y' Y,
—T7IT2Y & (T71E 18 )7IT72E'_ AY_,
AsT~Y¢'_ &, and T~2Y'_,&é_; have finite limits by earlier results
and T~ goes to zero, so

T4, MeY_, " T=4Y' Y,

as
= Yoor T 57,0071

LSFQ) [ BEIBG) dr F(1Y @071 = 1y

e Limit of P11t
Tt (AY, M @ I,)w
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=T 1Y, QL)w
1 1
— T 2[TPAY,, &, (TTHELEDTT ® LIT 2 (8,
X In)W

1
In a similar way to the other points, T~z (¢!, ® I,)w has a finite
1
and T~ 2 tends to zero, so we have

T (AY, My @ L)w =% T71(AY, ® L)w

= pur = (I, @ QH(TAY, M ® L, )w= (I, ® Q1)
T-1(AY, ® I)w

50, @ @OFM) ® L[ BG) ®dB, ()

S (F)® o) f B ®dB, () = pyy
0

e Limit OfPZZT
Using similar explanations as for earlier, it is easily seen that
T2(Y, M @ I,)w
= T2, Q® I,)w— Tz
LT 2Y, ® L)w
=as T-2(Y, @ I,)w
= pror = U @ O (TP, M ® In)w =% (I, @ O7)
T2 (Y, @ I,)w

1

L —
50 ® OFW @ ][ B 0)@dBy (1)

0

[T2Y, &6, (TTHELENT®

1

S [F(D)® n-l]f B (r) ®dBy ()= py

0

Combining all these results, we derive that
1. T (ﬁI - 1_11) = Y pir
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Wir = R{Wir Ry — R{Wior Ry [R) Waur Ry)17P R, Wour Ry
L

= Ri W11 Ry — R{Wir Ry [R) Worr R2]7VRy Wour Ry = W
pir = P p1ar — Ri Wiar Ry [Ry Waor Ry 171 RS poor

L
= Ripi1 —Ri¥i2 Ry [R; Wy R,]™ Ry P2 = pq
L

2. T? (ﬁz - Hz) = W' par

Wor = Ry Waar Ry — R Wair Ry [R} Wiar Ri]7'Ry Wiar R,
L
> R; W2 R; — Ry Wou Ry [R] Wi Ry T'R{ W12 R, = W,
Por = Rj paar — Ry Wair Ry [R] Wiar R17'R{ puar
L
= Ry P22 — RyWar Ry [Ry W11 Ri 7' Rip11 = p2

L

=T2(M, — M,)-> ¥, 'p, (A2.2)

Regrouping these two results; we obtain

( T (ﬁ1 - H1)> i (Ri Yi1R: Ry ¥, Rz) <R1p11>

1 ] A2.3
T? (I, — 1I,) Ry W22 Ry RyW R, (42.3)

!
2P22

(R;nanl R;WURZ):(R{ 0)(4’11 %)(Rl 0)
R,¥,1 Ry R,¥,,R, 0 R,/\W;y Wy/\0 R,
Now

(‘Pll lp12)

l'le lp22

/F(l) le(r) B(r)'drF(1) ® Q1! F() le B drF(1H)® Q1
0 0

kF @Y JlB_’ (MB (M) drF(1) ® Q1 FQ) Jlg(r)l? 'dr F(1) ® Q!
0 0
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- (F mo@ " F(1)(()® In)

folB (r)B (r) dr folB (r)B(r) dr Q-]
folg(‘r) B(r) dr f01§ (r)B (r) dr
FD)' ® I 0
X( 0 F1)Y ® 1,,)

Hence

(R;tpll R, R|W.,R,

pulr Rl )=l BOBEYdr @0 )y

RI(F() ® 1) 0

Where | = ( 0 R,(F(1) @ I,)

[B(r) B(r)]
c (e (5 R) ()

w0y [F() ® 1] le(r)®dBo(r)
— 01 R, 0

) and B(r)' =

FO) ® 0] f B () ® dBo(r)
0

f B ®dB ()

_ (R’l 0 ) ((F(1)® 1) 0 ) (1n ®Qt /
=0 g o rwemn/\ o 1n®a MB(r)@dB "

0
=) [I;n ®Q7[ B ® B, (1)

Where itis assumed that B, (r) isindependent of B(r) . Thisis due
to the independence betweenw; ete;_;,i = 1,2,3 ....
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(- )

L 1 ! -1 -1
T2 (M, - nz)) > U ([l B@BEY dr @ 7)1

Finally <

%] (I ® Q) f B(r) ® dB, (1)
0

Using a discussion similarto Phillips (1991) we obtain the following
mixed normal distribution

(T(ﬁl— )

5 N (O, G Q) JTHdP@G
R )E [ weue e oty are)

Where G = folB(r)B (r)' dr and P is a probability measure

associated with G.

In caseis G knownthen P(G) = 1.

Annex 3: The estimating equation
Letus recall our triangular system

A? Yie = Uxt
Ay = 018y + Uy

V3t = 02 ¥or + O3y1c + 0,8y1; + U,

We are concerned with the estimation of the third equation knowing 6; .
Taking this information into account, we can do the following
transformations

A?yye = Aype — Aypppr =D 1 (LA%yy + 601 Ayse + Vo —Ays g (1)
Since A® y;, = vy, thereforeA y;, = Ay; 4y + vy, and writing
Dy (L) = dyo+ LDy (L)
We obtain
Di(L)A*y,, =dyg A%y + Dy (L)A%Y; 1y =dygvye + D1 LAy, 4 (2)

With D,; (1) < o
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A%y, =Dy (LA yy g — (AYZ,t—1 — 01 Ay q ) + (dyo + 01)vy + V5 (3)

WritingAy,, — 6; Ay, = D; (L)A?y,, + vy fort—1,and
substituting in (3), we have

A? Yoo = Ai. (L)A? Yit-1 T Wat (4)

Wlth Al* (L) = Dll (L) - Dl (L) and W2t s (dl() + Hl)vlt +
(1= L)vy,

From equation (4), we derive
Voar =2A0Y50 94+ Yorpt Ag (L)A? Yit-1t (11— L)vy,

=2 [A Yoi-1— 0, Ayl,t—l] + 26, Ay1,t—1 + Vo2
+ Ay (DA% ;4 +(dyo+ 01)+ (1 —L)vy,

=2 [D1 (L) A? Yit-1 T Uz,t—1] +20, 0yt 1+ Vo2
+ A (L)A? Yie-1+ (dio + 0)vy + (1= L)vy,

= Yo = Dy (L)A? Vit-1 1201 Ay1i1 Va2t (dio + 61)vy;
+ (1 + L)vy,

With Dy, (L) = 2D; (L) + A1.(L) = D;(L) + Dy;(L)
Using all these results in the third equation of our system yields
V3¢ = Dy(L)A? yi¢ + D3(L)[Dy (L)A? y1p + v

+ 6, [D1* (L)A2 y14q +201 Ay, g + Yoz + (dig+ 61 )vy,
+(1+1L) th]

+0; [2 Ayi 1+ Ytz + 171t] + 94(A3’1,t—1 + v3t)
As D,(L)A? Yie = [dao + LDyy (L)]Azht =djoV1t + Dyy (L)A? YVit-1

And D, (L) A* yy; = [d1o+ LD11 (L)1 A% y3¢ = dyp v +
D (L)Az Yit-1
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We have

Y3t = dyo V1 + Dy (L)A? Yit-1+ D3 (L)D1o v1¢
+ D3 (L)Dy1 (L)A% yy ¢4

+ D3 (L)vye + 6, D4, (L) A? Vit-1+20,0; 8y 1+ 605 Yor s

+ 0, [(dig + 0DV + (A +L) vy |+ 260380 y1¢ 9+ 0314
+ 6, vy,

+ 0, Ay1t-1 + 64 Vi + V3t

Var = Ape (DA Y11+ SAY 1+ 03101+ O3 Y102
+ 6, Yaot—2 + Wzt

With A,,(L) = Dy, (L) + D3(L)D1,(L) + 6, A, (L)
6=29291 +263+ 94

wae = [dyo + D3 (L)dyg+ 6, dig+ 6,6, + 63 + 0,]vy,
+ [D3 (L) + 6, (1+ L)v 5, + v3]

Further rearrangements::

1. A (L)A? Yit-1 = AzoY1,e-1 + Asq A? Yit—2 t o0
Asq A? Yit-14q = 00 Zot

Where 0, = [A30A3; .....Asq] withq beinga finite positive integer

Zoe ~ 1(0)

2. 6A Yit-1= 012y
Where ©; = 6 and z;, = Ay; .4
Zye > 1(1)
3. 93)’1,t—2 + 923’2,t—2 = 037y
Where 0, = [0; 0,] and 2z}, = (Y{,t—z yz’_t_z)

Zye ~ 1(2)
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Thus we obtain equation (24):
V3t = 0¢Zor + 0121 + 023 + W3y = 0z + w3

Where © = [0, 0, 0,] and z;,= (zy 21, Z3)

Note that y5;, z;; and ws, are respectively of order (n; X 1), (k; X
1) and (n; X 1);
therefore ® and z; are (n; X k) and (k X 1) respectively.
Where k = Y2_,k;
Annex 4: Asymptotic distribution of OLS
Premultiplying by (I'r & I,,,), we have
It @ Ins[vec(0y5) — vec(®)]
T T
107 ®1)(Y st @ 1, )7 © 1,07 ©1,))
t=1 t=1
Q@ wa,

T T
= 1 Z 72T ® 1713]_1 Z I7'z, @ wy,
t=1 t=1

LetQp = Iyl z, z 7t =
1 VT > T > T
_ ! - ! - = !
T Zt=1zot20t T- Zt=1zotz1t T - Zt=1ZOtZZt
3
->NT ' -2 \T ' -3 VT '
T 2 Yt 2120 T2 Xic1Z1e 21 T7° Xie1Z16 2
5
-2 NT T / -3 VT 1 m—4 VT '
T72 Xfoq Dte1Z2cZ0e T7° b1 Zoe 21 T™F Xio1 Zoc Zge
-
T7zY{1Z0e ® ws

And gr = Z{=1 7'z ® vy = | T2 2{:1 Z1: Q@ ws
T2 31120 Q@ wa
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Let us express zy, Z;; and z,; in terms of the canonical base {¢;, S;,
S,¢} with

Slt = Z£=1 85, SZt = Z:I;=1 Sl and Et = Slt = SZt = OVt S 0

1L zp = [A J’1t 1A Vi,t- 2;-----AZJ’1I,t—1—q]
Knowing A?y,; = uy; = F; (L)g;, recurrence yields

A2y e q-j=FL)e_, for j=0,12,...,q.
Therefore z,; can be written as

zor = Ko (L)&;
Where K, (L)' = [F, (L) LF,; (L)'....L7 F; (L)"]

2. 7y = Ay
ButA? y, . = F; (L), impliesAy,, = Ay, , , F, (L),, and

recurrence enables us to write

t
Ay, = ZF1 (L)eg
s=1

Substituting F; (L) + (1 + L)F; (L) for F; (L) we have

T t
Ay = (D) &+ ) K WA,

s=1 s=1

t t co oo
as ZF:L* (L)A & = Z Z Agt ] = Zfl*jst—]' = Fl* (L) &
s=1 s=1 j=0 j=0

Wehave Ay, y = F; (1)S1:1 + F" (L&
ThusAy, ;1 = F; (1)Sl,t—1 + K (L) & -1

= zy = F (L& + F; DSy

REVUE CEDRES-ETUDES - N°70 Séries économie — 2'¢ Semestre 2020
- 186 -



> Asymptotic Equivalence of OLS (GLS) and Maximum Likelihood using Cointegrated
Systems with Higher Order Integrated Variables

3. 2 = (3,00)

e Ay, = F, (1DSy, + E (L)e;
= Vit = Y11 T F1 (DS + F (L)e;

By recurrence,

t

yie = D IF (DS +F (D]

s=1

Substituting F;* (L)by F (1) + (1 — L)F;* (L), we get
t

yie = F1 (1) Zt:-slt + Zt:slt + z[Ff(l)et + K (L)Ag,]

s=1 s=1 s=1
= F (1) Sy + K (1)Slt + K (L)St
= Yie2 = Fy (DSy—n + Ff (DS + F (L&,

o Ay, = Dy (LA yip + 61 Ayy + vy
= Dy (LF; (L) & + 0, [F; (1)S1e + F (L&) + G, &
= F, (DS + G, (L) &
Using F, (1) = 6, F1 (1), v = G &

And GZ (L) = D1 (L) F1 (L) + 91 fl* (L) + GZ
Thusy,, = ¥, 1 + F, (1) Sy; + G, (L)&, and recurrence yields

Yar = Z§=1 [F,(1)S1: + Gy (L)g]

o~

=R M ) Su+ ) [GM++1DGD)

s=1
= F (1)52t + 672 €] Sie + Gz* (L)gt
= Yor2 = F, (1) Sye0+ G, (1) Sye—n + G5 (L)er—s

The two previous points lead to
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&
(y1,t—2) _ (Fl**(L) F (1) Fl(l)) 51tt—22
Y2, t-2 G, (L) G; (1) F,(1) SZ‘t—Z
Zyr = Ky (L)ge_p+ K (1) S1pp + E (1) Sy

e 0= (58) 1 (50) 0= ()

To sum up

1 zor = Ky (L)&e—y

2. zy = Ff (L)gt—l + F; (1)51,1:—1

3. 3y = Ky (L)gpy+ Ky (1) Syp + E (1) Sy
We have

P
1. T X1 Zoe 24y = E (2o 2g1)
E(ZOt Z(l)t) =EF [Ko (L)‘St—l 55_1 Ky L)'= Ky (L) Ky (L_l )

= Zkoj k(’)j = Qoo
=0

3 3
2. T_E Z’{:l th Z(,)t = T_E Z’{=1 [Fl* (L)gt—l +

F; (1) Sl,t—l] [Ko(L)&e—q]'
T

_ 73Tt Z[F; (L)ee_r 1Ko (L)1 T’

t=1

1
+ T2 F()T™? 2 S1e-1 [Ko(L)er—1]

50 2 £k +0Fy (1) U B (r)dB (r)'K;, (1) + K{ (1)] -0

]:
T
§ Z1t Zog _’

t=1

le

= T

!

3 _3 L
Similary T~ 2 Zle Zoe Zyp = [T 2 0 Zyp z(’)t] -0
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5 5
3. T"2 X{_y zp2zy =T 2 X4 [K1 L)e—z + K, (1)S12 +

F. (1) Sat-2 ][Ko (L)ee_1]'

= T_Zi Tt Z[K1 (L) ez ][Ko (L) gr—1]'

t=1
, T

+ T 2 Kz(l)z Siez [Ko(L) g1l
t=1

1
+ T 2FE (T2 X1 Sor—a[KoL)e—q |

L had 1 1
-0 Z kij, k(’)j +0 [f B(r)dB(r)' K, (1)'+ K, (1)’] +0 [f B (r)dB(r)'K,(1)
= 0 0

T
_5 L
= T 2 ZZZtZ(’)t -0
t=1

!

5 5 L
Similary T2 ¥{_; zo; Z, = [T 2 Yi=1 Zat Zot ] -0

4. T2 ¥z zh, = T2 X0 [F (Le_q +

Fy (DSt |[F (L)eeey + Fy(1)Syeq]
T

! Z [F;* (L) ey 1IF; (L)Epq]’

t=1

T
FTIT N () ]’ iy Fr (1)
t=1
T
AT TS, [ W)
t=1

T
F R (DT ) Sy Siey B QY

t=1

AsT™Y XL [Ff (D e llFy (W& T™Y Xy [F (L)&e—1151,4]

And T~ ¥T_, S1 ¢ 1[F; €_1] have finitelimitsand T 'tends to zero,

we have
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T
T2 zyp 2y, =¥ F (1) T2 Z S1e-1 S1,e-1F1 (1)

L 1
5 R (1) f BB () drF, (1)
0

Ngk

T

1
=72 2,7 5 R f BB drF,(1) = Oy
0

t=1
5. T3 ZZ=1 Zt Z{t =T33 Z:l[lﬁ L)er—, + K, (1)Sl,t—2 +
F. (1 )Sz,t—z ][Ff (L)Et—l +F (1)S{,t—1]

T
= 72T Y (K W 1R Wees)
t=1 .
4 T2 Tt Z[Kl(L)et_z]S{,t_lFl(l)’

t=1
T
+T 2K, ()T Z Sit—2 [Ff (L)e—1]
t=1
T
+T71 K, (T2 Zsl,t—l Sie—1 F1 (1)
t=1
T
FTUE (T2 ) S5 [ e |
t=1

T
FE DT Y Sp0p Sy B (1)
t=1

Asbefore
T T
T3 z Zye 2y, =% E (DT 252,1:—2 Sie-1 F Q)
t=1 t=1
Lt
—>] B(r)B(r)'drF,(1)
0
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T

1

L —
=T Y a5 EQ) | B@BEYArF ) = 0
t=1 0
Therefore,
T L 1 B
T2 ae sk S RO [ BOBEYAEQ) = 0
0

t=1

6. T Xi_12Zy 23y = T7* Z=1[K1 (L)er— + K, (1)Syp—p +
E (1)52,1:—2][K1 (L)er— + K;(1)S10—2 + F (1) 5542

T
=T ) [k ey
t=1

+ K; (1)Sl,t—2][K1 (L)er—x + K, (1)Sl,t—2
+ E (1)52,t—2]

£ )[R (1) S [Ka ey + Ko (D81 o]

+T~* Y[E () Sy |[E (1)52'“2]’

In the same way as for point 4. above,

M-ﬂ

T

T~ Zye 2y =¥ E (DT Z Sat—2 Sar—z B (1) = Qp
t=1 t=1
T 1 &

T-1 Zth Qws, = T z [Fl** L)ei, + F4 (1)51,t_1] QR ws;
t=1 t=1

T T
=T ZFf (L) g—1 ® wa + T71 ZF1 (1) S1ne-1® ws
t=1 t=1
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= vec

T Z wse (Fy (L)St—1)’]

+ vec [T‘l Z wse (F; (L)St—l)']

Aswg;and ;5,5 = 1,2, 3,.... Are independent,we have

L
o T71 ?:1 W3t (F1* (L)Et—1)’ -0

r L 1 ,
e T7! Z=1 W3t (F1 (1)51,t—1) - fo d By; (r)' B (r)' F; (1)

T 1

= T1 zzlf@ W3¢ 5 vec [f d Byz (r)®Boz (r)'F1(1)]
0

t=1

1

= [F, (1) ® Is] f B (r® dBy (1) = ¢1.

0

T

T2 ZZZt Q@ ws;

t=1
T

= 772 ) [k Wery + Ky (D S0ms

t=1

+ F (1)S3— ] Q@ ws
T T
T2 z Ki(L)er—; @ wa + T2 Z ky (1)S1¢-2 @ Wy,
t=1 t=1

T
+ T2 Z E(1)Sy- ® ws
t=1

With T~1tending to zero, the last two terms above have zero limits.
Therefore
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T T
T2 ZZZt ®ws, =% T72 ZF* (DS2—2 @ ws,
t=1 t=1

T
= vec [T_z ZW3t (L)(F:k (1)52,t—2),]

= vec [f dBy; (r)B (r)'FE, (1)']
0

- f E (1)B()® d Bys (r)
0

T

L r_
= T2 z Z2e @ w3 = [E (1) ® I3 ]J B (r)®dBy3(r) = ¢2.

t=1 0

Thus

T L Pox
Pr =ZFT_1 Zt @ wap — (‘pl*)
t=1

P2x

From all these results, we can conclude that

. L
(T @ I, )(vec 8,5 —vec ©) = (Q @ Lz) Lo
Thus

1 L
Ti(veceo,ols - vec@o) - (Qo_ol ® Ing)(PO*"’N[O; Qo_o1 ® -QB] (A4-1)

T(vec@l ols — vec@l) ) L [(Qn le) 01
~ I, A4.2
(TZ (vec®, s — vecd,) 7 \exn 0 Olng (902*) (44.2)
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Knowing
(Q11 Q12>_1
QZl Q22

=< Qi1 — Q1207 Q)™ —(Qu1 — Q1203 Q12 Q;}))
—(Q22 — Q21 Q7" Q12)7" Q21 Q17 (Q22 — Q21 Q7" Qi)™

We have
T( vec 8, 55 — vec 91)5 [(Q11 — Q12 B52Q1)7 @ Lysller, — Q1 Q57 ®Ly3) ¢,.] (44.3)

TZ( vec 8, 55 — vec 92) 5 [(Qz — Q21 Qi7" Q1) " ®Lysl[@y. - (@ Q7' RL3)ey. ] (A44)

REVUE CEDRES-ETUDES - N°70 Séries économie — 2'¢ Semestre 2020
-194 -





